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ABSTRACT

The related tasks of certifying bounds on optimization problems and refuting unsatisfiable
systems of constraints have a long history in computer science and optimization, and deep
mathematical roots in the proof complexity of algebraic systems. From the algorithmic
perspective, these problems differ fundamentally from ordinary optimization in that they
ask not merely for a single high-quality solution, but rather for a simultaneous bound on
the quality of all possible solutions. The computational complexity of certification and its
connections with and distinctions from the complexity of optimization, especially in the
average case, remain poorly understood for many problems.

The purpose of this thesis is to study the average-case complexity of certification for con-
strained principal component analysis (PCA) problems, eigenvalue-like problems optimizing
quadratic forms over sets of structured vectors or low-rank matrices. As one notable ex-
ample, several of our results concern the much-studied Sherrington-Kirkpatrick (SK) Hamil-
tonian, a random function over the hypercube originating in the statistical physics of spin
glasses. In problems of this kind, a natural certification strategy is a bound by the spec-
tral norm of the relevant coefficient matrix. We provide evidence for spectral barriers in
constrained PCA problems, supporting the conjecture that, for reasonable instance distribu-
tions, no efficient certification algorithm can improve on the spectral bound.

In the first part of the thesis, we develop tools for proving reductions from certification

over instances drawn from the Gaussian orthogonal ensemble (GOE) to hypothesis testing

Vi



in spiked matrix models. These models describe tiltings of the eigenspaces of the GOE
towards planted constrained PCA solutions. We then provide evidence that these testing
problems are hard via lower bounds against algorithms computing low-degree polynomials
of the observations. In doing so, we develop new techniques for working with the low-degree
likelihood ratio. Namely, we show that its L? norm, which governs the efficacy of low-degree
tests, is in many models an expectation of a function of a scalar overlap or inner product of
two draws of the random signal observed in the model. We use this to give a simple, unified
account of old and new low-degree lower bounds, with tight results for testing in models
including tensor PCA, Wigner and Wishart matrix PCA of arbitrary rank, sparse PCA, and the
stochastic block model. Using our results for Wishart models, we deduce the conditional
hardness of better-than-spectral certification for the SK Hamiltonian, the Potts spin glass
Hamiltonian, and non-negative PCA.

In the second part, we investigate lower bounds against the sum-of-squares hierarchy
of semidefinite programming relaxations in the hypercube setting of the SK Hamiltonian.
We first study the structure of the degree 4 relaxation, giving constraints on the spectra
of pseudomoments and deterministic examples from finite frame theory. We then propose
a general means of extending degree 2 lower bounds to higher degrees, an alternative to
the pseudocalibration framework of Barak et al. (2019). We show that this technique is
exact for the deterministic lower bound of Grigoriev (2001) and Laurent (2003), and prove
a conjecture of Laurent’s on the spectrum of the associated pseudomoments. Finally, we
apply our extension to the SK Hamiltonian and give tight lower bounds for the degree 4

and 6 relaxations.
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1 INTRODUCTION

To describe it in detail would be a pleasure.

—Samuel Beckett, Molloy

1.1 SEARCH AND CERTIFICATION

Mathematical optimization, and combinatorial optimization in particular, have been inter-
twined with computational complexity since the very origins of both fields, Kantorovich
studying the economic applications of linear programming (LP) [Kan39] just as Turing de-
veloped his machines and so the theory of computability [Tur37]. The two developed in
tandem, with many of the classical hard problems of the theory of algorithms identified in
the NP complexity class [Coo71, Kar72, Lev73] already having a long history in the theory
and practice of optimization [Kar86, Sch05]. These problems, in their practical manifesta-
tions, were search problems. Given a mathematical object, find a near-optimal structure,
they asked: given a graph, find a large cut; given distances between locations, find a short
tour; given a set of points, find the furthest point in some direction.

The theory of computational complexity, however, often preferred decision problems:
given a graph, determine whether or not (answering just “yes” or “no”) there exists a large

cut, and so forth. This was perhaps a matter of convenience, as decision problems have



simpler outputs less specific to the problem at hand.! But, in fact, such problems al-
ready had a rich mathematical history, whose connections to computation slowly came
to light and eventually gave rise to new practical algorithms. A prototypical example of
a decision problem hiding in classical mathematics is Hilbert’s Nullstellensatz [Hil93]: ei-
ther f1,..., fx € C[zi,...,z,] have a common zero, or there are g;,...,gx € Clzy,...,zx]
such that Z'i‘:l figi = 1, a polynomial sentence showing that the f; cannot have a common
zero. Precursors abound: Bézout’s identity over the integers, for instance, states that either
a,b € 7 have a non-trivial common divisor, or there exist x,y € Z such that ax + by = 1;
such ideas are even apparent in the ancient so-called Chinese remainder theorem. The phi-
losophy of these results is, towards deciding if an object exists (a common zero, a common
divisor), to identify precisely what obstructions can prevent it from existing.

Gradually, the idea that such results could form the foundation for algorithms solving
the underlying decision problems—do the f; have a common zero or not—gained currency.
For the Nullstellensatz, for instance, one may bound the degree of the g; involved, thereby
reducing the question of their existence to a (potentially very large) linear system. The first
result on an “effective Nullstellensatz” giving bounds on the degree of the g; and thereby
indirectly studying the efficacy of this strategy is due to Hermann in 1926 ([Her98] is a mod-
ern translation).” Improvements followed [Bro87, Kol88], as well as degree lower bounds
[MM82, BIK*96]. The question of polynomial-time algorithms—perhaps more efficient ones
than bounding the degree and solving a linear system—was proposed as a fundamental one
and related to P = NP by Shub and Smale [SS94, Sma98]. These ideas joined a rich and
active literature on “proof complexity” of various statements in different restricted, often
computationally-tractable, proof systems; important results adjacent to those above include

[CR79, GV01, Raz01, BSW01, GHP02, Raz02, Raz03, Ber18]. Often the decision problems one

1For example, Levin’s version of this theory in [Lev73] was developed in terms of search problems.
2As the translation discusses, this remarkable paper makes use of computational language a decade
before Turing, already recognizing the algorithmic implications of an effective Nullstellensatz.



solves in this way are called refutation problems, as above we prove that some structure
cannot exist by manipulating its algebraic description into a contradiction.

However, this approach does not seem entirely adapted to the quantitative optimization
problems that we began by considering. The techniques do not fit on two counts. First,
while one may, for example, look for a large cut in a graph by repeatedly solving algebraic
formulations of “there exists a cut of size exactly k” and performing a search over k, this
technique seems eminently wasteful and subject to subtleties of parity or integrality as k
varies.’ Instead, we would like to somehow replay the idea of the effective Nullstellensatz
while actually being able to optimize a quantity rather than only check if it may have a
specific value. Second, and what is more material, often in applications one wishes to include
inequality constraints, such as the simple ones appearing in LPs, perhaps together with a
more complicated polynomial objective or some non-convex polynomial constraints.

The first steps hinting at a middle ground between proof systems and quantitative op-
timization came from practitioners of optimization. Knowing that LPs could be solved ef-
ficiently, the idea arose to formulate combinatorial problems as LPs by ignoring their con-
straints that variables be integer-valued—so-called relaxation of the constraints—and then
gradually add constraints that integer solutions must satisfy. This iterative form of re-
laxation was first proposed in a general form by Gomory in 1958 [Gom10] following prior

results for special cases. Gomory crystallizes the key idea:

“If the solution is not in integers, ingenuity is used to formulate a new constraint
that can be shown to be satisfied by the still unknown integer solution but not
by the noninteger solution already attained...What has been needed to transform
this procedure into an algorithm is a systematic method for generating the new

constraints.”

3For other problems, such as finding a clique of size at least k in a graph, there is a monotonicity (when-
ever there exists a clique of size k then there also exists one of any size k' < k) that makes this approach
more plausible.



Different ways of systematizing this were then proposed by Chvatal [Chv73], and, in what
became the dominant approaches, by Sherali and Adams [SA90] and Lovasz and Schrijver
[LS91], both groups proposing hierarchies of algorithms lifting problems to larger sets of
variables, relaxing some resulting integrality constraints, and then projecting the solution
of this relaxation by discarding the extra variables. These hierarchies blur the boundary
between proof systems and optimization techniques. On the one hand, they yield bounds
on the objective function, so they refute the existence of a feasible point with objective
value superior to that bound; also, they may be viewed as manipulating proofs with certain
inequalities derived from integrality of their variables. On the other hand, they are also
merely certain large LPs, and so may be studied as convex optimizations. For instance, the
latter viewpoint leads to the notion of rounding relaxed solutions—the variables from the
lift-and-project procedure, which is the dual formulation to that where proofs are assembled
by combining available inequalities—to genuine feasible solutions to the original problem.
In this way these algorithms are directly usable for search as well as refutation. All of this
remains in the toolbox of modern algorithm design; see the surveys [Tull0, CT12] for a
theoretical perspective. We will refer to algorithms that yield bounds (upper bounds, in
all cases we consider) on optimization problems as certification algorithms, and it is these
algorithms and their limitations that are the subject of this thesis.

The specific certification algorithms we study, however, go one step further and come
from a final line of work that again dates back to Hilbert, in this case to his seventeenth
problem: can every non-negative rational function on R™ be expressed as a sum of squares
of rational functions? Hilbert asked about rational functions because he had shown that, in
general, there are non-negative polynomials that cannot be expressed as sums of squares of
polynomials; Hilbert’s proof was non-constructive, but Motzkin later gave a concrete exam-
ple [Mot67]. While Artin eventually answered Hilbert's question in the affirmative [Art27],

what we will be more concerned with are refinements of Hilbert’s initial failed attempt at



a Nullstellensatz-like statement for non-negative polynomials. These so-called Positivstel-
lensatzen gave conditions on when systems of equality and inequality constraints in poly-
nomials admit Nullstellensatz-like refutations: they state that, under various conditions,

if f1,...,/x,91,---,9¢ € R[x1,...,Xn], then there exists no x € R™ with fj(x) > 0 and

gj(x) = 0 if and only if there exist s;4,7; € R[x1,..., X5, ] such that
k m {
> (Z si,a(mﬁ) fix) + > ri(@)gj(x) = -1. (1.1)
i=1 \a=1 j=1

There is a deep literature on such results; see [Ste74, Sch91, Put93, Rez95, Rez00, BPT12,
Sch17] and numerous references therein.

The relevance of this to the optimization problems we began with is that, in a minor
adjustment of the above, if we seek to maximize some F € R[xq,...,X,] over the given
constraint set (rather than showing that the constraint set is empty), we may consider

minimize ¢
(1.2)
subjectto ¢ —F(x) = X5 | (Z™ sia(2)?) filx) + 25:1 ri(x)g;(x).
The given condition is a so-called sum-of-squares (SOS) proof that F(x) < c on the given
constraint set. In a crucial insight, Lasserre [LasO1l] and Parrilo [Par00O, Par0O3] concur-
rently observed that such problems, so long as the degrees involved are bounded (as in
the premise of the effective Nullstellensatzen), can be solved efficiently with semidefinite
programming (SDP).* This yields the SOS hierarchy (sometimes called the Lasserre hierar-
chy) of certification or refutation algorithms, graded by the degree allowed in the above

equation.

4This approach can also be used to treat real-valued refutation problems instead of Nullstellensatz-based
systems, and is strictly more powerful. Also, Lovasz and Schrijver in [LS91] gave an SDP-based precursor
in addition to the LP hierarchy mentioned above, and nascent versions of this idea were also present in
[Sho87, Nes00]. It is Lasserre’s variant of the SOS hierarchy that follows the lift-and-project formalism,
while Parrilo’s is the dual we give in (1.2).



SOS relaxations are, at least when measuring computational cost coarsely, as effective as
both the LP hierarchies mentioned above and other SDP hierarchies; see [Lau0O3a] for specific
comparisons for integer programming as well as the remarkable result on optimality of SOS
among a general class of SDP relaxations of [LRS15]. Thus we will take lower bounds against
the SOS hierarchy as the “gold standard” of difficulty of certification, which is at this point
a widely-held consensus. See also the surveys [BS14, Moi20] for more specific discussion of

various other lines of work that support this position.

1.2 AVERAGE-CASE COMPUTATIONAL COMPLEXITY

The other key aspect of the setting we will work in is that we will consider random instances
of optimization problems. Such questions were proposed at least concurrently with the
foundational results on worst-case computational complexity [Kar76, Kar86]. The most im-
mediate reason to wonder if algorithms perform well on random instances of a problem is
to avoid a false impression of intractability from contrived worst-case instances. One promi-
nent example is that of the simplex algorithm for LP: first introduced by Dantzig in 1947
(see [Dan65]), the simplex method remains an extraordinarily successful practical algorithm.
However, Klee and Minty in 1972 produced a sequence of instances on which it requires ex-
ponential time to terminate [KM72]. To reconcile the practical picture with the theoretical
one, a series of works showed that the simplex method terminates quickly on various ran-
dom models; e.g., the line of work of [Bor82, Sma83, Bor88] treated rotationally-invariant
distributions of the data. Finally, [ST04] introduced the weaker notion of smoothed analysis
where only a small random perturbation is made to input data, noting that i.i.d. distribu-
tions and the like seldom have much relevance to practical applications, and again proved
that the simplex method converges in polynomial time under such a random model.

While such situations are the practical motivation for average-case analysis, even for



unrealistically uniform distributions of inputs, theorists were quick to observe that average-
case behavior exhibits intriguing new phenomena. Perhaps the main theoretical convenience
of average-case analysis for optimization problems specifically is that they allow a very
concrete assessment of performance that behaves quite differently from the “approximation
ratios” considered in the worst case. Namely, when a probability distribution over problem
instances is introduced, the true value of an optimization problem—in expectation, we may
usually safely say, since strong concentration often holds for large random problems by
generic arguments—is a single number. For example, Erdds-Rényi graphs on n vertices with
edge probability % (which we denote ER(n,p = %)) typically have largest cliques of size
approximately 2log, n. How close can a search algorithm reach to this number? Karp’s
analysis in [Kar76] led him to conjecture that no efficient algorithm could typically find a
clique of size (1 + €) log, n; the same was confirmed for other search techniques by [Jer92].
Similar barriers to search have been observed in various random optimization problems,
especially many of the classical discrete constraint satisfaction problems (CSPs) including
graph coloring [GM75, COKVO07b], largest independent set in graphs [COE15, GS14], and
various abstract CSPs such as satisfiability (SAT) and its variants [MMZ05, ART06, KMRT*07,
COKV07a, ACOO08].

While conjectures such as Karp’s above were made on the basis of analysis of some
straightforward algorithms and perhaps their most immediate improvements, various more
systematic frameworks have since emerged for analyzing the average-case complexity of
search problems. Some of these heuristics for hardness are based on the putative optimality
of various classes of algorithms, while others consider other properties of the optimization

landscape.” They include:

- failure of Markov chain Monte Carlo methods [Jer92, DFJ02];

>Some heuristic approach or restricted model of computation appears necessary to make progress on
such matters, as, even assuming P = NP or similar complexity-theoretic conjectures, actual proofs of
average-case hardness seem far out of reach.



- failure of local algorithms [GS14, DM15a, BGJ20, CGPR19];
- failure of low-degree polynomial algorithms [GJW20, Wei20];

- failure of approximate message passing variants and related analysis with methods of

statistical physics [Mon18, AMS20, AM20];
- lower bounds against circuit models of computation [Ros10, Ros14];

- structural properties of the solution space and “shattering” of level sets [ACOO0S8,

KMRT*07, GS14, GZ19];

- geometric analysis of critical points and dynamics on non-convex optimization land-

scapes [ABAC13, MKUZ19].

Two more classes of random computational problems often considered—no longer op-
timization problems—are motivated instead by statistics. Here, we either draw a problem
instance from a distribution with a “planted” structure that we wish to recover (say, a large
clique in a graph, or a large principal direction in a matrix), or we observe an instance from
either such a planted distribution or a “null” distribution with no planted structure and
must decide which distribution the observation came from. The former is called estimation
in statistics and recovery in some more recent machine learning literature, and likewise the
latter is called either hypothesis testing (or simply testing) or detection. For these problems

there are further tools, some related to the above and some entirely different:

- failure of low-degree polynomial algorithms [HKP*17, HS17, BKW20b, DKWB19, SW20,
BBK*20, DHS20] (see also Chapter 3 for an overview based on the notes [KWB19], as

we will use these results later);

- failure of the local statistics hierarchy of semidefinite programs [BMR21, BBK*20];



- methods from statistical physics which suggest failure of belief propagation or ap-
proximate message passing algorithms [DKMZ11b, DKMZ11a, LKZ15a, LKZ15b] (see

[ZK16] for a survey or [BPW18] for expository notes);

- geometric analysis of the optimization landscape of the maximum likelihood estimator

(see “geometric analysis” entries above);

- reductions from the planted clique model (which has become a “canonical” problem

believed to be hard in the average case) [BR13, HWX15, WBS16, BB19b, BB19a, BB20];

- lower bounds in the statistical query model [Kea98, KSO7, FGR*17, FPV18, KV16,

DKS17].

That all concerns search, testing, and estimation. Here we will instead ask: what are
the barriers to certification for random optimization problems? In contrast to the wealth of
resources above, for certification there is essentially one plan: to prove lower bounds against
various hierarchies of convex relaxations, the SOS hierarchy if possible or the Sherali-Adams
or Lovasz-Schrijver hierarchies if not.%

Perhaps the most prominent line of work in that direction concerns refutation of random
unsatisfiable CSPs. A notable paper of Feige [Fei02] used the difficulty of doing this for 3-
SAT as a “hypothesis” to derive hardness of approximation results, drawing attention to this
question, and [GriO1b, Sch08, KMOW17] showed that the SOS hierarchy cannot yield efficient
refutations until the number of clauses is far larger than the threshold at which a random
formula becomes unsatisfiable. Another prominent line of work concerns certifying bounds
on the size of the largest clique in a graph drawn from ER(n, %), the certification side of the
search problem discussed above. As we mentioned, the typical size of the largest clique is

2 log, n; however, a series of results [FKOO, MPW15, DM15b, HKP*18, BHK*19] showed that

60ne notable exception is [WBP16], who use a reduction strategy similar to what we will pursue, albeit for
just one specific problem. See our discussion at the beginning of Chapter 2.



SOS cannot efficiently certify a bound better than O(./n). The clique problem was harder to
address, being different from k-CSPs with k > 3 in two salient ways: first, it is a quadratic
problem, concerning the quadratic form of a certain structured kind of vector with the
adjacency matrix. As we will see, this relates the problem to the spectrum of the adjacency
matrix, an additional structural feature that may be exploited by algorithms and complicates
the task of proving lower bounds. Second, it has globally-distributed information, meaning
that, unlike the specific and local information we learn from a CSP constraint about the
few variables it involves, each vertex of a dense graph only carries a weak signal as to its
propensity to belong to a large clique. All of this weak information must somehow be
synthesized to search for a large clique, certify bounds on the size of the largest clique, or
prove that either is impossible (see [M0i20] for lucid discussion of this point).

It is with these challenges that we pick up the thread. In this thesis, we will consider bar-
riers to certification both in a general class of quadratic problems formally resembling the
largest clique problem, and in a specific representative problem of this class that we discuss
below. We will develop a general notion of a “spectral barrier” to certification, give a new
kind of evidence for such a barrier based on reductions to hypothesis testing—expanding
the limited arsenal of tools available for demonstrating average-case complexity of certifi-
cation problems—and propose related new tools for proving lower bounds against the SOS

hierarchy.

1.3 A MOTIVATING EXAMPLE

While we have presented quite a broad setting above, the topics we will consider all stem

more or less directly from attempts to understand the hardness of certification for the
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following specific random optimization problem: for some random W € R*x"*

sym

maximize ='Wz
Ms1y mn (W) = ) (1.3)

subjectto x € {x1//n}"
From the perspective of combinatorial optimization, a natural choice of W is a graph Lapla-
cian, in which case (1.3) computes (up to rescaling) the size of the largest cut. We are then led
to consider W the Laplacian of a random graph, and the most interesting regime turns out
to be the case of sparse random graphs, either Erdés-Rényi graphs ER(n, %) or uniformly-
random regular graphs with fixed integer degree ¢ > 3, which we denote Reg(c,n).

We recall that, in the earlier average-case examples we considered, our first step was to
pin down the true typical value of the random optimization problem in question (e.g., that
the size of the largest clique in our earlier example was of order 2 log, n). Here, for fixed ¢
and n — oo, this is an endeavor unto itself: it is known that the size of the maximum cut
is asymptotically n(% + f(c)+/c) for some f(c) € [a,A] for some 0 < a < A for all ¢, and
various quantitative bounds are available, but f(c) has not been exactly determined for any
specific ¢ [DSWO07, BGT10, GL18]. On the other hand, a remarkable result of [DMS17], first

conjectured by [ZB10], established that

. | N
lim f(e) = 5Pei= g lim E My e (W)] = 0382, (1.4)

where GOE(n) denotes the Gaussian orthogonal ensemble, the probability distribution over
symmetric matrices W where W;; ~ N (0,2/n) and W;; = W;; ~ N (0,1/n) when i # j,
independently. That is, at least for the purposes of this optimization problem, GOE(n) may
be viewed as a kind of limit of the sparse random graph distributions as n — o followed by

¢ — .” Thus, to ease the technical difficulty of working with random graph distributions,

7One simpler hint that such a behavior might occur is the convergence of the Kesten-McKay law of the
eigenvalues of the random c-regular graph to the semicircle law of the eigenvalues of GOE(n) (suitably
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it is reasonable to consider W ~ GOE(n) as a surrogate.

There are other reasons to be interested in this optimization problem. Most immediately,
the function of x in (1.3) when W ~ GOE(n) is the random Hamiltonian of the celebrated
Sherrington-Kirkpatrick (SK) model, a mean-field model of spin glasses in statistical physics
[SK75]. Optimizing it, up to a change of sign, computes the ground state energy of the
model. The asymptotics of this value motivated a large body of fascinating mathemati-
cal and physical work; the quantity we cite in (1.4) comes from the predictions of Parisi
[Par79, Par80, CR02] using the non-rigorous replica method, which were later in part vali-
dated mathematically by [Gue03, Tal06, Pan13]. The remarkable fact is that the SK model
was the first model of its kind understood to exhibit a rich structure in its optimization
landscape known as continuous replica symmetry breaking. This entails, roughly speaking,
a hierarchical clustering of sets of & having high objective value, so that given such a high-
quality point there are points of comparable quality at many scales of distances to .

Alternatively, from a point of view more familiar in optimization and convex analysis,
one may view this problem as choosing a uniformly random direction in the space of sym-
metric matrices—as the law of W ~ GOE(n) is isotropic with respect to the Frobenius inner
product—and measuring along that direction the width (up to rescaling) of the cut polytope,
the convex hull of the matrices xx™ over & € {+1}". In this way we measure the Gaussian
width or the closely-related mean width, basic statistics for measuring the size of a con-
vex body and the first of the much-studied intrinsic volumes (see, e.g., [AS17]), for the cut
polytope, one of the central objects of combinatorial optimization [DL09].

Whichever of these three interpretations the reader might find most appealing, the prob-
lem (1.3) with W ~ GOE(n) is evidently a central example of random combinatorial op-

timization. We have also seen that we know the typical value of this problem, which we

rescaled) as ¢ — oo [McK81].
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rewrite in its more usual normalization,

lim E_ [Mp,mn(W)]=2P, ~[1.526] (1.5)

N—=o W~GOE(n)

We are now ready to ask: is it possible to efficiently optimize this random function? As we
have seen above, it is fruitful to think of “optimizing” both from above and from below—
either searching for a x achieving a large objective value, or using an algorithm that certifies
upper bounds guaranteed to be valid for all x. We may already evaluate some simple algo-

rithmic approaches.

Example 1.3.1 (Spectral search and certification). Two related spectral algorithms give sim-
ple examples of algorithms for both search and certification. For certification, writing Amax

for the largest eigenvalue of W, we may use the bound
WL < Aoy - 1117 = Aax = (1.6)

for all x € {£1/\/n}", whereby An.x is a certifiable upper bound on (1.3). From classical
random matrix theory [Gem80, AGZ10], it is known that Ana.x — 2 almost surely as n — .
For search, for vmax the eigenvector of Amax, we may take x = x(W) 1= sgn(vmax) / /N
where sgn denotes the {+1}-valued sign function, applied entrywise. The vector vma.x is dis-
tributed as an uniform random unit vector in R", so the quality of this solution may be

computed as

"Wax = . 2 — ) = L omaxtl — =~ — =1 ;
x T = Amax - (T, Vmax)< + O (\/,> Amax 0] 7n 1.273 1.7)

n

with high probability asn — .8 (The error in the first equation is obtained as > ; Ai(vi, x)? =~

8We say that a sequence of events (A,)nen With A, € F, the o-algebra of an associated measurable
space occurs with high probability (in n) if the probability of A, tends to 1 as n — co.
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%tr(W) (1 = {(Vmax, ©)?), Where the sum is over all eigenvectors v; except Vmax. This analysis
appeared in [ALR87], an early rigorous mathematical work on the SK model.)
Comparing the three boxed numbers above, we see that neither spectral search nor spec-

tral certification gives a tight approximation of the SK Hamiltonian.

Montanari [Mon18] recently showed that, using a variant of approximate message pass-
ing, for any € > 0O there in fact exists a polynomial-time search algorithm that with high
probability achieves a value of 2P, — € (assuming a technical conjecture on the SK model,
and inspired by earlier results of [ABM20, Sub18]). This closed the question of efficient
“perfect” search. For certification, for some time the only algorithm beyond the spectral
bound that had been studied was the degree 2 SOS relaxation, an SDP also occurring in the
seminal results of Goemans, Wiliamson and Nesterov [GW95, Nes98]. For this algorithm,
[MS16] showed (in the course of applications to discrete problems in the vein of [DMS17])
that the value achieved is again 2, asymptotically—no better than the spectral algorithm. Fi-
nally, several works of the author [BKW20b, KB20, Kun20b] as well as the concurrent works
[MRX20, GJJ*20] showed, in the case of the first reference, that conditional on a conjecture
we will discuss in Chapter 3 no efficient certification algorithm can improve on the spectral
bound, and, for the remaining references, that no polynomial-time SOS relaxation improves

on the spectral bound.

Remark 1.3.2 (Proof complexity of the SK Hamiltonian). The above hardness of certification
is despite the fact that a relatively simple argument due to Guerra [GueOl], which may be
viewed in our context even movre simply as an application of the Fernique-Sudakov Gaussian
comparison inequality (see Chapter 3 of [LT13]), gives a bound of 22/ < 2 (called the
“replica-symmetric prediction” in the spin glass literature) on the objective. The proof only
involves an interpolation argument between the optimization of " Wx and a linear opti-

mization of x"g over g ~ N (0, I,)) (see, in addition to Guerra’s argument, Chatterjee’s proof
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along these lines of the Fernique-Sudakov inequality in [Cha05]). Thus these results suggest

that no simple algebraic “pointwise” argument can reproduce even this preliminary bound.

1.4 SPECTRAL BARRIERS

In fact, we will see that this kind of failure of certification algorithms is unique neither to
optimization over the hypercube nor to the particular random function of the SK Hamil-
tonian. We will focus our initial efforts on the following broader class of problems, which
conveniently is broad enough to encompass many interesting problems of applied and the-
oretical interest, while enforcing enough structure that a unified explanation can be given

for the high computational costs of certification.

Definition 1.4.1 (Constrained PCA problem). Let X ¢ R™k and W € RGm'- We call an

optimization problem of the following form a constrained principal component analysis (PCA)

problem:

maximize tr(X"W X)
My (W) := ) (1.8)

subjectto X € X

In essence, constrained PCA asks us to search for a structured vector or small collection
of vectors X (we will exclusively think of k, the “rank parameter,” as constant while n —
o0) aligned with those eigenvectors of W that lie close to the top of its spectrum. These
problems include finding large cuts and k-cuts in graphs [GW95, Trel2a], coloring graphs
[Hof70, AG84, AK97], variants of the satisfiability constraint satisfaction problem [Zwi98,
DMO™19], synchronization problems [Sin11], PCA with variously structured signals (non-
negative [MR15], sparse [ZHTO06], and others [DMR14]), and certain cases of tensor-valued
PCA [RM14]. Despite this diversity of applications, for W random, many constrained PCA
problems appear to present one and the same difficulty to efficient certification algorithms.

Let us first define this notion that we have discussed informally above.

15



Definition 1.4.2 (Certification algorithm). Let f be an algorithm, possibly randomized,’ that
takes a square matrix W as input and outputs a number f(W') € R. We say that f certifies

avalue K on Mx when W ~ Q,, for some sequence of distributions Q, € P(RZ") if

1. forany W € RV My (W) < f(W), and

sym 7
2. if W ~ Q,, then f(W) < K + o(1) with high probability as n — .

The obstacle we will study is that such algorithms often cannot certify a better bound
than a spectral bound that follows from decoupling the dependences of constrained PCA on
W and X:

Qggétr(XTWX) < Amax (W) - max 1 X |15 (1.9)

(Here || X ||2 := tr(X " X).) When a spectral bound is optimal among some broad class of
efficient certification algorithms, but does not yield a tight result, we say that a constrained
PCA problem exhibits a spectral barrier. The main specific project of this thesis is to provide
evidence for spectral barriers in numerous constrained PCA problems, and to explore the
mathematical phenomena that appear to be responsible for these barriers.

We believe that spectral barriers are an exceptionally robust phenomenon. There will be
many indications in this work that spectral barriers are sensitive neither to the constraint set
X nor to the instance W (or, in the average case analysis we will mostly be concerned with,
to its distribution). So long as both are “generic” or sufficiently “incoherent” with respect to
the standard coordinate basis, spectral barriers seem to arise reliably.

As discussed above for the case of the SK Hamiltonian, spectral barriers sometimes arise
when optimal search can be performed efficiently; other times, both search and certification
appear unable to attain optimal performance. Beyond merely numerical gaps in the perfor-

mance various algorithms are able to achieve, though, we emphasize that the mechanisms

9We allow f to be randomized; i.e., it may use randomness in its computations, but the output K must
be an upper bound almost surely. We do not expect certification algorithms to require randomness, but it
may be convenient, e.g., to randomly initialize an iterative optimization procedure.
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giving rise to gaps in search and certification appear to be completely different. In the case
of the SK Hamiltonian, the spectral barrier to certification is in essence a matter of the diffi-
culty of refuting that a hypercube point might lie in the span of the top eigenvectors of W,
a uniformly-distributed low-dimensional subspace in the case of W ~ GOE(n). The proba-
bilistic setting of the spectral barrier is thus relatively simple; indeed, this is related to the
robustness mentioned above, since a sufficiently incoherent deterministic low-dimensional
subspace shares all the features of a random subspace that are relevant to the analysis of
the spectral barrier. On the other hand, the search algorithm of [Mon18] is intimately re-
lated to the “depths” of the landscape of the SK Hamiltonian and the complex structure of
the low-temperature Gibbs measures related to continuous replica symmetry breaking that
allow the landscape to remain navigable by an optimization algorithm to near-optimality.
Because of this, the algorithm itself is also likely brittle, being calibrated by quantities com-
puted from the Parisi formalism and other aspects of our theoretical understanding of the

particular SK Hamiltonian.

1.5 SUMMARY OF CONTRIBUTIONS

We now outline the organization of the thesis and the content and main contributions of
each chapter. At the beginning of each chapter we give a more detailed summary and its
context at that point in the thesis, as well as specific references and lists of main results.
Overall, all of the content is based on the publications [BKW20b, KB20], as well as the articles
in submission [DKWB19, Kun20a, Kun20b, BBK*20, BKW20a], the article in revision [BK18]
at the time of writing, and the expository notes [KWB19]. Chapter 9 is based on a short

article in preparation.
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1.5.1 REDUCTIONS, PLANTING, AND LOW-DEGREE POLYNOMIALS

We begin by developing reductions from certification in constrained PCA problems to certain
associated hypothesis testing problems, and using a method based on analyzing algorithms
computing low-degree polynomials to provide evidence that these hypothesis testing prob-
lems are hard.

In Chapter 2, we give a unified treatment of these reductions, which have been proved on
an ad hoc basis in several publications. We also describe the spectral planting strategy un-
derlying the reductions, which gives an analytically-tractable way to skew the top eigenspace
of a GOE matrix towards a particular constrained PCA solution.

In Chapter 3, we introduce the method based on low-degree polynomials that we will use
to treat the resulting hypothesis testing problems, giving two justifications (one based on
the actual development of these ideas in prior literature on SOS optimization and another
streamlined one devised post hoc in [KWB19]) and describing consequences of the lower
bounds we will prove.

In Chapter 4, we prove bounds and formulae for the norm of the low-degree likelihood
ratio, the main quantity governing lower bounds against algorithms computing low-degree
polynomials. We explore the overlap form that these expressions often take, which show
that, though they describe high-dimensional sums of moments of random variables, the
norms can often be condensed into a single scalar expectation. We treat several observation
models in this way using various properties of orthogonal polynomials.

In Chapter 5, we apply these results to prove lower bounds against algorithms computing
low-degree polynomials. Using our tools we are able to treat a wide range of models beyond
those needed for our applications to certification: we give tight results with a unified and
simplified presentation for matrix and tensor PCA, sparse PCA, and the stochastic block

model. We use suitable matrix PCA results to then deduce conditional hardness results for
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certification for the SK Hamiltonian, the Potts spin glass Hamiltonian (related to a Gaussian

approximation of graph coloring), and non-negative PCA over a GOE input matrix.

1.5.2 THE SUM-OF-SQUARES HIERARCHY

We then specialize to the hypercube constraints of the SK Hamiltonian, and study SOS re-
laxations over this constraint set and build up to proving SOS lower bounds.

In Chapter 6, we introduce basic properties of SOS relaxations over the hypercube and
present some background results. We also motivate our program of building pseudomo-
ment matrices—the objects underlying lower bounds against the SOS hierarchy—as Gram
matrices, and argue that this is more broadly a productive approach to understanding SOS.

In Chapter 7, we study the structure of degree 4 SOS pseudomoment matrices viewed
as Gram matrices. This yields constraints on the spectra of these matrices and intriguing
connections to the notions of entanglement and separability from quantum information
theory. We also use our characterization to demonstrate classes of examples of degree 2
Gram matrices that can and cannot be extended to degree 4 pseudomoments that are built
from equiangular tight frames, highly-structured combinatorial packings of vetors.

In Chapter 8, we reinterpret our degree 4 construction for Gram matrices of equiangular
tight frames as a Gaussian conditioning computation involving surrogate random matrices
from which we propose building degree 4 pseudomoments. Generalizing these to surrogate
random tensors, we propose a general scheme for extending degree 2 pseudomoments to
higher degrees, and derive a description of the result in terms of the decomposition of poly-
nomials into parts belonging to and orthogonal to an ideal under the apolar inner product.
We note that few general techniques for building pseudomoments are known; the main other
idea in this direction is the pseudocalibration technique of [BHK*19], to which our spectral
extension method gives a plausible alternative.

In Chapter 9, we show that the spectral pseudomoment extension applies exactly to
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a deterministic construction due to Grigoriev [GriOla] and Laurent [LauO3b]. We give a
streamlined representation-theoretic proof of this result, and prove a conjecture of Laurent’s
concerning the eigenvalues of the associated pseudomoment matrix.

In Chapter 10, we propose a general closed-form pseudomoment extension derived from
the spectral extension, by heuristically generalizing the Maxwell-Sylvester representation
of harmonic polynomials to certain multiharmonic polynomials. This yields a combinato-
rial construction of sum-of-forests pseudomoments. We prove lifting theorems giving general
(though rather technical) conditions under which degree 2 pseudomoments may be extended
in this way to higher degrees. For “sufficiently incoherent” high-rank degree 2 pseudomo-
ments our lifting succeeds to any constant degree of SOS, while for low-rank degree 2 pseu-
domoments we adapt it to succeed to degree 6.

In Chapter 11, we apply our lifting theorems. We first show that the sum-of-forests
pseudomoments approximately recover, to leading order, the Grigoriev-Laurent pseudomo-
ments, giving an enumerative combinatorial interpretation of the construction’s behavior.
We also show that the lifting to high degree applies to uniformly-random high-rank projec-
tion matrices. Lastly, we show that the lifting to degree 6 applies to rescaled uniformly-
random low-rank projection matrices, which results in a tight degree 6 lower bound for the
SK Hamiltonian.

Finally, in Appendix A we collect several open problems concerning various topics dis-

cussed in the thesis.
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Part 1

Computationally-Quiet Planting and

Low-Degree Polynomials
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2 SPECTRAL PLANTING AND REDUCTIONS

TO HYPOTHESIS TESTING

To address the question of whether efficiently certifying better-than-spectral bounds on
constrained PCA problems is possible, our first order of business will be to develop tools
that allow us to make a prediction and provide some indirect evidence of hardness. This
is helpful because analyzing specific convex relaxations, as we will do in Part II, both is
technically complicated and entails entirely different types of arguments—looking for SOS
proofs versus constructing pseudomoments, in our case—depending on whether we are
trying to show that it is possible or impossible to cross the spectral barrier. Instead, we
will see that we can consider a different class of lower bounds, which are governed by more
straightforward and unified computations that we expect can identify either situation. It will
also turn out that the tools we use to prove these lower bounds are quite broadly applicable,
and allow us to prove similar lower bounds in various other interesting settings.

Because of these further applications, we will eventually develop the tools for our lower
bounds in greater generality than just those relevant to constrained PCA. In this initial chap-
ter where we establish the connection between these lower bounds and constrained PCA, we
will also be quite general in allowing the constraint set X to vary, but for the most part we
will consider the same distribution of W as in the SK Hamiltonian, W ~ GOE(n).

Our goal in this chapter will be to show that, if it is possible to cross the spectral barrier
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for certification in a constrained PCA problem, then it is possible to solve certain hypothesis
testing problems of distinguishing between pairs of probability distributions. The toolbox
for identifying computational hardness in testing problems is richer than that for average-
case certification problems, so this will give us a new avenue to argue the hardness of certifi-
cation. More specifically, we will show that certifying bounds necessarily involves excluding
the possibility of the problem instance being tampered with by planting high-quality solu-
tions: if we can certify a better-than-spectral bound, then we must have verified that W
has not been changed to align its top eigenspaces especially well with some X € X. Thus
we will consider hypothesis testing between whether W was drawn from GOE(n) or some
tampered-with variant thereof. Moreover, any fixed collection of eigenspaces of GOE(n)
span a uniformly random subspace (see Proposition 2.2.2), we may “factorize” this testing
problem and test instead between a uniformly random subspace and one that has been

skewed to align well with X € X.

SUMMARY AND REFERENCES This chapter gives a unified and generalized treatment of a
reduction argument that has been repeated for several problems, mutatis mutandis, in the
following references: [BKW20b] for rank-one constrained PCA, [BBK*20] for higher-rank con-
strained PCA, and [BKW20a] for non-negative PCA, which is a type of rank-one constrained
PCA but which we will see presents minor additional technical obstacles. In Section 2.5 we
also discuss one example of this reduction when W is not drawn from GOE(n), which is
also taken from [BBK*20]. The main results of this chapter that we will use in the sequel are
Corollaries 2.3.3 and 2.3.4, which give general reductions from certification in constrained

PCA problems under the GOE to hypothesis testing in Wishart spiked matrix models.

PRIOR WORK The idea of reducing hypothesis testing between null and planted models

to certifying bounds on some quantity under the null model is implicit in many works on
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the planted clique model, starting with its introduction by [Jer92, Kuc95] and becoming
especially apparent in the results on SOS of [DM15a, RS15, HKP*18, BHK"19], and even more
explicit in subsequent works using the pseudocalibration framework for other problems
[HKP*17, MRX20, GJJ"20]. However, none of these results draw a formal connection between
the two problems; rather, they only argue that if we believe it should be hard to distinguish a
given null and planted model, then that should constrain the possible SOS pseudomoments
in various ways. The only prior work we are aware of where a genuine reduction is conducted
is [WBP16], who do this for the specific problem of certifying the restricted isometry property
(see also [DKWB20], in which the author participated but which we will not discuss here,
where the framework we describe is applied to the same problem). More broadly, that
result belongs to a line of work on reductions among numerous average-case problems
[BR13, HWX15, WBS16, BB19b, BB19a, BB20], but [WBP16] is the only result in this direction

we are aware of that reduces to certification problems in particular.

2.1 HYPOTHESIS TESTING

We begin with some generalities about hypothesis testing. The basic setup that all of the
testing problems we study will share is as follows. Suppose (Py)nen, and (Qy)pen, are
two sequences of probability distributions over a common sequence of measurable spaces
((Qn, Fn))nen,- In statistical parlance, we will think throughout of P, as the model of
the alternative hypothesis and Q, as the model of the null hypothesis. In our previous
language, the distributions (P, ) include a “planted” structure, making the notation a helpful
mnemonic. Suppose we observe Y € Q, which is drawn from one of P,, or Q,,. We hope to

recover this choice of distribution in the following sense.

Definition 2.1.1. A test is a measurable function f, : Q, — {p, g}.
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Definition 2.1.2. A sequence of tests f, is said to (strongly) distinguish (P,) and (Q,) if
fn(Y) = p with high probability when'Y ~ Py, and f,(Y) = g with high probability when

Y ~ Qu. If such f, exist, we say that (P,) and (Q,,) are statistically distinguishable.!

In statistics one often draws the distinction between the probabilities of a test returning an
incorrect result when Y ~ Q, and Y ~ P,, called Type I and Type II errors respectively. We
will briefly discuss this point and some related facts later in Section 3.1, but generally we
will only consider tests successful when they drive both error probabilities to zero. We will
be especially interested in differences in the computational cost of hypothesis testing, for

which we introduce the following terminology.

Definition 2.1.3. If a sequence of tests f, distinguishes (P,) and (Q,) and f,(Y) may be
computed in time T (n), then we say that (P,) and (Q,) are distinguishable in time T (n). If
T (n) grows polynomially in n, then we say that (P,) and (Q,) are computationally distin-

guishable.

Remark 2.1.4 (Model of computation). For the sake of convenience, we suppose we may
perform real arithmetic exactly, and view T (n) above as counting the number of exact real
operations. We also will later assume we may compute eigendecompositions exactly in poly-
nomial time. However, all computations we perform should be numerically stable, and all
matrices should be well-conditioned, so our reductions and other claims should also hold in
weaker models of, say, floating point arithmetic. The so-called “real RAM” model common in

computational geometry is close to the informal model we adopt.

1we will only consider this so-called strong version of distinguishability, where the probability of success
must tend to 1 as n — o, as opposed to the weak version where this probability need only be bounded
above % For high-dimensional problems, the strong version typically coincides with important notions of
estimating the planted signal. See, e.g., [BM17, EAKJ20, CL19] for some discussion of “weak detection” in
literature on some of the models we will study.
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2.1.1 STATISTICAL-COMPUTATIONAL GAPS

We emphasize that these computational distinctions are far from trivial. In fact, one of
the central phenomena of the asymptotics of high-dimensional testing problems is that sta-
tistical and computational distinguishability do not always coincide. Such a situation is
called a statistical-computational or information-computation gap. (See, e.g., [MMO09, ZK16,
BPW18] for general discussion of this phenomenon and common analytical tools for study-
ing it drawn from statistical physics.) For this reason, while classical statistical theory pro-
vides tools for identifying statistically-indistinguishable distributions, for which the hypoth-
esis testing problem is impossible, these tools do not always suffice to accurately identify
computationally-indistinguishable distributions, for which the testing problem may be pos-
sible but is prohibitively difficult.

Indeed, as a concrete example, if we reduce the problem of certifying a bound on the
SK Hamiltonian to a hard hypothesis testing problem as we have outlined above, then such
a gap must occur. After all, in exponential time it is possible to certify a tight bound on
Mi+1, mm (W) by simply searching over all x € {+1/./n}", so perfect certification is pos-
sible but (we believe) hard. Accordingly, any hard hypothesis testing problem we reduce to
certification will be possible to solve, too. In this sense, our plan entails demonstrating that
a spectral barrier is a manifestation of a statistical-computational gap.

As we will soon meet a problem exhibiting a somewhat involved statistical-computational
gap, in the negatively-spiked Wishart matrix model, let us give a simpler preliminary exam-
ple for the time being. Typically, such a gap arises in the following more specific way.
Suppose the sequence (P,,) has a further dependence on a signal-to-noise parameter A > 0,
forming a parametrized sequence (P ,)ason=1- This parameter should describe, in some
sense, the strength of the structure present under the planted distribution (or, in some

cases including the Wishart model, the number of i.i.d. samples received from a fixed distri-
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bution). The following is one of the best-studied examples.

Example 2.1.5 (Planted clique problem [Jer92, Kuc95]). Under the null model Q,,, we observe
an Erdos-Rényi random graph on n vertices and with edge probability% (that is, each pair of
vertices is connected independently with probability % ). The signal-to-noise parameter A is an
integer 1 < A < n. Under the planted model P, ,,, we first choose a random subset of vertices
S < [n] of size |S| = A, uniformly at random. We then take the union of a graph sampled

from Q,, with a planted clique or complete subgraph on S.

The typical size of the largest clique under Q, is 2log, n (with fluctuations of lower
order), so P, and Q,, are statistically distinguishable whenever A > (2 + €) log, n for some
€ > 0. On the other hand, the best known algorithms for distinguishing Q,, and P, in
polynomial time [AKS98, FKOO, DM15a] only succeed when A = Q(./n), and there is plentiful
further evidence that this performance is optimal [Jer92, Ros10, BHK"19, GZ19]. Thus there
is alarge regime of (2+¢€) log, n < A < /n where itis known that it is possible to distinguish

Qy, and P, but conjectured that it is hard to do so.

2.2 PUSHOUT AND COMPUTATIONALLY-QUIET PLANTING

We now move towards developing a means of reducing testing problems to certification in
constrained PCA problems, in such a way that we have reason to believe the testing problems
involved are hard. To begin, the following is a broad and easy claim that shows how, in
general, a certification algorithm can be used to test between a natural and a tampered-with

distribution of instances W'.

Theorem 2.2.1 (Abstract reduction). Let C > 0. Let P, € T(Rg‘yfn”) be such that, under

W ~ P, for all e > 0, with high probability Mx (W) > C — € (for instance, if Mx (W) — C in

probability). Let Q,, € ?(Rglyfn”) be such that there exists € > 0 and an algorithm running in
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time T (n) that can certify with high probability a bound of at most C — € on Mx (W) when

W ~ Q. Then, there exists an algorithm running in time T (n) + O(1) that can distinguish

(Py) from (Qy).

Proof. Let g(W') be the certificate the algorithm computes. Then, we define tests f;, :

Reym' — {p, g} by
p ifg(W)=C-¢€/2,
fu(W) = (2.1)
g ifg(W)<C-¢/2,

and clearly under the assumptions the f, will distinguish (P,,) from (Q,,). O

Recall that we will be given Q,,, usually Q,, = GOE(n), and the assumption that a better-
than-spectral certification algorithm exists will be for the sake of contradiction. Therefore,
the main matter remaining will be to design P,, making My (W) typically large in a way that
is computationally-quiet, or difficult to distinguish from Q,. That is, we want to plant an
X € Xin W ~ GOE(n) such that tr(X "W X)) is nearly as large as possible (so that X
nearly saturates the spectral bound) in a way that is difficult to detect.

The notion of quiet planting has appeared previously in the literature, but mostly in
the context of statistically-quiet planting, seeking a planting such that P,, and Q,, are close
in some measurement of distance between probability measures, or indistinguishable by
computationally-unbounded tests. This has been used in hopes of intentionally designing
random hard instances of constraint satisfaction problems [JP00, KZ09, ZK11], and also as
a mathematical technique for analyzing the unplanted distribution via the planted distri-
bution from which it is indistinguishable [COKV07b, COKV07a, ACO08], in particular for
establishing the “shattering” phenomenon in the solution spaces of random constrained
satisfaction problems. In these latter situations, the underlying random problem usually
has one or many solutions—satisfying assignments in a constraint satisfaction problem,

say—with high probability already, and we wish to plant another such solution that we have
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explicit control over. In our setting, in contrast, we are interested in planting something
(the matrix X, in a suitable sense) in P,, that with high probability does not exist under Q,,.
Typically such a pair of distributions will be distinguishable by a brute-force search for the
planted object, so the restriction to computationally-bounded quietness is essential.

Before proceeding to consider quiet planting in the GOE, let us recall some basic facts

about it and its spectrum.

Proposition 2.2.2 (GOE spectrum [Wig93, Gem80, AGZ10]). For Ay = - - - = A, eigenvalues

of W ~ GOE(n) and ws,...,w, € S* ! the corresponding eigenvectors, the following hold.
- The A; are almost surely distinct.

- The empirical spectral measure %Z?ﬂ 0, converges weakly to the semicircle law on

[—2,2] having density 1{x € [-2,2]} /4 — x2dx.
- A1 — 2 and A,, — —2 in probability.

- Forany S < [n] independent of W (including deterministic sets), the law of the subspace

span({w; : i € S}) is that of a uniformly-distributed |S |-dimensional subspace of R™.

Let us consider a naive strategy for planting in the GOE, for the moment working under
the hypercube constraints X = {+1/./mn}"™. A natural idea is additive planting, where we
draw W ~ P, by drawing W ~ GOE(n) and = ~ Unif({+1//n}"), and then set W =
WO + Azz™ for some A > 0. (This forms the so-called Wigner spiked matrix model, to
which we will return in greater detail in Example 4.1.2 and again in Section 5.2.4.) To achieve
"Wz ~ 2 to saturate the spectral bound, we want to take A = 2, since T W Dz is with
high probability of subconstant order. Will this planting be computationally-quiet? Perhaps
the most natural algorithm for distinguishing P,, from Q,, in this setting is to compute the
largest eigenvalue of W, since adding a sufficiently large rank-one component under P,

will eventually make the largest eigenvalue larger than that under Q,. We refer to this as
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the PCA test (more properly, we compute the largest eigenvalue and then threshold it to
perform the test). Since typically Ay . (W) ~ 2 under W ~ Q,, = GOE(n) and we are adding
a matrix with largest eigenvalue approximately 2, we might expect that the PCA test would
not notice the deformation of W. However, results of random matrix theory tell us that this
is not the case. Instead, the added rank-one component Axzx" and the unstructured noise
of W ~ GOE(n) “cooperate” to produce an eigenvalue larger than 2 even for A < 2. The
following result characterizes this so-called “pushout effect” in our setting, a variant of the

celebrated Baik-Ben Arous-Péché (BBP) transition [BBAPOS].

Proposition 2.2.3 ([FP07, BGN11]). Write vmax (W) for the eigenvector corresponding to the
largest eigenvalue of a matrix W. For A > 0 and any © € S™ !, when W = Azx™ + WO for

WO ~ GOE(n), the following hold.
- IfA <1, then Apax (W) — 2 and (Vmax (W), )2 — 0 almost surely.

< IfA > 1, then Apax(W) = A+ A7 > 2 and (Vmax(W), )% — 1 — A2 € (0,1) almost

surely.

Thus additive planting can be computationally-quiet only for A < 1, but will actually plant
a sufficiently high-quality solution to saturate the spectral bound only for A > 2. Reducing
certification to testing in this kind of additively-planted model then cannot satisfy all of our
criteria simultaneously.

The crux of the issue is in the second parts of the two results of Proposition 2.2.3:
when An. (W) > 2 under W ~ P, then x is not actually the top eigenvector of W. The
additive planting therefore “wastes some of its effort,” in that it unintentionally plants a
vector &' + x with @’ Wa' > "W, and this ' will depend in part on = and in part
on the GOE matrix W© | so there is no guarantee that «’ is close to X. To correct this
misbehavior, we construct a spectral planting, where x is instead planted in a more direct

way to lie very close to the top few eigenspaces of W ~ Q,,, without changing the eigenvalue
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distribution of W and therefore without creating a pushout effect that can be detected by
the PCA test.

We now describe how to achieve this in reasonable generality when Q,, = GOE(n), using
a modification of a well-known spiked matrix model where we apply a negative spike instead
of the more usual positive spike. (This model itself is quite similar to the Wigner spiked
matrix model mentioned above, as we will also discuss at length later in Chapters 4 and 5,
but the way we use it for spectral planting will be different from how we used the Wigner

model for the additive planting.)

Definition 2.2.4 (Wishart spiked matrix model [JohO1]). Let k € N, (not depending on n), and
let P, € P(R™¥). The Wishart spiked matrix model with signal strength 8 > —1, sampling
ratio y, and spike prior () is specified by the following distributions over (yi,...,Yn) €

(RN withN = N(n) = [n/y]:
- Under Qy, draw yi,...,yn ~ N (0, I,) independently.

- Under Py, first draw X9 ~ P,,, and define

X0 if BIXI* > ~1,
X := (2.2)

0 otherwise.

Then, draw y1,...,ynv ~ N(0,I, + BX X ") independently.

More briefly, we say that (Q,, P,)n=1 form a Wishart spiked matrix model with parameters
(B,y,Pn). We call k the rank of such a model or of the spike prior, and we call the model

negatively-spiked if § < 0.

We note that often the y; are viewed as being organized into a matrix Y € R™V, and in
particular the sample covariance matrix %YYT plays an important role in algorithms for

estimating the spike X, which is why this model is viewed as belonging to the family of
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spiked matrix models. While the positively-spiked version of this model has been studied at
great length, the negatively-spiked version is less common and apparently was first attended
to only by [PWBM18]. We discuss their results on this case in Section 2.4 below.

We also introduce an assumption that we will always assume to hold when we are work-
ing with such a model in this section, saying that we are almost surely in the first case of
(2.2) above. When we later arrive at our applications of these results in Section 5.3, we will

present a simple way to adjust a spike prior to satisfy this.

Definition 2.2.5. A spike prior (P,,) is B-good for the Wishart spiked matrix model if B|| X ||* >

—1 almost surely when X ~ P,,.

Using this model we describe how to achieve a spectral planting of X in the top few

eigenspaces of the GOE.

Definition 2.2.6 (Spectrally-planted GOE model). Let (QYish, PWish), ., be the null and planted
distributions for a Wishart spiked matrix model with parameters (B,y,P,) withy > 1. Define
Qu, Pn € P(RL) in the following way. Suppose Dy, € {Qy, Py}, and let DWish equal Q)Yish
if Dy = Qy and equal PVsh if D,, = P,. To sample from Dy, first draw W ~ GOE(n) and
Yi,...,ynv ~ DWVish Let gy,...,gn be an orthonormal basis for the span of the yi,...,yy,
and Yn.1,...,Yn be an orthonormal basis for the orthogonal complement of this span. Let
A1 > - -+ > Ay, be the eigenvalues ofW. Then, draw W = 3 Ain-i+19,_;.1- We call
the sequence of pairs of distributions (Qy, P, ) defined in this way the spectrally-planted GOE

model with parameters (B, y, Pn).

Note that, when B < 0, then ¥i,...,yy span an N-dimensional subspace that is biased
away from the directions of the columns of X. Since we build W above to have as its top
eigenvectors a basis for the orthogonal complement of the span of these, in this definition
we are, somewhat indirectly, biasing the top eigenspace of W towards the directions of X,

which is precisely what we claimed the spectral planting would achieve. The closer S is to
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—1, the stronger this bias is; the closer y is to 1, the smaller the fraction 1 —y~! of directions
occupied by this top eigenspace.
The following simple result shows that this model is indeed essentially just a “cloaked”

version of the Wishart spiked matrix model.

Proposition 2.2.7. If it is possible to distinguish between P,, and Q,, in the spectrally-planted
GOE model with parameters (B,y,P,) in time T (n), then it is possible to distinguish between
P, and Q, in the Wishart spiked matrix model with parameters (B,y,P,) in time T(n) +

O (poly(n)) using a randomized test, and likewise with the roles of the models reversed.

Proof. From the definition, we may sample from P, or Q, in the spectrally-planted GOE
model by sampling (y1,...,yy) from P, or Q, (respectively) in the Wishart spiked matrix
model, sampling W ~ GOE(n) independently, and outputting a function g, (y1,...,yn, W),
where g, is computable in polynomial time in n. Thus given tests f, that distinguish with
high probably in the spectrally-planted GOE model, randomized tests f,, outputting f,,(Y) =
Jn(gn(Y,W)) for W ~ GOE(n) will distinguish with high probability in the Wishart spiked
matrix model. For the second statement, the result follows immediately from the laws
of the top eigenvectors under P, and Q, in the spectrally-planted GOE model being, by
construction, precisely the laws of observations under P,, and Q,, respectively in the Wishart

spiked matrix model with the same parameters. O

Remark 2.2.8 (Reductions). To simplify our language and work slightly informally without
a precisely-specified computational model, we state results of the above form in terms of the
existence of algorithms with prescribed runtimes. However, stronger formal statements in
terms of reductions also hold; for example, above, there exists a randomized polynomial-time
reduction from testing under the Wishart spiked matrix model to testing under the spectrally-
planted GOE model and a deterministic polynomial-time reduction from testing under the

spectrally-planted GOE model to testing under the Wishart spiked matrix model.
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2.3 ToOOLS FOR REDUCTIONS UNDER THE GOE

We now proceed to more technical results justifying that spectral planting actually achieves
what we have outlined above. The following is the key result showing that, under P,, of the
spectrally-planted GOE model, the sampled X ~ P, indeed lies near the top eigenspaces of
the sampled matrix. In fact it will be useful to be slightly more general and consider X' that
is itself close to X, for the purposes of our applications, but the key intuitions are captured

by thinking of X’ = X below.

Theorem 2.3.1. If (Q,, P,,) are the null and planted distributions of the spectrally-planted
GOE model with parameters (B,y,Py), then Q,, = GOE(n). Moreover, for any € > 0, there
exist C > 0, 8 > —1, and y > 1 such that the following holds. Let k = 1 and P, € P(R"*k)
be a B-good spike prior. Suppose further that there exists constants K,L > 0 and a random
variable X' coupled to X ~ P, such that || X'||? — K in probability and | X" X'||? = L with
high probability. Then, letting X' be the variable coupled to the spike matrix X drawn in the
Wishart spiked matrix model, under W ~ P,, we have tr( X' "W X') > 2(K - C(K - L) —€)

with high probability.

Our proof will use the following technical result, which, in the above setting, controls

how well ¥ | y;y] approximates >, 44/ .

Proposition 2.3.2. Suppose y1,...,yn ~ Py in a Wishart spiked matrix model with 'y > 1 and

B < 0. Then, for any € > 0, with high probability
N 1 N N
1-eGy-1>> gig] < N Syyl 21 +e)Wy+12> iy (2.3)
i=1 i=1 i=1

Proof. Since Z]iil yiy; is the orthogonal projector to the row space of % Zflzl viy;, and this
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matrix has exactly N non-zero eigenvalues almost surely, it suffices to show that

N N
(1-¢e)(y —1)? <Ay (;} > yiyiT) <A (;} > yiy;) <(1+efy+1)> (2.4)
i=1 i=1

This follows immediately from Theorem 1.2 of [BSO6], noting that the y; are drawn from
a spiked Wishart model with a covariance matrix with a constant number k of eigenvalues

different than 1, all of which are smaller than 1. O

Proof of Theorem 2.3.1. Note that, since (P,,) is f-good, almost surely we are in the first case
of (2.2) in the definition of the Wishart spiked matrix model, so that y,,...,yn ~ N (0, I, +
BX X T). We begin with a direct computation. We note that (A, B) := tr(AT B) denotes the

Frobenius inner product for any A, B of equal size.

tr( X" " WX') = (X' X", W)

n
= <X’X’T’ Z Al@n—l+1g;—l+1>

i=1

n N
> <X,X,T,)\n—N GGl A @1@:>

i=N+1 i=1
N

= <X,X/T; )\an (In - glgl‘r) + A ’gl@;—>
i=1

iy > . (2.5)

= A NIXIIE = Ay = An) <X’X’T,

ZVMZ

i=1

We consider the two terms here separately. In the first term, we have || X’||2 — K in proba-

bility by assumption. For the second term, by Proposition 2.3.2 we have

i=1

2 N
XXy yy> <X'X'T, > yiy7>
< Y] S (y-1N l
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and, viewing y; = (I + BX X 7)/2g; for g; independent from X and X', we have

_ 2 W12y’ Y'T Tl/ZlN,T
_(W_1)2<(I+BXX) X'XTI+BXX") ,Ni:zlglgi

N
< Wz—l)z % S gig] tr<(I FBX X)X XTI + BXXT)”Z)

2 13
:m NZgigiT UIXNE +BIXTXNIF) (2.6)

Here, the norm factor is bounded by 2(,/y + 1)? with high probability again by Proposi-

tion 2.3.2, so for any given y there will be a constant C > 0 such that, with high probability,

<

(X2 + BIXTX'II7). (2.7)

vl 0

Also for any y, we will have A,,_y — A, < A1 — A, < 5 with high probability. Thus, choosing y
sufficiently close to 1 depending on € and then S sufficiently close to —1, we will have that

(X WX') > (2 - %)K—C(K—“ 2) —2(K-C(K—-L)—¢), (2.8)

as claimed. O

Finally, we may use this to derive a reduction from hypothesis testing in the Wishart
spiked matrix model to certification, for suitable spike priors. We give two versions: first,
using the flexibility introduced in Theorem 2.3.1, we allow the planted direction X in the
spike prior of the Wishart model to not be exactly in X, but only nearby. This is helpful, for
example, if X is a cone that cannot support a non-trivial centered distribution, which will
interfere with our arguments for arguing hardness of testing for Wishart models. We will
encounter this type of situation in Section 5.3 when we discuss non-negative PCA, where X

is the positive orthant R C R™.
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Corollary 2.3.3 (Reduction: planting near X). Let K > 0. Suppose that, for any 6 > 0
and B > —1, there exist Pgsn € P(R™¥) B-good spike priors such that there is a random
variable X' coupled to X ~ Pgs, with X' € X almost surely, || X ’II% — K in probability,
and || X T X’ ||12T > K — & with high probability. Suppose also that there exists an algorithm that
runs in time T (n) and certifies a bound of at most 2(K — €) on Mx (W) when W ~ GOE(n)
with high probability for some € > 0. Then, there exist B € (-1,0), y > 1, 6 > 0, and
an algorithm that can distinguish (P,,) and (Q,) in the Wishart spiked matrix model with

parameters (B,y, Pp,s.n) in time T(n) + O(poly(n)).

Proof. By Theorem 2.3.1, there exist C > 0, 8 > -1 and y > 1 such that, when W ~
P,, under the spectrally-planted GOE model with parameters (B, y, Pssn), then Mx(W) >
tr( X' " WX') > 2(K-Co — %e) with high probability. Choosing 6 small enough, we may
further ensure that Mx (W) > 2(K — %e) with high probability. Then, by Theorem 2.2.1, it is
possible to distinguish P, from Q, in this spectrally-planted GOE model in time T (n)+0O(1).
Finally, by Proposition 2.2.7 it is possible to do the same in the Wishart spiked matrix model

in time T (n) + O (poly(n)). O

Sometimes, it will be possible to just take X’ = X except on an event of low probability,
in which case we can dispense with the dependence on 6 and simplify the statement in the

following way. By o (X ) we denote the vector of singular values of X.

Corollary 2.3.4 (Reduction: planting in X). Let K > 0. Suppose that, for any B > —1, there
exist P, € P(R™k) B-good spike priors, when X ~ P, then X € X with high probability,
and both ||0'(X)||§ - K and ||0'(X)||‘41 — K in probability. Suppose also that there exists an
algorithm that runs in time T (n) and certifies a bound of at most 2(K — €) on Mx (W) when
W ~ GOE(n) with high probability for some € > 0. Then, there exist B € (—-1,0), y > 1,
and an algorithm that can distinguish (P,,) and (Q,,) in the Wishart spiked matrix model with

parameters (B,y,P,) in time T (n) + O (poly(n)).
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The proof is immediate from Corollary 2.3.3 taking X' = X.

Remark 2.3.5. The conditions ||o(X)||5 — K and |lo(X) ||} — K in probability imply, loosely
speaking, that as n — o, X has K non-zero singular values that are all approximately
equal to 1. Thus K should be seen as the “effective rank” of the spike X, in contrast to the
dimensionality k. We will not find this essential in any of our examples, though one case
where it allows a more explicit representation of X is in the constraint set of the Potts spin

glass Hamiltonian that we treat in Section 5.3.

2.4 HARD REGIME IN THE WISHART SPIKED MATRIX MODEL

As discussed earlier, our reductions only stand a chance of being useful if the Wishart spiked
matrix model has a statistical-computational gap and corresponding hard regime, where it
is possible but difficult to perform hypothesis testing. The kind of spike prior with respect
to which we would like this to be true depends on the constraint set X of the certification
problem in question. For example, for the case X = {+1/,/n}" of the SK Hamiltonian, the
natural choice is the Rademacher spike prior, P, = Unif ({=1//n}™).

On the basis of much of the literature on spiked matrix models, it would be tempting to
think that this hard regime is unlikely to occur. That is because by far the best-studied hard

regimes are for sparse priors. We briefly recount these results below.

Example 2.4.1 (Constant-sparsity PCA). Consider the Wigner spiked matrix model under the

sparse Rademacher prior where x ~ P, has i.i.d. entries drawn as

——  with probability p /2,

N
Xi=4 0 with probability 1 — p, (2.9)
1 . 7.
+ om with probability p /2.
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I Impossible (contiguous)
B Inecfficient MLE distinguishes
I Efficient PCA distinguishes

B

Figure 2.1: Phase diagram of the Wishart spiked matrix model. We illustrate the regimes in the
(B,y) plane where the Wishart spiked matrix model with Rademacher prior P,; = Unif({+1//n}")
has various computational complexities. This is identical up to cosmetics to Figure 3 of [PWBM18];
the small white region is not covered by their results and likely should be split between the red and
blue regions under more precise analysis.

In these models a hard regime was first conjectured based on computations with the replica
method for all p € (0,p*) with p* = 0.092 [LKZ15b]. It is now rigorously established that,
indeed, when p < p* then an inefficient test succeeds in a parameter range where the PCA
test does not succeed (for all A € (A*,1) for a specific threshold A* < 1, in the notation of our
earlier discussion in Section 2.2), while outside of this range no test succeeds [KXZ16, BDM* 16,
LM19, BMV* 18, PWBM18, EAKJ20]. The same methods suggest that not only the PCA test but

no polynomial-time test should succeed in these latter regimes (a conjecture that our results

in Section 5.2.4 bolster with lower bounds against low-degree polynomial tests).

This prominent line of work has led to a plausible intuition that sparsity is the key feature

leading to hard regimes in spiked matrix models.
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However, as observed by [PWBM18], hard regimes also arise for dense priors, like the
Rademacher prior that we hope to work with, in the unusual case of the negatively-spiked
Wishart model. They show, similar to the above discussion, that for various discrete spike
priors including the Rademacher prior, there is a parameter regime where the efficient PCA
test fails and an inefficient test succeeds. This inefficient test for the Rademacher prior
searches by brute force over all x € {+1/,/n}" for the one minimizing Z]i\il (x,y;)?, which
we note is compatible with our remark that, if we could reduce testing in the Wishart model
to certification, then certification by the same brute force search over all feasible  should
yield a successful test. We illustrate the “phase diagram” of which values of (B, y) give rise
to what behavior in Figure 2.1; the blue region in the plot is the hard regime, which we note
includes the region of y slightly larger than 1 and S close to —1 that corresponds to the

limiting cases of our reductions earlier.

2.5 AN EXAMPLE OF SPECTRAL PLANTING IN GRAPHS

It may seem from the preceding discussion that the strategy of spectral planting is quite
specific to the GOE, or at least to the setting of continuous problem instances where the
instance can be deformed freely. While it is certainly true that these kinds of problems
make spectral planting more convenient and straightforward, we digress to present another
surprising example where it may be performed, for the problem of graph coloring. These
results are taken from [BBK*20]; the author was only modestly involved in formulating the
arguments concerning graph models in this article, so we give only a brief overview.

A k-coloring of a graph G = (V,E) is amap o : V — [k] such that, whenever i ~ j
(meaning {i, j} € E) then o (i) + o (j). Coloring appears to be a combinatorial optimization
problem, but it may also be formulated as constrained PCA in the following way. Suppose

V| = n. Let vy,...,vx € SK! be unit vectors pointing to the vertices of an equilateral
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simplex, such that (v;,v;) = —ﬁ whenever i # j. Let X ¢ R™&*-D be the set of ma-
trices X all of whose rows equal wl%vi for some i € [k]. Note that this normalization

makes the columns of X have approximately unit norm for the rows chosen uniformly

from {vy,..., v}, following our convention. Then, letting A be the adjacency matrix of G,
we have
. 2|E|
G is k-colorable < My (-A) = o (2.10)

where the right-hand side is the maximum possible value of Mx(—A).

Based on this formulation, there is a natural spectral bound for coloring (originally due
to Hoffman [Hof70]). We note first that A always has at least one non-positive eigenvalue
since its trace is zero, SO0 Amin(A) < 0. Then, by the ordinary spectral bound on constrained

PCA we have, since ||X||12r =k —1forany X € X,

Mx (W) < [Amin (A) [ (k - 1), (2.11)

and thus, letting x (G) be the minimum k for which G is k-colorable, we have

2|E|

X(C) =14 A

(2.12)

In particular, when G is d-regular, then |E| = nd/2, so the bound takes on the simpler form

d

X(G) =1+ A

(2.13)

A natural random model to test the efficacy of this as a certifiable lower bound on x(G)
is the random graph distribution Reg(n, d) of uniformly-random d-regular graphs on n ver-
tices (see, e.g., [Wor99] for information on this distribution, including how to sample from

it—which seems a priori unclear—using the “configuration model”). When G ~ Reg(n,d),
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then a series of combinatorial works have gradually shown that, for any given d, x(G) con-

centrates on one or two consecutive numbers as n — o [AM04, AN04, SW07, KPGW10,

COEH16], with asymptotic scaling x(G) ~ %,o‘; 5. On the other hand, by Friedman’s cele-

brated theorem [Fri03] we have [Amin(A)| = 2+/d — 1, and thus the spectral bound (2.13) can
only certify the much smaller lower bound x(G) = %\/H Moreover, a pair of works on the
Lovasz ¢ function SDP relaxation [CO03, BKM19], which is equivalent to the degree 2 SOS re-
laxation, showed that this relaxation achieves no better than the spectral bound, suggesting
that the problem of certifying bounds on the chromatic number of random d-regular graphs
might exhibit a spectral barrier.

As [BKM19] also observed, like the additive planting in Section 2.2, a natural strategy
for planting a coloring is not quiet enough to plant one both quietly and saturating the
spectral bound. This planting is an extremal variant of the stochastic block model (which
we will discuss further in Section 5.4.1), which amounts to choosing ¢ uniformly at random
and conditioning G on o being a proper coloring. Such a planting with k colors, however,
can be detected once k < 1 + +/d, so this strategy cannot quietly plant a coloring that
asymptotically meets the spectral bound but only one with roughly twice the number of
colors of the spectral bound.

Thus it is natural to search for a quieter planting that places X corresponding to o (i.e.,
with the ith row of X equal to v, (;)) in the bottom eigenspaces of A. While perhaps a priori
this seems difficult, it is actually achieved by planting the following special type of coloring

having an extra combinatorial structure.

Definition 2.5.1. A coloring is equitable if each vertex v € V has an equal number of neigh-

bors of each color; ie., |[{w eV :w ~v,o(w) =1} =d/k foralli € [k]\ {o(v)}.
The following pair of results bolster our hopes that this is the correct notion to work with.

Proposition 2.5.2. If a coloring saturates Hoffman’s bound (2.13), then it is equitable.

42



See, e.g., [Abil19] for a proof.

Proposition 2.5.3. If a coloring o of G is equitable, and X € X corresponds to o, then every

column of X is an eigenvector of A with eigenvalue —%.

We note here that when k ~ %m then the corresponding eigenvalue is ~ —2+/d, precisely
the smallest eigenvalue a graph of Reg(n, d) will have by Friedman’s theorem.

Thus spectral planting of colorings in random regular graphs is achieved by choosing
an equitable coloring o uniformly at random (so long as the parameters n, d, k satisfy the
necessary divisibility conditions) and then choosing a graph conditional on o being a proper
coloring. In [BBK*20], we go on to verify with various evidence that this planting is indeed
quiet down to k = %\/H, and to carry out a reduction strategy similar to that in this chapter
to argue that graph coloring exhibits a spectral barrier. In Section 5.3, we will treat the Potts
spin glass Hamiltonian, a variant of the SK Hamiltonian that is essentially the “Gaussian
version” of graph coloring; this will entail working with the same constraint set X, but the
nuance of restricting our attention to equitable colorings will no longer play an important
role. We leave it as an intriguing open problem to understand what other manifestations

spectral planting can have in combinatorial problems.
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3 PRELIMINARIES ON LOW-DEGREE

POLYNOMIAL ALGORITHMS

In the previous chapter we have seen how, when an efficient algorithm exists for better-
than-spectral certification in constrained PCA, then we can often show that an efficient algo-
rithm exists for hypothesis testing between a natural pair of associated models of the top
eigenspaces of problem instances. To show that better-than-spectral certification is hard,
it then suffices to show that this ancillary hypothesis testing problem is hard. Moreover,
these eigenspace models may be put into the convenient form of negatively-spiked Wishart
models, a Gaussian model that is relatively tractable to work with.

We have also seen in passing that to identify computational hardness in such problems
it is not in general enough to identify the stronger property of statistical or information-
theoretic impossibility. Instead, some testing problems exhibit hard regimes, where it is
possible to test in exponential or subexponential-yet-superpolynomial time, but appears
impossible to test in polynomial time. Therefore, we now take up the natural next question
of how to diagnose this latter situation.

There are numerous approaches to producing evidence of hardness of hypothesis test-
ing, which mostly boil down to showing (or sometimes making simplified computations sug-
gesting) that a particular class of algorithms fails to distinguish between two distributions.

Here we will describe how to analyze the testing problems arising from certification through
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the lens of algorithms computing low-degree polynomials. The idea of considering these al-
gorithms in the specific technical sense we will use here arose as an offshoot of a series of
works on SOS lower bounds for the planted clique problem [MW13, MPW15, DM15b, RS15,
HKP*18, BHK*19], subsequently elaborated in greater generality [HKP"17, HS17, Hop18].
It may also be viewed independently as a generalization of a related, older framework for
identifying statistical indistinguishability, the second moment method for Le Cam’s notion
of contiguity [LCY12]. We therefore first review this classical topic and its more recent ap-
plications as well as the motivation from the literature on SOS for low-degree polynomial
algorithms. We then give some clarifying discussion of what, concretely, the proposed com-
putations can say about the success or failure of low-degree polynomial tests, and outline

the main technique for proving such lower bounds.

SUMMARY AND REFERENCES This expository chapter does not present any new results. Our
first presentation of the low-degree likelihood ratio as an adjustment of the second moment
method and our later results on consequent lower bounds for thresholded polynomials and
spectral algorithms are drawn from the notes [KWB19]. Our second presentation motivated
by SOS is a simplification of some of the discussion in [BHK"19], and is also informed by

the exposition in [RSS18].

3.1 LE CAM’S CONTIGUITY AND THE SECOND MOMENT METHOD

We retain the same notations (P,) and (Q,) for sequences of probability measures from our
earlier presentation of hypothesis testing in Section 2.1 in the later parts of our discussion,
but at first we will only be concerned with a single pair of distributions P and Q, defined
on a single mutual measurable space (Q, F). For the sake of simplicity, we assume in either

case that P, (or P) is absolutely continuous with respect to Q,, (or Q, as appropriate).
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We have mentioned before the following basic ways of measuring quantitatively how well

a test distinguishes P from Q.

Definition 3.1.1. Let f be a test. The Type I error of f is the event of falsely rejecting the null
hypothesis, i.e., of having f(Y) = pwhenY ~ Q. The Type Il error of f is the event of falsely
failing to reject the null hypothesis, i.e., of having f(Y) = g when'Y ~ P. The probabilities

of these errors are denoted

a(f) = Qlf(Y) =p],
B(f):==PLf(Y) =ql

The probability 1 — B(f) of correctly rejecting the null hypothesis is called the power of f.

There is a tradeoff between Type I and Type II errors. For instance, the trivial test that always
outputs p will have maximal power, but will also have maximal probability of Type I error,
and vice-versa for the trivial test that always outputs g. Thus, typically one fixes a tolerance
for one type of error, and then attempts to design a test that minimizes the probability of
the other type.

The following celebrated result shows that it is in fact possible to identify the test that

is optimal in the sense of the above tradeoff.!

Definition 3.1.2. Let P be absolutely continuous with respect to Q. The likelihood ratio (LR)
of Pand Q is

._ 4P
LOY) = 5o (V). (3.1)

Importantly, we are restricting our attention to deciding between two “simple” hypotheses, where each
hypothesis consists of the dataset being drawn from a specific distribution. Optimal testing is more subtle
for “composite” hypotheses in parametric families of probability distributions, a more typical setting in
practice. The mathematical difficulties of this extended setting are discussed thoroughly in [LRO6].
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The thresholded likelihood ratio test with threshold n is the test

p : L(Y)>n
Ly(Y) := . (3.2)

g : L(Y)=<n
Let us first present a heuristic argument for why thresholding the likelihood ratio might be a
good idea. Specifically, we will show that the likelihood ratio is optimal in a particular sense
measured in L?(Q), i.e., when its quality is measured in terms of first and second moments
of a testing quantity. Below, and whenever we discuss hypothesis testing in the context of
a model (Q, P) or sequence of models (Q, P,), the norm of a function of the observation
variable Y is the norm in L?(Q), || f(Y) |l := (Ey-of(Y)?)!/?, and likewise the inner product

is the inner product in L*(Q), (f(Y),g(Y)) = Ey o f (Y)g(Y).
Proposition 3.1.3. If P is absolutely continuous with respect to Q, then the unique solution

f* of the optimization problem

maximize E [f(Y)]
Y~p
(3.3)
. 27 _
subject to Y[E@[f(Y) =1

is proportional to the likelihood ratio, f* = L/||L||, and the value of the optimization problem
is ||L]|.

Proof. We may rewrite the objective as
E f(Y)=_E [LY)f(Y)]=(L,f), (3.4)
Y ~P Y~Q

and rewrite the constraint as || f|| = 1. The result now follows since (L, f) < ||[L|| - ||.f]l = IIL||

by the Cauchy-Schwarz inequality, with equality if and only if f is a scalar multiple of L. O

In words, this means that if we want a function to be as large as possible in expectation
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under P while remaining bounded (in the L?> sense) under Q, we can do no better than
the likelihood ratio. We will soon return to this type of L? reasoning in order to devise
computationally-bounded statistical tests.

The following classical result shows that the above heuristic is accurate, in that the
thresholded likelihood ratio tests achieve the optimal tradeoff between Type I and Type II

€rrors.

Proposition 3.1.4 (Neyman-Pearson Lemma [NP33]). Fix an arbitrary threshold n > 0. Among

all tests f with x(f) < x(Ly) = Q(L(Y) > n), L, is the test that maximizes the power 1-(f).

Since the likelihood ratio is, in the sense of the Neyman-Pearson lemma, an optimal
statistical test, it also stands to reason that it should be possible to argue about statistical
distinguishability solely by computing with the likelihood ratio. We present one simple
method by which such arguments may be made, based on an asymptotic theory introduced
by Le Cam. See, e.g., [LCY12] for a textbook treatment.

We return to working with sequences of probability measures (P, ) and (Q,) over mea-
surable spaces (Q,, F»), and we denote by L, the likelihood ratio dP,,/dQ,. Norms and
inner products of functions are those of L?(Q,). The following is the crucial definition

underlying the arguments to come.

Definition 3.1.5. A sequence (P,,) of probability measures is contiguous to a sequence (Q,),

written (P,) < (Qy,), if whenever A,, € T, with Q,[A,] — 0, then P,[A,] — 0 as well.
The next result gives the relevance of contiguity to asymptotically-successful testing.

Proposition 3.1.6. If (P,,) <(Q,) or (Q,) < (Py), then (Q,) and (P,) are statistically indistin-
guishable (in the sense of Definition 2.1.2, i.e., no test can have both Type I and Type II error

probabilities tending to 0).

Proof. We give the proof for the case (P,,) <(Q,); the other case may be shown by a symmet-

ric argument. For the sake of contradiction, let (f;,)»>1 be a sequence of tests distinguishing
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(Py) and (Qy), and let A, = {f,,(Y) = p}. Then, P,[AS] — 0 and Q,[A,] — 0. But, by con-

tiguity, Q,[A,] — 0 implies P,[A,] — 0 as well, so P,[AS$ ] — 1, a contradiction. O

It therefore suffices to establish contiguity in order to prove negative results about statisti-
cal distinguishability. The following second moment method gives a means of establishing

contiguity through a computation with the likelihood ratio.

Lemma 3.1.7 (Second moment method for contiguity). If [|[L,||*> = Ey-q, [L.(Y)?] remains

bounded as n — o (i.e., limsup,,_ [|ILy||> < ), then (Py,) < (Qy).

Proof. Let A, € ‘F,. Then, using the Cauchy-Schwarz inequality,

1/2
PulAnl = E [14,(Y)]= E [Ln<Y>1An<Y>]s( E [Ln<Y>2]) (QulA D", (3.5)
Y~Py Y Y~Qn

and so Q,[A,] — 0 implies P,[A,] — O. O

This second moment method has been used in recent literature to establish contiguity
for various high-dimensional statistical problems (e.g., [MRZ15, PWB16, BMV*18, PWBM18]).
Typically the null hypothesis Q, is a “simpler” distribution than P, and, as a result, L,, =
dP,/dQ, is easier to compute than dQ, /dP,. In general, and essentially for this reason,
establishing (Q,) < (P,) is often more difficult than (P, ) < (Q,), requiring tools such as the
small subgraph conditioning method introduced in [RW92, RW94] and used in, e.g., [MNS15,
BMNN16].> Fortunately, one-sided contiguity (P,) < (Qy) is sufficient for our purposes.

Let us remark on one limitation of the simple picture presented thus far. Note that ||L,, ||,

the quantity that controls contiguity per the second moment method, is the same as the

2In these combinatorial results one sees the similarity between the ordinary second moment method of
the probabilistic method and the second moment method for contiguity. For example, [RW92, RW94] show
that random regular graphs with high probability have a Hamiltonian cycle; they may be viewed as either
doing so by counting Hamiltonian cycles with the ordinary second moment method, or by showing that
the random regular graph distribution with a planted Hamiltonian cycle is indistinguishable from the null
distribution with the second moment method for contiguity, and at a mathematical level these approaches
are equivalent.
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optimal value of the L? optimization problem in Proposition 3.1.3:

maximize Ey.p, [f(Y)]
= |ILnll. (3.6)
subjectto Ey-q,[f(Y)?]=1

We might then be tempted to conjecture that (P, ) and (Q,,) are statistically distinguishable
if and only if ||L,|| — o as n — . However, this is incorrect: there are cases when (P,,) and
(Q,) are not distinguishable, yet a rare “bad” event under P,, causes ||L,| to diverge. To
overcome this failure of the ordinary second moment method, some previous works (e.g.,
[BMNN16, BMV*18, PWB16, PWBM18]) have used conditional second moment methods to
show indistinguishability, where the second moment method is applied to a modified (P;,)
that conditions on these bad events not occurring.

Fortunately, as we will see, the low-degree variant of this second moment method seems
unafflicted by this challenge, because low-degree polynomials of Y fluctuate less wildly on
these bad events than do analytic functions like L,,(Y'). More generally, for settings such as
sparse PCA as we have discussed in Example 2.4.1, the dependence of information-theoretic
thresholds on the model parameters can be quite intricate, involving formulae coming from
analysis with the replica method of statistical physics. When such results apply, second
moment methods often give partial results weaker than the physics conjectures, but do not
offer a sharp analysis (as demonstrated in the case of sparse PCA by the partial results of
[BMV*18, PWBM18] before the conjectured behavior was fully established by [EAK]J20] with
a method more directly informed by the physics computations). On the other hand, the low-
degree predictions have proved effective in correctly identifying computational thresholds,

which can be in this sense simpler to pin down.
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3.2 TwoO ROADS TO THE LOW-DEGREE LIKELIHOOD RATIO

We now develop an analog of the above discussion for computationally-bounded hypothesis
testing. Our goal will be to justify a conjecture that an object called the low-degree likelihood
ratio—a close relative of the classical likelihood ratio—and in particular its norm in L?(Qy)
can be used to predict whether (P,) and (Q,) are computationally distinguishable. We give
two ways to arrive at this idea. The first, arguably simpler approach, taken from [KWB19],
develops this object by analogy with the second moment method discussed above. The
second approach, more technical but historically prior to the first and stemming from the
series of works [BHK*19, HKP*17, HS17, Hop18] on SOS optimization, shows that the low-
degree likelihood ratio also appears in the context of the natural pseudocalibration strategy

for proving SOS lower bounds.

3.2.1 COMPUTATIONALLY-BOUNDED SECOND MOMENT METHOD

The first approach proceeds by formulating low-degree analogs of the notions described
in the previous section, which together constitute a method for restricting the classical
decision-theoretic second moment analysis to computationally-bounded tests. The premise
of this low-degree method is to take low-degree multivariate polynomials in the entries of
the observation Y as a proxy for efficiently-computable functions. (We note that the poly-
nomials involved may have degree greater than two; the “second moment” here refers to
our working with polynomials in L?(Q,,), and in particular to our thinking of a sequence of
polynomials being bounded under Q,, as n — o if their second moments are bounded.)

In the computationally-unbounded case, Proposition 3.1.3 showed that the likelihood
ratio optimally distinguishes (P,) from (Q,) in the L? sense. Following the same heuristic,

we look for the low-degree polynomial that best distinguishes (P,) from (Q,) in the L2
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sense. In order for polynomials to be defined, we assume here that Q, < RN for some
N = N(n), i.e., that our data (drawn from P,, or Q,,) are real-valued, and we assume that Q,,

has finite moments so that R[Y'] C L2(Qy,).

Definition 3.2.1. Let R[Y ]<p C L?(Q,) denote the linear subspace of polynomials Q, — R
of degree at most D. Let P<P : L>(Q,) — R[Y ]<p denote the orthogonal (with respect to the
inner product of L?>(Qy)) projection operator to this subspace. Finally, define the low-degree

likelihood ratio (LDLR) of degree D as L:P := P=PL,.

We now have a low-degree analog of Proposition 3.1.3, a simple but conceptually important

statement which first appeared in [HS17, HKP*17].

Proposition 3.2.2. The unique solution f* of the optimization problem

maximize

E [LF(Y)]
Y~P

n

subjectto E [f(Y)?]1=1, (3.7)
Y~Qn

f € [R[Y]SD;

is the (normalized) LDLR f* = L3P /|IL;P|l, and the value of the optimization problem is

ILZP .

Proof. As in the proof of Proposition 3.1.3, we can restate the optimization problem as max-
imizing (L., f) subject to |||l = 1 and f € R[Y ]<p. Since R[Y ].p is a linear subspace of
L?(Qp), the result is then simply a restatement of the variational description and uniqueness

of the orthogonal projection in L?(Qy,). O

The following informal conjecture is at the heart of the low-degree method. It states that
a computationally-bounded analog of the second moment method for contiguity holds, with

L:P playing the role of the likelihood ratio. Furthermore, it postulates that polynomials of
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degree roughly log(n) are a proxy for polynomial-time algorithms. This conjecture is based

on [HS17, HKP*"17, Hop18], and particularly Conjecture 2.2.4 of [Hop18].

Conjecture 3.2.3 (Informal). For “sufficiently nice” sequences of probability measures (P,,)
and (Qy,), if there exists € > 0 and D = D(n) > (logn)'*¢ for which ||L;P|| remains bounded

asmn — oo, then (P,) and (Q,) cannot be distinguished in polynomial time (Definition 2.1.3).

Hopkins further proposed a more speculative “hypothesis” (Hypothesis 2.1.5 in [Hop18])
that captures a broader range of applications to subexponential-time algorithms. One con-
servative prediction we may extract from this is that, if IILfL(Iog mED () |l =0(1) for any K > 0,
then it is impossible to distinguish (P,,) from (Q,) in time exp(D(n)). We will refer to this
in the sequel as “the extended Conjecture 3.2.3.”

We give some clarification about the details left vague above. Hopkins proposed that
“sufficiently nice” above should mean that (1) Q, is a product distribution, (2) P, is in-
variant under permutations,’ and (3) starting from such a distribution, P,, then undergoes
some further “noising” operation. We will see in our results that we obtain sensible predic-
tions even when (1) and (2) are relaxed, and these are likely too conservative. However, the
condition (3) is actually quite important; it excludes, for example, the well-known example
of planted solutions in k-XORSAT systems being detectable with Gaussian elimination—as
these are linear systems in a finite field—but invisible to most analytical methods oblivi-
ous to this algebraic structure. Adding a small amount of noise disturbs this structure and
makes identifying it (conjecturally) hard again. See, e.g., [[KKM12] for some discussion of
this specific example. The problems we consider, however, will not have special structure
of this kind, so we ignore this constraint as well. (The graph coloring problem discussed in

Section 2.5 does have a version of this difficulty, which is handled in [BBK*20], but we will

not return to that problem here.)

3Tt is important to allow for an “arity” in the data, i.e., for P,, to be interpreted as a measure over matrices,
tensors, graphs, multigraphs, etc., in which case the permutations in question permute the coordinates
simultaneously and are not arbitrary permutations of the entire collection of observations.
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Hopkins also suggested that “degree” should be interpreted as “coordinate degree,”
meaning the number of coordinates that a function depends on, rather than polynomial
degree. This, too, seems to be important sometimes, especially in models with distributions
other than Gaussian or Bernoulli, as we will discuss with an example of a non-Gaussian
spiked matrix model in Section 5.4.2. However, this example is rather peripheral for us
and the other models we consider will be Gaussian or Bernoulli, in which case ignoring this
distinction appears not to change the results obtained in any instances we are aware of.

All of this said, we suggest to the reader that, compared to the vast range of the statisti-
cal literature, only a vanishingly small number of quite similarly-structured testing problems
have been studied to date with the low-degree method. In light of this, more valuable than
a conjecture formulated safely might be a larger and better-understood collection of exam-
ples. In that spirit, the approach we take is to perform the low-degree computations for
interesting problems even when they do not quite fit the stated conjectures, compare these
results to other evidence of algorithmic hardness when such is available, and use these

results to make predictions about hardness in new problems when such is possible.

3.2.2 APPEARANCE IN SUM-OF-SQUARES LOWER BOUNDS

As an alternative motivation for studying ||L;”||, and one more faithful to the original de-
velopment of these ideas, we now briefly explain how this quantity naturally arises in the
pseudocalibration framework for SOS lower bounds, as developed by [BHK*19]. We will be
informal in our presentation, giving just the key ideas. In the setting we are interested in,
the hypothetical difficulty of distinguishing P,, from Q,, is meant to guide the design of a
pseudoexpectation, a linear operator F= ﬁy :R[X]<p — R, which when Y ~ Q, makes it
appear as if Y was drawn from P,, and has the associated planted structure. We will give
formal definitions in the specific setting of optimization over the hypercube in Chapter 6;

this informal understanding will suffice for our discussion here.
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Let us be explicit about the planted object involved in P,,, so that we speak of sampling
pairs (X*,Y) ~ P,. For example, when P,, is the Wigner spiked matrix model, this pair
is (x,Axx” + G) for G having i.i.d. Gaussian entries and x drawn from the spike prior.
In this model, Ey[azk] should give a plausible moment of a spike x in Y, if such a spike
were there. Or, in the planted clique model that [BHK*19] studied and that we presented
in Example 2.1.5, Y = (V,E) is a graph, and Ey[m’“] is a plausible moment of the indicator
variables € {0,1}" of membership in a large clique in the graph, if such a clique were
there.

To devise a way to compute fy, we combine two ideas. First, it should be impossible
to distinguish P, from Q, using the output of our construction. In particular, Ey[p(X )]
should be close to the same (at least in expectation) regardless of whether Y is drawn from
P, or Q,. And second, when we draw (X*,Y) ~ P,,, then Ey[ p(X)] should behave like the
expectation of p(X*) conditional on Y. That is, when there actually is a planted object in
Y, then Ey should just compute moments over what that object could be. Combining these

observations yields the pseudocalibration relations:

~ (1) ~ (2)
E Eylp(X)]= E Ey[p(X)] = E
Y~Qn (X*)Y) n (X*,

p(X), (3.8)

where (1) denotes the application of the first idea and (2) of the second.

Noting that the right-hand side does not actually involve Ey, we see that this fixes the
means of all of the values of Ey under Y ~ Q,. In fact, we can say much more, noting that
the same argument holds verbatim if p(X) also depends on Y. Evaluating this enhanced

version of the relation with a factorized polynomial p(X)g(Y) gives the following:

E aqY)Ey[p(X)l~ E p(X"qY). (3.9)
Y ~Qn (X~, Py

)~

Here we see the true power of the pseudocalibration relations: taking, for instance, g(Y) to
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be a system of orthogonal polynomials under Q,,, we see that this gives the entire orthogonal
polynomial decomposition of Ey[p(X )1, as a function of Y for any p(X). (To be even
clearer on this point, we could write the left-hand side above as (g(e), ﬁ.[p(X )]) with the
inner product in L?(Q,).)

One crucial difficulty appears, to see which it suffices to consider the simplest p(X) to
insert above, namely p(X) = 1. Reasonably, any pseudoexpectation must satisfy Eyl = 1.
Let us write f(Y) = Ey1. Also, suppose g are a system of orthonormal polynomials for

Q. Then, the above says

aWMEyl~ E  Gu(Y) = (Ln,ds), (3.10)

(f,ar) = E
Y ~Qp (X*Y)~Pyp

where we have introduced the likelihood ratio L,, = dP,,/dQ,. The above, taken literally,
would mean Eyl = f(Y) = L,(Y). This is also supposed to equal 1, but, when P,, and
Q,, are (statistically) distinguishable, then, while indeed in expectation Ey-.q,L.(Y) = 1,
L,, becomes increasingly poorly concentrated as n — oo. For example, in this situation
Vary -, [Ln(Y)] = [[Lyll? = 1 — o, since otherwise by the second moment method (see
the previous section) we would have contiguity (P,) < (Q,) and P, and Q, would not be
distinguishable.

To cross this last impasse in the construction, [BHK*19] introduce a final adjustment of
assuming Ey is a low-degree function of Y, and only asking that (3.9) (and therefore (3.10))
hold for q(Y') that are low-degree. One plausible reason they propose for this is that if By
is the output of the SOS relaxation then it must, after all, be efficiently computable by a
solver of the SOS relaxation; therefore, it should not have high-degree components making
it prohibitively expensive to compute. That justification aside, this constraint is perhaps
best seen as a technical device; subsequent works using pseudocalibration have found it

necessary to adjust the ways that this truncation is applied to their convenience [HKP*17].
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If we admit this heuristic, however, then the connection with the low-degree likelihood
ratio is clear: f(Y') above is the low-degree polynomial that agrees with L, on inner prod-
ucts with low-degree orthogonal polynomials, and thus is precisely L;” if D is the degree
threshold. Moreover, whether ||L;”|| is bounded or not as n —  is then precisely the ques-
tion of whether our putative value of £y 1 has bounded variance under Y ~ Q,, making it a
plausible proxy for whether we expect pseudocalibration to “work.” The technical details of
the analysis in [BHK*19] and subsequent works have since confirmed that this is an accurate

heuristic.

3.3 CONSEQUENCES OF LOW-DEGREE LOWER BOUNDS

Finally, since Conjecture 3.2.3 remains novel and somewhat provisional, to shore up our
confidence in these methods it is helpful to have some more concrete consequences of low-
degree lower bounds. In particular, low-degree lower bounds are supposed to be lower
bounds against algorithms computing low-degree polynomials, but they only ensure certain
properties relating to means and variances of those polynomials. Can we use such bounds
to deduce something about whether more concrete algorithms actually succeed or fail in
distinguishing P,, from Q,?

We present two results in this direction, both due to Wein and appearing in [KWB19].
The first concerns thresholded polynomials, in the style of the thresholded likelihood ratio

tests featuring in the Neyman-Pearson Lemma, our Proposition 3.1.4.

Proposition 3.3.1. Suppose Q is a product distribution of N copies of either N (0,1) or
Unif({£1}"), and P is absolutely continuous with respect to Q. Suppose there exists f €

R(x1,...,XN]<q and 0 < a < A such that By .pf(Y) = A and Q[|f(Y)| <a] =1- 6. Let
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0<k=< i log;(2/6) be an integer. Then,

=2 >

(2>2k. (3.11)

N | —

The substance of this result in our framework is that, if when this setup is parametrized
by n it is possible to take k = k(n) — oo, then ||[L=2k(WdM)| . . What that requires is for
6 = 6(n) to decay superexponentially in d = d(n). If we take d = (logn)!*€ as for analysis
of polynomial-time algorithms, and k = w(1), then we will need § < n~®W; j.e., super-
polynomial decay of 6. Thus, conversely, if |[L:?|| is bounded, then there is no sequence
of polynomials f(Y') achieving this quantitative notion of distinguishing P,, from Q,. The
decay condition on ¢ is a plausible one to impose, if an unusual one for the literature. Un-
fortunately, it remains unclear how to prove such results for softer notions of polynomial
thresholding satisfying bounds only with high probability.

The second result, quite similar to the first, concerns spectral algorithms that compute

the norm of a matrix built from the observations.

Proposition 3.3.2. Suppose that the hypotheses of Proposition 3.3.2 are fulfilled for f(Y ') not
a polynomial, but f(Y) = || F(y)|l, where F : RN — RM*M gych that each entry of F is a

polynomial of degree at most d. Then,

2k
|L=2kd) > L (A) . (3.12)
2 a

Both results are proved using hypercontractive concentration inequalities, which ensure
concentration of polynomials of inputs having favorable distributions. We will use these
kinds of inequalities in some of our other results, and present a related one in Proposi-
tion 11.3.2. It is the details of these inequalities that give rise to the particular dependence

on ¢ in the above results; it is an interesting open problem to investigate whether other
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tools can give more general results.

Remark 3.3.3 (Towards average-case equivalences). A recent result also suggests an equiva-
lence (suitably interpreted) between low-degree polynomial tests and algorithms in the statis-
tical query framework [BBH" 20]; further equivalences of this kind are an interesting future
direction. Moreover, the historical motivation of low-degree algorithms described above in
Section 3.2.2 relates them to SOS in general, while [HKP" 17] have related SOS to spectral
algorithms in general. There is therefore an incipient hope that some equivalences may be
drawn among the powers of all of these classes of algorithms; unfortunately, all results so
far have various limitations and technical subtleties that, taken together, amount to such
equivalences holding “morally” but not strongly enough to show that any one class of algo-
rithms dominates the performance of another for many problems of interest. Nonetheless,
we pose another open problem to this effect, suggested by the results of the next chapter, in

Section A.2.

59



— LOW-DEGREE LIKELIHOOD RATIO

ANALYSIS: OVERLAP FORMULAE

We are now in principle equipped to prove low-degree lower bounds for the situations we
are interested in by following the strategy we have encountered tangentially in Section 3.2.2.
That is, we wish to bound the quantity ||L;”||, and may do so directly by expanding L,
in orthogonal polynomials and bounding the sums of contributions to the norm made by
orthogonal polynomials with degree at most D. This approach was applied successfully to
several problems in early works proving low-degree lower bounds (see, e.g., Hopkins’ thesis
[Hop18] for several examples), and continues to be useful; we will carry out a calculation
like this in Section 5.4.2.

However, in this chapter we will digress to observe, in greater generality than we will
need for our immediate goals, a useful and independently intriguing phenomenon arising
in these calculations which is that, often, it is possible to prove a formula or bound of the
following form:

ILZP 1% < Elpn,p(Rn) 1. 4.1)

Here p, p are suitable polynomials and R, is a scalar random variable. We contrast this
with the immediate output of the aforementioned orthogonal polynomial approach, which
typically involves moments of high-dimensional random variables (as we will see, in the

Wigner and Wishart spiked matrix models and related settings, these will be moments of
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Model Parameters Overlap Link Function Reference

Wigner Spiked Matrix A (!, 22)2 exp(A®t) [KWB19]
General Gaussian Wigner (None) ()Z' 1,)2' 2y exp(t) [KWB19]
Morris Class / NEF-QVF Vo (z(@Y), z(@?)) (1 —wvot)~Yv2  [Kun20a]
Wishart Spiked Matrix B, N (!, 22)2 (1 - pB%t)"N/2  [BKW20b]
General Gaussian Wishart N X1Xx? det(I,, — T)"N/2  [BBK*20]

Table 4.1: Summary of overlap formulae. We summarize the results of Chapter 4 on overlap
formulae for the norm of the LDLR in different models. For NEF-QVF models v; is a coefficient in the
variance function of the exponential family, and z(Z) is a function computing z-scores with respect
to the null model. For Wishart models N is the number of samples and 8 is the signal strength
for the spiked matrix model. For the Wigner spiked matrix model A is the signal-to-noise ratio.
In overlap expressions, superscripts indicate independent copies, X' or &' indicate “signals” that
can be arbitrary vectors or matrices, while x! indicate “spikes” that appear as factors of positive
semidefinite matrices iz’ . In all cases, the norm of the LDLR is given by the expectation of a
truncated Taylor series of the link function evaluated on the overlap.

the spike matrix X for X ~ P,). We will see that R,, gives an overlap between two in-
dependent draws of a signal, an inner product after some normalizations that vary from
setting to setting; in the rank-one Wishart spiked matrix model (Definition 2.2.4), it is just
R, = (Bx'z!", Bx’x?") = B*(x!,x?)? for ' ~ P, independently. Moreover, p,p gives
the Taylor series truncation to order D of a link function, whose full untruncated form is
the function appearing in an analogous expression for ||L,|?, the norm of the untruncated

likelihood ratio. Recognizing such identities and bounds often gives a much-simplified and

more conceptual analysis of the norm of the LDLR.

SUMMARY AND REFERENCES The overlap formula for simple Gaussian models (including the
Wigner spiked matrix model) was first observed in [KWB19]. The discussion of analogous
results in other scalar-valued exponential families is taken from [Kun20a]. The treatment
of Wishart models given here is a streamlined derivation of the relevant results of both
[BKW20Db] (which treated the rank-one spike case) and [BBK*20] (which treated the higher-

rank case); we give a somewhat cleaner derivation and make some new observations about
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the Taylor series involved that substantially simplifies the analysis we take up in the next

chapter. We summarize these results in advance in Table 4.1.

4.1 GAUSSIAN WIGNER MODELS

We will build up gradually from the simplest models to more complicated ones. Thus we
begin with the following model, assuming many convenient properties: Gaussianity, noise

applied additively, and entrywise independence of observations conditional on the signal.

Definition 4.1.1 (General Gaussian Wigner model). Let N = N(n) € N, and let X (the “sig-
nal”) be drawn from some distribution ZIN’n (the “signal prior”) over RN. Let G € RN (the

“noise”) have i.i.d. entries distributed as N (0, 1). Then, we define P,, and Q,, as follows.
- Under Qu, observeY = G.
- Under P,, observeY = X +G.

One typical case takes X to be a low-rank matrix or tensor. (This case is so typical
that we reserve the notations X or z for the factors of X , as below.) The following is
a particularly important and well-studied example, analogous to though often simpler to
work with than the Wishart spiked matrix model (Definition 2.2.4). In fact, in Section 5.2.1
we will see that the LDLR norm in the Wishart spiked matrix model can be bounded by that

in this model, making the analyses nearly identical.

Example 4.1.2 (Wigner spiked matrix model). Consider the Gaussian Wigner model with N =
n2, RN identified with R™", and P, defined by sampling X = %maf € R™" where A =
A(n) > 0 is a signal-to-noise parameter and x ~ P, for some P, € P(R"). Then, the task
of distinguishing P,, from Q,, amounts to distinguishing the laws of Aex™ + G and G where

G € R™™" has ii.d. entries distributed as N (0, 1). (This variant is equivalent for all relevant

62



purposes to the more standard model in which the noise matrix is symmetric and distributed
as /n - GOE(n); the reason for including the factor of \/2 is to match the scaling in the typical

definition of GOE(n), as we will see in Section 5.2.4.)

We first show how to compute the likelihood ratio and, as a warmup, its L? norm without
truncation to low-degree polynomials, under a Gaussian Wigner model. This is a standard
calculation; see, e.g., [MRZ15, BMV*18, PWBM18, PWB16], where it is used together with
the second moment method for contiguity to establish statistical impossibility for various

testing problems.

Proposition 4.1.3 (Likelihood ratio for Gaussian Wigner model). Suppose (P,) and (Q,,) are
a Gaussian Wigner model as in Definition 4.1.1, with signal prior (Pn). Then, the likelihood

ratio of P,, and Q,, is

Ln(Y) =

j&(Y) - E oo (—31X 12+ (X, 1)) |

Proof. Write £ for the Lebesgue measure on RY. Then, expanding the gaussian densities,

dQy, _ N2 (_1 2)
ar (Y) = (2m) exp 2||Y|| (4.2)
A e )
AL (Y) = (2m) )”(EE;T:” exp 2||Y Xl
_ (2m) N2 -exP(—lllYHZ) CE [eXp(—lll)Nfllz " <X,Y>)}, 4.3)
2 X, 2
and L, is given by the quotient of (4.3) and (4.2). O

Before proceeding to compute the norm, we isolate the following simple but crucial

formal idea, that we will use repeatedly in our calculations in this chapter.

Proposition 4.1.4 (Replica manipulation). For any random variable X with finite kth moment,
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if X1,..., X% are independent copies of X, then
(EX)k = EX! ... XK, (4.4)

The proof is immediate from the definition of independence. Yet, this idea is very useful as
a means of “linearizing” powers of expectations into single expectations over independent
copies. Perhaps most notably, it is an important ingredient (though not the entirety, and not
the notoriously unrigorous part) of the “replica trick” of statistical physics; the interested

reader may consult the references [MPV87, MM09, BPW18].
Proposition 4.1.5 (LR norm for Gaussian Wigner model). Suppose (P,,) and (Q,,) are a Gaus-

sian Wigner model as in Definition 4.1.1, with signal prior (fZNJn). Then,

IL P = E  exp((X',X?)), (4.5)
X1 X2~P,

where X1,X? are drawn independently from P,.

Proof. We apply Proposition 4.1.4:

~ l <2

2
v 1 v 2 1 v 12 1 v 22
E E exp(<Y,X S SR> ST ||) ,

Y~Qn | X1 X2-P,

ILn 12

where X! and X2 are drawn independently from ’JN’n. We now swap the order of the expec-

tations,

_ _1 v 1 2_1 v 2 2) v 1 v 2
= 5 [eXP< 5 IXE = S 1 YN[EQnexp((Y,X +X )) ,
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and the inner expectation may be evaluated explicitly using the moment-generating function
of a Gaussian distribution (if y ~ N (0, 1), then for any fixed t € R, E[exp(ty)] = exp(t?/2)),

1 ~ 1 ~ 1 ~ ~
— E exp (—||X1||2—||X2||2+||X1 +X2||2),
XI,XZ 2 2 2

from which the result follows by expanding the term inside the exponential. O

Next, we will show that the norm of the LDLR takes the following remarkable related
form under a Gaussian Wigner model. The truncation to low-degree polynomials of L,, a
truncation in a high-dimensional space of polynomials, in fact has the simple effect on the

norm of truncating the univariate Taylor series of the exponential function.

Definition 4.1.6 (Link functions for Gaussian Wigner model). For D € N, we define the func-

tions

. D 1
De) = 3 St (4.6)
da=0
PWViE(t) = pWVig(t) 1= Jim PE(L) = exp(l). (4.7)

Theorem 4.1.7 (LDLR norm for Gaussian Wigner model). Suppose (P,,) and (Q,,) are a Gaus-
sian Wigner model as in Definition 4.1.1, with signal prior (’.JNJn). Let L;P be as in Defini-

tion 3.2.1. Then, for D € NU {+o},

ILPI12 = E [ép (X LX), 4.8)
X1LX2~P,

where X', X? are drawn independently from P,,.

In such an overlap formula, we will call ¢pWe the link function and (/)B/ig the link polynomials,
as these functions deform the overlap before the expectation is computed in a manner for-

mally similar to the link function in a generalized linear model. Our proof of Theorem 4.1.7
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will follow the strategy of [HS17, HKP"17, Hop18] of expanding L,, in a basis of orthogonal

polynomials with respect to Q,, which in this case are the Hermite polynomials.

4.1.1 HERMITE POLYNOMIALS

We first review the essential features of Hermite polynomials that we will use (the reader

may consult the standard reference [Sze39] for further information and omitted proofs).

Definition 4.1.8. The univariate Hermite polynomials are the polynomials hy (x) € R[x]y for

k = 0 defined by the recursion

ho(x) =1, (4.9)

Mis1(x) = xhi(x) — hp(x). (4.10)

The normalized univariate Hermite polynomials are flk(x) = hp(x)/Vk!.

The following is the key property of the Hermite polynomials, which allows functions in

L?(N(0,1)) to be expanded in terms of them.

Proposition 4.1.9. The normalized univariate Hermite polynomials are a complete orthonor-

mal system of polynomials for L? (N (0,1)). In particular,

E hO)he(y) = 6ps. (4.11)
y~N(0,1)

The following are the multivariate product basis formed from the Hermite polynomials.

Definition 4.1.10. The N-variate Hermite polynomials are Hi (X)) := ]_[]i\[:1 hy, (X;) indexed by
tuples k € NN. The normalized N-variate Hermite polynomials are ﬁk(X ) = H]i\;l ]’Alki(Xi) =
(T, ki) Y2 TN, e, (X;) for k e NN,

Again, the following is the key property justifying expansions in terms of these polynomials.
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Proposition 4.1.11. The normalized N -variate Hermite polynomials are a complete orthonor-

mal system of (multivariate) polynomials for L> (N (0, Iy)). In particular,

E  H.(Y)H,(Y) = Sy (4.12)
Y ~N(0,IN)

As a straightforward corollary, the collection of those ﬁk for which |k| := Z]i\il k; < D form
an orthonormal basis for R[Y3,..., Yy]l<p.
We also introduce a few algebraic identities satisfied by the Hermite polynomials, which

will give various proofs of the key identity we show below.

Proposition 4.1.12 (Translation). For any k = 0 and u € R,

E [h()]=uk (4.13)
y~N(u,1)

Proposition 4.1.13 (Gaussian integration by parts). If f : R — R is k times continuously
differentiable and f(y) and its first k derivatives are bounded by O (exp(|y|%)) for some
x € (0,2), then

d
y~ﬁ\[F(O,1) (V) f ()] = M[[E(O’D [dyk(y)] : (4.14)

(The better-known special case that often goes by the name of “Gaussian integration by

parts” is k = 1, where one may substitute h;(x) = x.)

Proposition 4.1.14 (Generating function). For any x,y € R,

o0

exp (xy - lxz) => lxkhk(y). (4.15)
2 2 Kl
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4.1.2 COMPUTING THE LOW-DEGREE LIKELIHOOD RATIO

We now proceed to a proof of Theorem 4.1.7. First, we may expand

< 7y 5 1
L:P(Y)= > (Lp, H)Hp(Y) = > —5—(Ln, Ho)Hp(Y), (4.16)
keNN keNN Hi=1 ki!
|k|<D |k|<D
and in particular we have
- 1
L2112 = > (Ln, Hy,)?. (4.17)

N
gen TTi= kit
|k|<D

Our main task is then to compute quantities of the form (L,,Hy). Note that, using the

likelihood ratio for a change of measure, these can be expressed equivalently as
(Ln,Hg) = E [Ln(Y)Hp(Y)] = E [Hg(Y)]. (4.18)
Y~Qn Y~Pyn

We will give three techniques for carrying out this calculation, each depending on a different
algebraic identity satisfied by the Hermite polynomials. Each will give a proof of the follow-
ing remarkable formula, which shows that the quantities (L,,, H) are simply the moments

of ’.7N’n.

Proposition 4.1.15 (LDLR components for Gaussian Wigner model). For any k € NV,

N
(Ln,Hp) = E_ {ﬂxfi]
~Pn | i=1

X

Before continuing with the various proofs of Proposition 4.1.15, let us show how to use the

Proposition to complete the proof of Theorem 4.1.7.
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Proof of Theorem 4.1.7. By Proposition 4.1.15 substituted into (4.17), we have

1 N ~k; :
IL;P 1% = — Xl
" kezN:N Hl 1 k ' X Pn 1:[

and applying Proposition 4.1.4, this may be written

)'21,)?2~Tn LenN Hl 1k1 -
| |k|<D

Il

?
M
%\H

2 (k ) (KXo
H@ Lo kn/

b

B
-
2

S

i

o

D
1 ~, o~
= E > d'<X1,X2>d}, (4.19)
XX | d=0
where the last step uses the multinomial theorem. O

We now proceed to the three proofs of Proposition 4.1.15. The three proofs respectively
use Propositions 4.1.12, 4.1.13, and 4.1.14, the three identities concerning Hermite polyno-

mials we introduced above.

Proof 1 of Proposition 4.1.15. We rewrite (L,,, Hi) as an expectation with respect to P,,:

(Ln,Hi) = E [La(Y)Hi(Y)]

n

EE [Hp(Y)]

i
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andrecall Y = X + G for X ~ P, and G ~ N (0, Iy) under P,

[ N
= F E - []he(X+ Gi):|

X~Pn | G~N(0,IN) ;_}
[ N

= £ |[] E hki(z)]

_i=12~5V(Xh1)

[ N
= E l_[Xfl},
i=1

where we used Proposition 4.1.12 in the last step. O

Proof 2 of Proposition 4.1.15. We simplify using Proposition 4.1.13:

(L, Hy) L) [Tl (V) [a”" (Y)]
ns = E n : i = E .
Ty tan o ki M ) S o

Differentiating L,, under the expectation, we have

oIk

T =  (Y)=
aylkl...ayj’;N( ) XEEP

N 1
{]‘[x{‘i exp (——||X||2 + (X,Y))} .
i-1 2

n

Taking the expectation over Y, we have Ey_q, exp((X,Y)) = exp(%IIXIIZ), so the entire

second term cancels and the result follows. O

Proof 3 of Proposition 4.1.15. We may use Proposition 4.1.14 to expand L, in the Hermite

polynomials directly:

Ln(Y)

& [oo(oxn) - uxe)

[1{Zstmn)

i=1 \k=0

I
=

X~Pyn

1 N
Z Ex-~p, {an‘ Hi(Y).
i=1

= N
penn 1lic1 ki!
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Comparing with the expansion (4.16) then gives the result. O

4.2 EXPONENTIAL FAMILIES AND VARIANCE FUNCTIONS

We have seen above the first instance of an overlap formula, an expression for ||L;"||? as an
expectation of a function of of ()2' 1,)N( 2y for X independent draws from ZIN’n, in the Gaussian
Wigner model. As mentioned earlier, besides their aesthetic appeal, these kinds of identities
will yield substantial simplifications in our later probabilistic analysis by allowing us to
appeal to concentration inequalities for the overlaps. We now ask: does this simplifying
phenomenon occur in other, more complicated observation models?

We recall that, ultimately, we will want to address this matter for the Wishart negatively-
spiked matrix model, where the signal is applied by deforming the covariance rather than

the mean of a Gaussian distribution.

Remark 4.2.1. Interestingly, the Wishart positively-spiked matrix model may be viewed as a
Gaussian Wigner model with a suitable Gaussian spike prior, since if y ~ N (0, I, + X ) with

X > 0, then we may view sampling y as drawing x ~ N(O,X’) and theny ~ N (x, I,,).

Perhaps the key difference between the Wigner and Wishart models is that, conditional on
the signal, the observations in the Wigner model are entrywise independent, while those in
the Wishart model are not. Nonetheless, there is another analogy suggesting a similarity be-
tween the models: conditional on the signal, both make observations in an exponential fam-
ily (though the Wishart model must be adjusted to observe the sample covariance 211-\]:1 iy,
instead of the samples y,...,yy to make this the case). The Gaussian exponential family
with fixed variance and varying means—the “Wigner family” arising in the Gaussian Wigner
model, to use our terminology—is, in a sense we will make precise below, perhaps the sim-

plest of all exponential families. The matrix-valued Wishart exponential family is surely
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more complicated, but still, in the same sense, is “not too complicated” and is formally
similar to certain other scalar-valued non-Gaussian exponential families.

Below we develop this analogy, measuring the complexity of exponential families by their
variance functions. We then study the low-degree likelihood ratio in the simplest exponential
families, those whose variance function is a constant, linear, or quadratic polynomial. First
we consider non-Gaussian scalar-valued exponential families—we will see later that these
calculations have interesting applications of their own—and then proceed to the Wishart
family. We will show that, in all of these situations, a suitable analog of the overlap formula
from the Gaussian Wigner model holds.

Throughout this section and the next we follow Morris’ presentation in the seminal pa-
pers [Mor82, Mor83], which first recognized the many shared statistical properties of the
scalar-valued exponential families we consider (though Meixner in [Mei34] already saw their
similarity from the perspective of orthogonal polynomials). We start by recalling the basic

notions of exponential families.

Definition 4.2.2. Let vy € P(R) not be a single atom. Let @ (0) := logEx~,[exp(0x)] and
O:={0 € R:yW(0) < o}. Then, the natural exponential family (NEF) generated by vy is the

family of probability measures vy, for 8 € O, given by

Ave(x) :=exp(Ox — @ (0))dvo(x). (4.20)

Sometimes, the “natural parameter” 0 is the mean of vy or a translation thereof; however,

as the next example shows, the mapping 6 — Ex.,,[x] can be more complicated.

Example 4.2.3. Taking dvy(x) = e *1{x > 0}dx, we have ® = (—, 1), and this generates

the NEF of exponential distributions, dve(x) = (1 — 0)e~1-9*1{x > 0}dx. The mean of vy is

[EX~V0 [X] = ﬁ

Nonetheless, it is always possible to reparametrize any NEF in terms of the mean in the
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following way. The cumulant generating functions of the vy are merely translations of y,
Wo(n) = logEx~v,[exp(nx)] = ¢ (0 + n) — (0). Therefore, the means and variances of vg

are

Ho = [EX~V9 [X] = LIJ,Q(O) = (//,(9), 4.21)

0_92 = [Ex~v(9[x2] - ([Ex~ve[x])2 = (IJZ),(O) = (IJN(Q) (4.22)

Since vy is not an atom, neither is any vy, and thus ¢ (0) = 092 > 0 for all @ € R. Therefore,
' is strictly increasing, and thus one-to-one. Letting QO < R equal the image of R under
' (some open interval, possibly infinite on either side, of R), we see that vy admits an

alternative mean parametrization, as follows.

Definition 4.2.4. If vy generates the NEF vy, then we let py, = vy -1 over u € Q. The

mean-parametrized NEF generated by vy is the family of probability measures p,, for u € Q.

By the same token, within an NEF, the variance is a function of the mean. In the above

setting, we denote this function as follows.
Definition 4.2.5. For u € €, define the variance function V (u) := U(Zw,),l(“) =" (@) ().

The function V (u) is simple for many NEFs that are theoretically important, and its simplic-
ity appears to be a better measure of the “canonicity” of an NEF than, e.g., the simplicity of
the probability density or mass function. Specifically, the most important NEFs have V(u) a
low-degree polynomial: V (u) is constant only for the Gaussian NEF with some fixed variance,
and linear only for the Poisson NEF and affine transformations thereof.

The situation becomes more interesting for V(u) quadratic, which NEFs Morris gave the

following name.

Definition 4.2.6. If V(i) = vy + viu + vou? for some v; € R, then we say that vy generates a

natural exponential family with quadratic variance function (NEF-QVF).
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Name dvy(x) Support V(u)

Gaussian (variance o2 > 0) \/2;7 exp(— 25 )dx R o?
Poisson 1L 70 u
Gamma (shape « > 0) r(l—a)x"‘*le*"dx (0, + ) %uz
Binomial (m trials) %m (Z’:) {0,...,m} —%uz +u
Negative Binomial (1 successes) o (’”Z"l> Z-0 Lp? +
Hyperbolic Secant (shape r > 0) ([Mor82], Section 5) R %uZ +7r
Non-l tr(z)
Wishart (n x n, N > n samples) det(m)anizrn?;,p/(z_) )i RIS™ A~ Ztr(unApA)

Table 4.2: Exponential families and variance functions. We describe the six scalar natural expo-
nential families with quadratic variance function from which, per the results of [Mor82], any such
family can be generated by an affine transformation. We also show the analogous quantities for the
Wishart matrix-valued natural exponential family; see Proposition 4.2.10 for further explanation.

NEF-QVFs are also sometimes called the Morris class of exponential families. One of the

main results of [Mor82] is a complete classification of the NEF-QVFs, as follows.

Proposition 4.2.7. Any NEF-QVF can be obtained by an affine transformation (X — aX + b
applied to the underlying random variables) of one of the six families listed in Table 4.2.

Conversely, any affine transformation of an NEF-QVF yields another NEF-QVF.

Other common distributions occur as special cases: Bernoulli is a special case of binomial,
geometric is a special case of negative binomial, and exponential and chi-squared are both
special cases of gamma. The sixth “generalized hyperbolic secant” family is more compli-
cated to describe, but one representative distribution generating the » = 1 family has den-
sity % sech(%x)dx, and may be thought of as a smoothed Laplace distribution (see Figure 5.2
later in the text for an illustration). Indeed, its appearance is one of the major surprises of
Morris’ results; since his work these distributions have found some applications (see, e.g.,
[Fis13]) but remain rather obscure.

The value of the quadratic coefficient v, will play an important role in our results on the
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low-degree likelihood ratio, so we make the following definition of the possible values this

coefficient can take in advance.

Definition 4.2.8 (Possible values of v»). Let V := [0, +0) U {—L :m € N,} C R.

m

Proposition 4.2.9. For any NEF-QVF, v, € V. Conversely, for any v € 'V, there exists an
NEF-QVF with v, = v. The only NEF-QVFs with v, < 0 are the binomial families (including

Bernoulli), and the only NEF-QVFs with v, = 0 are the Gaussian and Poisson families.

Finally, let us show the analogy between the NEF-QVFs and the Wishart family, which also
has a “quadratic variance function” when properly interpreted as a function taking the mean
as input and outputting a linear functional on matrices. The reader may consult [LM08] for

a deep discussion of this exponential family and its generalizations.

Proposition 4.2.10 (Variance function of Wishart family). Suppose N > n. Let vé"‘N ) e

P(REG™) be the law onIi\Ll viy; wheny; ~ N (0, I,,) independently. Then, the NEF generated
(n,N

by v(()"’N ! (that is, if p(Y') is the density of v, )| the collection of tilted measures with density

proportional to p(Y ) exp({A,Y)) for A € RM", when this is integrable) consists of the laws

sym 71

of SN yiy! wheny; ~ N (0,Z) independently, for = € R'". Calling the above law PN,

we have that the mean of this law is p := NZ, so this gives the mean parametrization of the

NEF. The associated variance function is then
Var [(Y,A)] = 3tr(uAy,A). (4.23)
y~ptV N

We note that, rather remarkably, not only is this a quadratic polynomial of the entries of the

matrix p, but it is even the trace of a quadratic matrix polynomial of p and the input A.

Proof. The density of v{"™"” is proportional to det(Y") N-n-1/2 exp(—%tr(Y)). Thus, the den-

sity of the tilting by exp({A,Y")) is proportional to det(Y ) N-n-1/2 exp(—%tr((In -2A)Y)),
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which gives a normalizable density if and only if A < %In. In this case, the above is propo-
sitional to det((I,, — 2A)'/?Y (I,, — 2A)!/?)N-n-1)/2 exp(—%tr((In —-2A)'?Y (I, -2A)"Y?)),
which is the law of Zﬁl yiy, for y; ~ N (0, (I, —2A)™1), giving the characterization of the
NEF generated by v"".

For the variance function, we compute that, if y; ~ N (0,X), so that the mean is EY =

NZ =: u, then

N 2
E(Y,A)? =E (Z yZAyi>

i=1
= N(N - 1)(A, )% + NE(y] Ay;)?

N
=NIN-1)(AZY+N > AjAuEYyyyive
i,j,k,{’:l

N
=N(N -1)(A, Z)Z + N Z AijAkg(ZijZkg + Ziijg + Ziﬂzjk) (Wick’s formula)
ijik,f=1

=N(A,X)? + 2Ntr(ZAXZA)

= (A, p)? + %tr(uApA) (4.24)

and thus
Var(Y,A) = (Y, A)? — (A, n)? = ;tr(p,Ap,A), (4.25)
as claimed. O

4.3 NEF-QVF MODELS

In this section, we give an overlap bound for the norm of the LDLR in NEF-QVFs, similar to
the exact overlap formula we obtained for the Gaussian Wigner model. We consider here a
model we call kin-spiked, where P,, belongs to the same NEF as Q,, but has a different mean.

Later in Section 5.4.2 we will also work briefly with an additively-spiked model, where P,, is a
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translation of Q,,, possibly not belonging to the same NEF. While these two models coincide
for the Gaussian Wigner NEF, they do not for the other NEF-QVFs, and we will see that the

kin-spiked model is far more natural mathematically.

Definition 4.3.1 (Kin-spiked NEF-QVF model). Let p,, be a mean-parametrized NEF-QVF over
ueQcR! Let N=Nmn) € Nand p,; € Q foreachn € N andi € [N(n)]. Let

P, € P(QNM). Then, define sequences of probability measures P,,, Q,, as follows:
- Under Qqu, draw y; ~ py,, independently fori € [N(n)].

- Under P, draw & ~ QN’n, and then draw y; ~ pg, independently for i € [N(n)].

4.3.1 ORTHOGONAL POLYNOMIALS IN NEF-QVEFSs

Our main tool will be that the orthogonal polynomials of NEF-QVFs satisfy variants of some
of the identities of Hermite polynomials that we used in Section 4.1.1 to treat the Gaussian
Wigner model, in particular the “translation formula” (Proposition 4.1.12) and the generating
function (Proposition 4.1.14). Indeed, as far as the generating function is concerned, as for
the Gaussian Wigner family, in an NEF-QVF there is a remarkable connection between the
likelihood ratio and the orthogonal polynomials of vy. The likelihood ratio in any NEF is
simple:

ave .\ _ _
de(y)—exp(yQ w(0)), (4.26)

where @ (0) = Ex~,,[exp(0x)]. We may also reparametrize in terms of the mean:

L(y;u) == L(y; (@) N ) =exp(y (@)1 (w) — w (@)1 (). (4.27)

As the following result of Morris shows, in an NEF-QVF, L(y;u) is a kind of generating

function of the orthogonal polynomials of p,,.

11t will not matter for our purposes what the base measure vy is.
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Definition 4.3.2. For v € R, define the sequences of constants

k-1

ar() =[] +vy), (4.28)
j=0

ar(v) =kl - ag(v). (4.29)

Proposition 4.3.3 (NEF-QVF Rodrigues Formula; Theorem 4 of [Mor82]). Let g = ¢’ (0) =

Ex~v,[x]. Define the polynomials

oy Vipe*  drL
P(YiHto) = L0y o) duk(y’“O)' (4.30)

Then, pr(v; Uo) is a degree k monic polynomial in 'y, and this family satisfies the orthogonal-
ity relation

JE (k0 pe(Viko) = Ske - ax(v2)V (o). (4.31)

In particular, defining the normalized polynomials

(4.32)

~ . .- 1 .
Pr(y;Ho) : V(uO)k/Z\/ka(y'UO)’

the px(v; Uo) are orthonormal polynomials for p,.

The main property of these polynomials that will be useful for us is the following iden-
tity, also obtained by Morris, giving the expectation of a given orthogonal polynomial under

the kin spiking operation, i.e., under a different distribution from the same NEF-QVF.

Proposition 4.3.4 (Corollary 1 of [Mor82]). For allk € N and x,u € €,
JE (i) = divz) (e = . (4.33)

This should be viewed as the analog of Proposition 4.1.12 for NEF-QVFs. We may obtain a
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straightforward further corollary by including the normalization, which allows us to incor-

porate the variance factor into a z-score, as follows.

Definition 4.3.5 (NEF-QVF z-score). For u,x € ), define the z-score as

L x-y
zu(x) = NGmE (4.34)

Corollary 4.3.6 (Kin-spiked expectation). For allk € N and x,u € Q,

E prlysm) = ak,(;mzu(x)". (4.35)
Y ~Px :

4.3.2 COMPUTING THE LOW-DEGREE LIKELIHOOD RATIO

Returning to the multivariate setting, let Q,, and P, be as in Definition 4.3.1 of the kin-spiked

NEF-QOVF model. Then, the likelihood ratio is

dP, al dp%-
= ~(yi) |. 4,
40, W =.E {H dpun,i(y)} (4.36)

x~Pn

Ln(y)::

An orthonormal system of polynomials for Q, is given by the product basis formed from

the p(¥; un.i) that we defined in Proposition 4.3.3:

N
Pr(y; pn) := [ | Pr (Vi3 tmy) (4.37)

i=1

for k € NN, where p, := (Un1, -y HnNm))-
We then show that the projection of L,, onto any component Pe(-; Wy) admits the follow-

ing convenient expression in terms of the z-score.

Lemma 4.3.7 (LDLR components for NEF-QVF model). For L,, the likelihood ratio of the kin-
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spiked NEF-QVF model, for all k € NV,

L ,13 - =
( n k:( Hn)) Hilkl' P,

N -~ N
Hisy @i (v2) {ﬂzun,i(xi)"i} (4.38)
i=1

This is the direct analog of Proposition 4.1.15 for the Gaussian Wigner model and its Hermite

polynomials.

Proof. Performing a change of measure using the likelihood ratio and factorizing the inner

product using independence of coordinates under Q,,, we find

(L, Pr(+5 pan))

E [ Ln(y)Pe(y;pn) |

y~Qn

- E | Pr(ys pan) |

N
- E [1‘[ E [ﬁki(yi;ﬂn,i)]:|

i=1Yi~Px;

and using Corollary 4.3.6,

N ~ N
HiHNak;((TZ) a:~[ET {n Zl.ln,i(xi)ki:| , (4.39)
i=1 R " Li=1

completing the proof. O

First, we give an exact formula for the norm of the untruncated likelihood ratio in a
kin-spiked NEF-QVF model. These involve a collection of link functions playing the role of

PpWVie(t) = exp(t) from the Gaussian Wigner model.

Definition 4.3.8 (Link functions for NEF-QVF model). Fort € R and v € 'V, define

et ifv=0,
PMr(tv) =1 1 —vt)" VY ifv+0andt <1/|v], (4.40)
+ 00 ifv>0andt >1/|v].
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Figure 4.1: NEF-QVF LDLR nonlinearities. We plot the functions ¢M"(t;v) associated to the norm
of the low-degree likelihood ratio of an NEF-QVF with variance function having quadratic coefficient
v. We emphasize the monotonicity in v and the appearance of the exponential function for v = 0.

Moreover, for D € N, let M (t;v) denote the order-D Taylor expansion of $pM' (t;v) about

t = 0 for fixed v, and let PN (t;v) := pMor(t;v).
See Figure 4.1 for an illustration of these functions “sandwiching” the exponential.

Theorem 4.3.9 (LR norm for NEF-QVF model). In the kin-spiked NEF-QVF model, for alln € N,

N
ILnll? = E ][ M (zp,, (x]) 2p,, ()3 02) | - (4.41)
1

xl,xc~Py ie

The key technical step is to recognize that the function $pM°"(¢;v) is in fact the exponen-

tial generating function of the day(v), as follows.
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Proposition 4.3.10. Forallt e R andv €V,

o0

pMr(t;v) = >

k=0

ar(v)

k
X t~. (4.42)

Proof. Call the right-hand side f(t;v). Differentiating the power series termwise and using

the formula from Definition 4.3.2 gives the differential equation

of ooy _ i of .
3t (t;v) = f(t;v) +vt6t (t;v) (4.43)

with initial condition f(0;v) = 1, and the result follows upon solving the equation. O

Proof of Theorem 4.3.9. We have by Lemma 4.3.7

ILull> = > (L, Pr(-5 pan))?

keNN

2
N -~ N

2. Hi‘la""(UZ)( E { zun,i(xo"fD
i=1

N
keNN [Tizy k! @~Pn

N (A
e | ST {“";fj’” <zun,i<x3>zun,i<x?>>’<i}]

1 2.~
25 ~Pn | penN i=1

N 00 A
3 H{Z ak,(:!}Z) (Zun,i(xil)zun,i(x?))k}} : (4.44)

1 p2.o
zhe=~Pn | i-1 (k=0

and the result follows from Proposition 4.3.10. O

We note that this is not yet an “overlap bound” except in the case v, = 0, since we do
not have Mo (s;v2) PpMO (t; 1) = pMo" (s + t; v») when v, # 0. However, we show in the next
result that, both for the norm of the full and low-degree likelihood ratios, we may obtain

such a bound from either above or below, depending on the sign of v,.

Theorem 4.3.11 (LDLR norm for NEF-QVF model). Let p, be a mean-parametrized NEF-QVF

over u € Q c R, with variance function V(u) = vo + vi + vop?. Let gy ; € Q and QA’Jn be as in
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Definition 4.3.1 of the kin-spiked NEF-QVF model. Define the z-score overlap,

N(n)
Rn = z Zun,i()?zl)zun,i()?lg)’ (4'45)
i=1

where &1,&2 ~ P, independently. Let L= denote the low-degree likelihood ratio.

- Ifvy, =0, then foranyn € N andD € NU {+o},
ILFP I < E [l (Rusv2) |, (4.46)

and equality holds if v, = 0 (i.e., in the Gaussian and Poisson NEFsS).

- If vy <0, then foranyn € N andD € NU {+o},

E[ @Y (Ruiv2) | < ILZP1? < B[S (Ra;0)]. (4.47)

To prove this result, we first establish two more ancillary facts about the power series

coefficients ay(v).

Proposition 4.3.12 (Monotonicity). For k € N, a(v) is non-negative and monotonically non-

decreasing inv overv € V.

Proof. Recall from (4.28) that, by definition,

k-1
arw) =[] +vj). (4.48)
j=0

Thus clearly dx(v) is monotonically non-decreasing over v > 0, since each factor is mono-
tonically non-decreasing.

IfveVwithv <0, thenv = —% for some m € Z-,. Thus for k > m + 1, ax(v) = 0. So,
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in this case we may rewrite

min{k—-1,m—-1}
arw)=lk=m} ] Q+vj. (4.49)
j=0

Now, each factor belongs to [0, 1), and again each factor is monotonically non-decreasing

with v, so the result follows. O

Proposition 4.3.13 (Multiplicativity relations). For allk € NN andv €V,

N
[Taw ) <asy , () ifv>0, (4.50)
i=1
N
[Tax (v) = asy () ifv =0, (4.51)
i=1
N
[Tak () =asy 4, (v) ifv <0, (4.52)
i=1

Proof. When v = 0, then ay(v) = 1 for all k, so the result follows immediately. When v > 0,

we have

K (V). (4.53)

When v < 0, a symmetric argument together with the observations from Proposition 4.3.12

gives the result. O
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Proof of Theorem 4.3.11. Suppose first that v, > 0. We have by Lemma 4.3.7

ILEP )% = Z (L, P (5 pan))?
NN

| IsD

2

Hl 1 ak (UZ)

= : z nl(xl)
keZNN H]iil ki! ( D_{ ’ })
|k|<D

H 1ak (v2) ~ ~ .
E | 2 e H(Zun,i(X%)Zun,i(Xf))kl ,
51,§2~'Pn kGNN H 1k1 i=1
|kl<D

Using Proposition 4.3.13,
a (v N ,
<Y MG g, @k

~ NZN
z! P keNN Hl 1kl i=1
|kl<D

and following the same manipulations from the proof of Theorem 4.1.7,

S da(v2) a \r
_ ~1 ~2\\k;
S DI D) (kh___,kN)E(zun,xxi)zun,i(xi))

1 E2~Py d

=0 keNN
- lkl=d
[ d
2 Aa(v2) < ~1 ~o
~ N[zE Z A Z Zpin,i (xi)zﬂn,i (xi) ) (4.54)
x'xc~Py d=0 ! i1

giving the upper bound from (4.46) for v, > 0. When v, = 0, then equality holds above,
so we obtain equality in (4.46). Also, when v, < 0, then the above argument holds with the
inequality reversed, giving the lower bound of (4.47).

Finally, for the upper bound of (4.47), note that when v, < 0, we may bound ||L;"|?
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using Proposition 4.3.12 and the result for v, = 0 by

2
N -~ N
< = a l(v ) ~ .
Lo - 3 M (E [nz"”'i(x”le
iy
2
N 4 N
= a 1(0) ~ .
< > HlH}ka, (Ei~?n {]—[ zun,i(xi)"’D
f“}ﬁﬁ‘g e =l
= E » 5 (Rn; 0), (4.55)
giving the result. O

4.3.3 CHANNEL MONOTONICITY

The monotonicity of the functions ¢pMer(t;v) in v evident in Figure 4.1 suggests that we
might expect ||L;”| to be monotone across different kin-spiked NEF-QVF models with the
same signal prior QN’n. While this does not follow directly from the above result, a slightly

more careful argument shows that it is indeed the case.

Theorem 4.3.14. Suppose LY fori € {1,2} are the likelihood ratios for the hypothesis testing

problems in two kin-spiked NEF-QVF models, with mean domains QY and variance functions
VO ) = vi? + viPu + v U, Suppose that the null means u, ; and the signal prior P,
are the same in both problems (in particular, QY n Q@ must contain the support of Pp). If

vs" < v, then, for any D € N U {+o}, (L) =P]|2 < (L) =P]|2.

Informally, this says that if vél) < vz(z), then “Problem 1 is at least as hard as Problem 2,” for

any given computational budget. For example, for a fixed collection of null means p, ; and a
fixed signal prior ’JN)n, we would predict the following relationships among output “channels”

or observation distributions, with “>” denoting greater computational difficulty:

Bernoulli > Binomial > Gaussian = Poisson > Exponential. (4.56)
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The result is a simple consequence of the arguments we have made already to prove

Theorem 4.3.11.

Proof of Theorem 4.3.14. We have by Lemma 4.3.7

I[(L0)=Dj2 = Z (LY, (-5 )

NN
| IsD
(1) N 2
J 1ak (Uz ) K
_ s 7 j . 4.57
ZN Hj=1 k;! ( T [U Zns X9) }) ( )
| |<D

In each term on the right-hand side, the only factor that depends on i is H =1 akj(v ‘))
so the result follows from the monotonicity described by Proposition 4.3.12. (Indeed, this
shows slightly more, that the monotonicity holds even for the norm of the projection of LY

onto the orthogonal polynomial of any given index k.) O

4.4 GAUSSIAN WISHART MODELS

Finally, we proceed to considering the prospect of an overlap formula in the more unusual
setting of the Wishart spiked matrix model of Definition 2.2.4. In fact, we will be able to

treat a more general setting, which allows arbitrary, possibly sign-indefinite signal matrices.

Definition 4.4.1 (Gaussian Wishart model). Let QN’n € P(RXX") be such that X > —1I,, almost

sym
surely. The Gaussian Wishart model with sampling ratio y and spike prior P, is specified by

the following distributions over (y1,...,yny) € (RN withN = N(n) = |[n/y|:
- Under Qy, draw yi,...,yn ~ N (0, I,) independently.
- Under Py, first draw X ~ QN’n, and then draw y1,...,yn ~ N (0, In+)2') independently.

We might hope that ||[L;P|| in this model would be governed by an expectation of a

function of ()Z' 1,)? 2y, as for the Gaussian Wigner model. Unfortunately, all is not so simple:
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for Gaussian Wishart models, we will see that we must instead work with an overlap matrix,
given by X 1X2. This may appear to be at odds with our goal of reducing the dimensionality
of the expectations arising in the evaluation of ||L;”||. However, a further nuance comes
to the rescue: the link function applied to the overlap matrix turns out to be det(f, —
X 1X2)-N/2 whereby, by Sylvester’s determinant identity, when X ~ P, is low-rank, say
rank k, we would be able to reduce our formula to an expectation of a function of a random
k x k, rather than n x n, matrix. Actually, in Section 5.2.1 we will also deduce from this
a bound comparing Wishart spiked matrix models to corresponding Wigner models, which
will, up to a usually-negligible correction, realize our initial hope to work with expectations
over ()z' 1,)2' 2y, at least in our applications where the signal is sign-definite.

Before proceeding, let us give the derivation of the untruncated likelihood ratio and
its norm under such a model. This will confirm the link function mentioned above, and
will show what we expect from the computations to come. (A similar computation, though
constrained to the case of X having rank one, appears in [PWBM18].) Let us view the obser-

vations as a collection Y = (yi,...,yn) € (RN,

Proposition 4.4.2 (Likelihood ratio in Gaussian Wishart model). Suppose (P,,) and (Q,) are

a Gaussian Wishart model as in Definition 4.4.1, with signal prior (P,). Then,
apP,
dQy

N
= E_|det(I, +X) N ?exp (—; Syl (I +X) ™' - In)yi)] : (4.58)

X ~Py i=1

Ln(Y) =

(Y)
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Proof. Expanding the Gaussian densities as for the Gaussian Wigner model,

dQp oy a2 1
77 W yn) = (2m) rexp | -5 l:zl il (4.59)
aP,

N
Y1y, yn) = R0 ™20 | det(I, + X )V 2exp —EZy;(Inu”()—lyi
dr X7, 23

= (2mm) N2 . exp <—;||Y||2) - E [exp (—;||)Z’||2 + ()Z’,Y))], (4.60)

X ~Pn
and taking the quotient gives the result. O]

Proposition 4.4.3 (LR norm for Gaussian Wishart model). Suppose (P,,) and (Q,) are a
Gaussian Wishart model as in Definition 4.4.1, with signal prior (P,). Let L, = dP,,/dQ,,.
Then,

L2 = E  det(I, - X'X?2)~N2, (4.61)

X1.X2~p,
This is essentially Lemma 7 of [CMW15], and the rank-one case appeared later as Proposition

5.11 of [PWBM18].

Proof. We compute directly, following the proof of Proposition 4.1.5 from the Gaussian

Wigner model,

ILull® =

N 2
Sarcae i)
i=1

( E [det(In +X) N 2exp (—
Y1y YN~N(0,I,) )N(NQNJn

N | =

Using the replica manipulation (Proposition 4.1.4),

= E E det(L, + X1) N2 det(I, + X?)~N/?
Y1y yN~N(0,In)X'1X—2

13 o 2
exp (—2 Dyl (Tn+ XH 7+ T+ X5 - 2In)yi>
i=1
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and swapping the order of expectations,
— E det(I, +X") N2det(I, + X?2) N2
X1.x2

N
E exp —EZyJ((I“)N(l)—u(In+)2'2)—1—21n)yi
Y1, yN~N (0,I) 25

Applying an orthogonal change of basis to diagonalize this matrix and evaluating the result-

ing x?> moment generating function then gives

= E_ det(I, + X ") N2 det(I, + X?) N2 det(I, + X ") + (I + X?) ' = I,,) N2
1 X2

»

~ ~ ~ ~ —-N/2
= [ det ((In + XH(Ip + XY '+ T, + X5 ' - 1,) I, +X2))

X1,x2
= E_det(I, - X'X?)N2, (4.62)
X1X2
as claimed. 0

Therefore, by analogy with our previous results, we expect that the LDLR norm in the
Gaussian Wishart model should involve the truncation of a Taylor series (in some suitable
sense) of the function T — det(I, — T')~N/2. We derive this series representation now. We

write Part(S) for the set of partitions of a set S.

Definition 4.4.4. Ford € N and T € R**", define the polynomials

sym s

1 N [77]
rN,d(T>:=E > (2) [TUSI=Dir(TSh. (4.63)

" mePart([d]) Sem
Note that vy 4(T') is homogeneous of degree d in the entries of T.

Proposition 4.4.5. If T' € R™" satisfies | T|| < 1, then

det(I, — T) ™2 = > rya(T). (4.64)
d=0
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Proof. We manipulate, using that the matrix logarithm log(ZI,, — T") is well-defined thanks to

the norm constraint on T,

det(I,, — T)N/? = exp (log det(I,, — T))_N/2

N Z

trlog(I,, — T))

= exp (];] > %(k - 1)!tr(Tk)) , (4.65)

and composing the exponential power series with the inner one gives the result (see, e.g.,

[FS09] for the analogous result for generating functions, from which this follows). O

We also register the following cyclic property that the 7y 4(A) inherit from their being

polynomials of traces of powers, which will be crucial in our computations.

Proposition 4.4.6. For any matrices A, B, not necessarily square but of compatible dimension

to form a square product AB, vy 4 has the same cyclic property as the trace,
"Na(AB) =rNa(BA). (4.66)

Remark 4.4.7. Incidentally, this reasoning also gives a simple account of Sylvester’s determi-
nant identity det(I + AB) = det(I + BA): by the same introduction of exp(log(-)), these
functions (for sufficiently small A, B in norm) expand in polynomials of tr((AB)¥), so the

cyclic property is inherited from that of the trace.

4.4.1 HERMITE POLYNOMIALS, REVISITED

We now work from the other direction, towards deriving the components of the LDLR norm.

As we have seen earlier, the most robust approach to evaluating ||L;”| with orthogonal
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polynomials appears to be evaluating expectations of orthogonal polynomials for a given
parametrized family of distributions with the “wrong” parameter: this is what we did for
translations of Hermite polynomials in Proposition 4.1.12, and for distributions in a given
NEF-QVF with different means in Corollary 4.3.6. In the Wishart model, the relevant orthog-
onal polynomials are again Hermite polynomials, only now we must consider their expecta-
tions under Gaussians with differing variance rather than differing mean. The key tool for
our analysis will therefore generalize the following beautiful fact from the “umbral calculus”

of Hermite polynomials (a proof will be subsumed in our result below).

Proposition 4.4.8 (Hermite mismatched variance identity). Let a > —1. Then,

(k=1 -ak?2 ifk is even,
E h(y) = (4.67)

y~N(G1+a) 0 if k is odd.
Note that the formula on the right-hand side is that for the moments of a Gaussian random
variable with variance a, but we extend it to apply even for negative a, which is the “umbral”
case of the result, admitting an interpretation in terms of a fictitious Gaussian of negative
variance—even if a € (-1,0), the right-hand side may be viewed formally as the value
of “Eg-w0.mg*.” A thorough exposition of such analogies arising in combinatorics and

associated to various polynomial sequences is given in [RomO05].

In fact, the same holds even for multivariate Gaussians. The correct result in this case
is given by imitating the formula for the moments of a multivariate Gaussian, via Wick’s
formula. While Proposition 4.4.8 is well-known in the literature on Hermite polynomials and
the umbral calculus, we are not aware of previous appearances of the formula below (though

it is likely folklore).

Proposition 4.4.9 (Multivariate Hermite mismatched variance identity). Let A € R?yfn" with

A > —1I,. For k € N" viewed as a multiset of elements of [n], let Part(k;2) be the set of
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matchings of elements of k (the empty set for n odd), and for each M € Part(k;2) write
AM for the product of the entries of A located at positions indexed by pairs in M; ie., if

M = {{il,jl}s---s{im’jm}}y then AM = H;nzlAiaja' Thenl

E Hy(y)= >  AM, (4.68)
y~N(0.In+A) MePart(k;2))

Similarly to before, if A > 0 then the right-hand side equals E,-0,4)g* by Wick’s formula,
but again we have an umbral extension to indefinite matrices A.
We will use the following standard Gaussian integration by parts result, generalized in a

different direction from Proposition 4.1.13 presented before.

Proposition 4.4.10 (Gaussian integration by parts: general covariance). Let X € RL;™ and let
f : R™ - R be continuously differentiable with f(y) and 0;f () bounded by O (exp(|y|%))

for some x € (0,2). Then,

n
X 4.69
oo XS @ = E Z ”a (4.69)
In matrix notation,
E xf(x)=2X E Vf(x). (4.70)
z~N(0,%) z~N(0,%)

Proof of Proposition 4.4.9. Define

gk = E Hk(y) (471)
y~N(0,I,+X)

Let e; € N™ have ith coordinate equal to 1 and all other coordinates equal to zero, and write

0 € N" for the vector with all coordinates equal to zero. Clearly £ = 1 and ., = O for any
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i € [n]. We then proceed by induction on |k|:
Cheve, = E (v [ ha, ()
y~NO0Int+X) jelnhiy

(vihe, ) = Ry, (v0) T e, (7) (Definition 4.1.8)
Jeln\{i}

E
y~N(0,In+X)

S I+ X)ia [ o ) - 1 h(‘s”)(yj} (Proposition 4.4.10)

jen] Jjeln]

Z Xia 1—[ h(é’“)(yj

acn] y~N (0, I"+X)Je[n]
ka>0

y~ N(O I,+X) {

Z kaXia n hk 5Ja(yj)

acnl ~.’N(OIn+X) -
ka>0

> kaXialk-e,. (inductive hypothesis)

ae[n]
ka>0

Thus ¥}, satisfy the same recursion and initial condition as the sum-of-products formula on

the right-hand side of (4.68), completing the proof. O

4.4.2 COMPUTING THE LOW-DEGREE LIKELIHOOD RATIO

This tool in hand, we proceed towards evaluating the LDLR norm. Let (Q,,) and (P,,) be as in
the Gaussian Wishart model (Definition 2.2.4), and let L,, be the associated likelihood ratio.
Recall that the ambient parameter N is the number of samples y; we observe. Recall also

that we assume the signal prior to satisfy that X ~ P,, satisfies X > —1I,, almost surely.

Definition 4.4.11 (Link functions for Gaussian Wishart model). For N,D € N and T’ € R™*",

we define the functions

LD/2]

PVE(T) == > rna(T), (4.72)
d=0
Wish(T) = Vs (T) := det(I — T)"N/2. (4.73)
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Theorem 4.4.12 (LDLR norm for Gaussian Wishart model). Suppose (P,) and (Q,) are a
Gaussian Wishart model as in Definition 4.4.1, with signal prior (P,n) and sampling ratio y >

0, and let L:P be the low-degree likelihood ratio (Definition 3.2.1). Then, for D € N U {+o},

ILZP? = E PV(X1X?). (4.74)

Proof. For k € (N™)N, we denote

g
I

E Hp(Y)L(Y), (4.75)
Y ~Qu

P % _
= B H(VLY) = —=m. (4.76)

3
Il

We may compute these numbers as follows. For any k € (N"*)N, we have, passing to an

expectation under P, rather than Q,, and then using Proposition 4.4.9,

mg = E Hk(Y)
Y ~P

N

= E [] E _ Hgy
X~Pn i1 y~N(O,I+X)

= [ENﬁ< > )?TM). (4.77)

X ~Pn j=1 \MePart(k;;2)

We then have, applying the usual replica manipulation,

<D2 _ 2
IL;PI12 = > m;

ke (NN
|k|<D

N 2
> ﬂ,:i!(N[EN > )N(M) (by (4.77))

ke2(Nm)N i=1 X ~Pn MeM(k;)
|k|<D

N
= E > nkll,( > (Xl)M)( > ()?Z)M> (Proposition 4.1.4)

MeM(k;) MeM (ki)
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And, since if any |k;| is odd then Part(k;; 2) is empty and the corresponding term is zero,

we may restrict

N1

= EF 2. 1_[,7

Xl,XZN?n a=0 GZ(N")N i=1 l'
|k|=2d

( > ()N(I)M)( > ()Z'Z)M). (4.78)
i)

MeM(k;) MeM(k;

Thus we will be finished if we can show the identity

wa(AB) = > ]‘[ ( > AM)( > BM) =:sn,a(A, B), (4.79)

ke(N”)Nl 1 MePart(k;;2) MePart(k;;2)
|kl=2d

which will occupy the rest of the proof. We have sy 4(A, B) = 0 for all odd d since in this
case some |k;| must be odd, whereby Part(k;;2) = &. It remains to show that, for even
d, ¥Nap2(AB) = sya(A, B). Since either side is a polynomial, it suffices to show this for
(A, B) belonging to a subset of (Rg;;”)z having positive measure. We will show that the
equality holds when A, B > 0 and || A]|, | B]| < 1.

We proceed by computing the (ordinary) generating functions of either collection of poly-

nomials. We already know from Proposition 4.4.5 that

R(t) = Z N (AB)t* = det(I, — t?AB) ™ N/? (4.80)
a=0

for |t| < 1. Thus it suffices to show the same equality for

S(t) = > sna(A,B)t, (4.81)
d=0
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We note that, under our assumptions, by Wick’s formula

A | k k
et B ke(z")NEkl' (QNNE(OvA)g ) (’“N(Omh )
lkl=d
N1
= E > [177g)™ o™
gi::::ij\;\]]:%((%%)) kleli?wf i=1 "1

|k;| even for all ie[N]

and, grouping by the values of |k;|,

N )
Z 1—[ (gi, hi>dl
dy,...,dNE2N i=1 dl'
SKidi=d

(g, h)%i (4.82)

I
[M]
]

|~

il g~ (0,4)
h~2N(0,B)

We introduce the moment-generating function of the remaining expectations:

© rd

t
f(t):= a E (g ,h)4= E exp(t{g,h)). (4.83)
= dl g-Ni0.4) g~N(0,4)
h~N(0,B) h~N(0,B)

Then, sy 4(A, B) above is simply the coefficient of t4 in the Taylor series of f(t)N, and thus

S(t) = f(t)N. So, it will suffice for us to establish that

F(t) < det(I, — t2AB)"Y2, (4.84)
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However, f(t) may be evaluated with a direct computation:

f(t) = E exp (th\/Z\/Eh>
g,h~N(0,Iy)
0 tVAVB
= N[(EOI [ exp g' t g
g~N (0.Lon LUBVA 0

and applying an orthogonal change of basis to diagonalize this matrix and evaluating the x?

moment generating function then gives

-1/2

I, ~-tV/AVB
-tvBJVA I,

 det (I - 12VABVA) "

= det

and by Sylvester’s identity,
-1/2
=det (I, - 12AB) (4.85)

which completes the proof. O

Lastly, we make two remarks that are specific to the Wishart spiked matrix model, where
the signal is sign-definite. First, we observe that, for the purposes of bounding the LDLR
norm, we may ignore the “truncation clause” of the spiked matrix model, as this only makes

the norm smaller.

Proposition 4.4.13. In the Wishart spiked matrix model with parameters (B,y,P,) for P, not

necessarily B-good (Definition 2.2.5), for any (finite) D € N,

It = E PN (BPXTXT XX, (4.86)
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Proof. For X' ~ P, independently for i € {1,2}, let BA" be the “effective spikes” in the
Wishart spiked matrix model,
. XixXiif B X2 > —1,
Al = (4.87)
0 otherwise.
In either case, A' > 0. Then, by Theorem 4.4.12 and using the cyclic property of the link

functions, we have

IL;PI? = EpYE (B2 A A%)

= EYs (B2 (VAIWA2) (VAIVA?)T) (Proposition 4.4.6)

Here, the argument of the link function is zero if either A’ is zero, and is always positive
semidefinite. Since the 7y 4 are non-negative on positive semidefinite matrices and zero on
the zero matrix, the link function has the same property. In particular, the link function

does not decrease from replacing a 0 input with any positive semidefinite matrix, so

< ENE (B2 (VXIXTVX2X2) (VXIXTVX2X2)T)

= EpNSN (B2 XX X2 X2, (Proposition 4.4.6)

completing the proof. ]

Second, to illustrate the result above in a more familiar setting, we consider the special
case when ’JN’n is supported on rank-one matrices, for which this result simplifies substan-
tially to a scalar formula similar to those we have seen in other models. These results were
also derived in [BKW20b] more directly before the general framework presented here was

developed in [BBK*20].

Corollary 4.4.14. In the Wishart spiked matrix model with rank one and parameters (B,y, P,)
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for P,, € P(R"™) a B-good spike prior, for any D € N U {+o0},

LD/2]
ILZP1F = | EeNBBH@han) = E > ana(Bi@l ), (4.88)
xt,x-~Py w,$~nd:0
where the coefficients are
N/i2+d-1\ 14 /N
andg = ( 4 ) = E,E) (5 + k) : (4.89)

with the binomial coefficient interpreted in the generalized manner of the final right-hand

side even when N /2 is not an integer. These coefficients satisfy

> anatt=(1-t)N2, (4.90)
d=0

We note that the original argument in [BKW20b] did not take advantage of the simple ex-
pression (4.89) for the coefficients appearing here, which we will see in Section 5.2.1 dra-
matically simplifies the treatment of Wishart spiked matrix models, completely reducing
them to Wigner models. We note also that by Proposition 4.4.13, even for a prior that is not

necessarily -good, (4.88) holds as an inequality for finite D.
Proof. Let Xt ~ P, independently be formed as X = Bziz! with ' ~ P, independently
for i € {1, 2}. Then, by the cyclic property from Proposition 4.4.6, for any N, d we have

rna(X1X2) = rya(BPatat x?a?’) = rva (B!, x?)?). (4.91)

Thus it suffices to show that ry 4(t?) = ayqt?® for t € R. The generating function (4.90)
for these coefficients follows from the series expression of Proposition 4.4.5. The formula
(4.89) then follows from the generalized binomial theorem, which gives ay 4 = (-1)4 (712/ 2),

which, upon expanding and cancelling signs, gives the stated product. O
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D LOW-DEGREE LIKELIHOOD RATIO

ANALYSIS: LOWER BOUNDS

In this chapter, we will reap the benefits of the machinery developed in the rest of Part I to
prove lower bounds for the hypothesis testing problems to which certification for various
constrained PCA problems reduces. More broadly, we will also provide streamlined and
sometimes improved results on low-degree lower bounds for related problems, including
Wigner and Wishart matrix PCA (i.e., spiked matrix models), tensor PCA, and the stochastic
block model. We will see how, using the tools we have developed and some further tools we
introduce below for analyzing overlap formulae for the norm of the low-degree likelihood
ratio, all of these problems may be treated within one framework. Our approach also mostly
avoids the explicit moment computations, often having a combinatorial character, common
to these analyses carried out in previous literature. The applications of the results for

Wishart models to constrained PCA are given in Section 5.3.

SUMMARY AND REFERENCES The results in this chapter are taken mostly from the same
publications as the previous chapter; we have only reorganized the material to group the
overlap formulae together and their consequences for lower bounds together. However, this
chapter also describes some proof techniques that have not yet appeared in print, including

a low-degree comparison inequality between Wigner and Wishart models (Section 5.2.1) that
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dramatically simplifies the analysis of Wishart models, and the generic approach to Wigner
models through integrated tail bounds rather than moment computations (used through-
out). Similar applications to Gaussian Wigner models appeared in [KWB19], to sparse PCA
in [DKWB19], and the applications to Wishart models are streamlined versions of the argu-
ments of [BKW20b, BBK*20], which also respectively treated the applications to certifica-
tion for the SK and Potts spin glass Hamiltonians. The application to certification for non-
negative PCA is based on [BKW20a]. The computations for the stochastic block model (which
sharpen previous computations appearing in [HS17]) also appeared in [BBK*20], while the
non-Gaussian spiked matrix model of Section 5.4.2 appeared in [Kun20a] and is inspired by
the work of [PWBM18] on similar models.

The following is a summary of our main results in this chapter.

1. (Theorem 5.2.6) A tight low-degree lower bound for tensor PCA, agreeing with pre-
vious results on the performance of conjecturally-optimal algorithms [RM14, HSS15,
ADGM17, HSSS16], SOS lower bounds [HSS15, HKP*17], and results on subexponential-

time algorithms [BGG™16, BGL16, WEM19].

2. (Theorem 5.2.10, Theorem 5.2.12) Tight low-degree lower bounds for the Wigner and
Wishart spiked matrix models, giving strong evidence for the optimality of PCA among
all subexponential-time algorithms in these Gaussian models (for example, giving fur-

ther evidence for conjectures on constant-sparsity PCA discussed in Example 2.4.1).

3. (Theorem 5.2.14, Theorem 5.2.15) A tight low-degree lower bound for Wigner and
Wishart sparse PCA (with sub-constant sparsity, unlike the above), matching the be-

havior of similar sub-exponential time algorithms proposed by [DKWB19, HSV20].

4. (Corollary 5.3.6) A conditional result that better-than-spectral certification is hard for

the SK Hamiltonian, giving evidence towards an answer to a question of Montanari and
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Jain, Koehler, and Risteski [JKR19].!

5. (Corollary 5.3.7) A conditional result that better-than-spectral certification is hard for
non-negative PCA on GOE matrices, giving evidence towards an answer to a question

of [MR15].

6. (Corollary 5.3.8) A conditional result that better-than-spectral certification is hard for

the Potts spin glass Hamiltonian.

5.1 TOOLS FOR SCALAR OVERLAP ANALYSIS

We have seen that, in many cases of interest, a bound (and indeed, often a formula with

equality) of the following form holds for the norm of the LDLR:

ILZP11? < Elpn,p(Rn) 1. (6.1

We now take up the technical matter of how to bound expectations such as those on the
right-hand side above in the situations we will be interested in. We decompose this task into
three parts: first, an inequality that decouples the dependence of this quantity on the growth
of p,, p(t) and that on the tail decay of R,; second, a notion of “modest growth” for p,, p(t);
and third, a notion of “fast decay” for R,,. Moreover, these latter analytic notions turn out to
have the following piecewise character. For R,, we will be concerned separately with “small
deviations” and “large deviations,” following the style of computation of [PWB16, PWBM18].
For p,p(t), as these will always be truncations of a Taylor series in our applications, we will
be concerned separately with small inputs ¢ where p, p accurately approximates the entire
series, which grows exponentially in £, and large inputs where its more modest polynomial

O (tP) growth becomes evident.

1“Hard” in this result and the below means requiring nearly-exponential time.
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Itis tempting to attempt to give general conditions on R,, and p, p that ensure bounded-
ness of the low-degree likelihood ratio. However, we will mostly be concerned with only two
different observation models, the Gaussian Wigner and Wishart models, and even between
these two models we will see shortly that the Wigner model controls the Wishart model (and
reduces the higher-rank Wishart models where it may seem on the basis of Section 4.4 that
we must deal with overlap matrices to simpler scalar problems). Thus we illustrate the ba-
sic themes of these computations on a case-by-case basis; developing abstract statements
that work for many distributions and associated polynomial sequences “automatically” is
an interesting project for future investigation.

Our decoupling inequality, the most generic of the above ingredients, is the following

simple but general integrated tail bound.

Lemma 5.1.1. Suppose that p € R[t] has non-negative coefficients and ¢ : R.o — R is
strictly increasing. Suppose also that X > 0 is a random variable satisfying the tail bound

that, for allt > 0, P[X > t] < f(t). Then,
Elp (0] < | f@ Nyt 5.2)
Proof. Suppose that p(t) = zf;:O aqt?. We expand directly,

D
E[lg(d(X))] = > asEp(X)?

a=0

D o0
=> adj Plp(X)4 > t]dt
d=0 0

and, applying the tail bound,

D ©
<Y ad| f@ @ ar
d=0

0
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and making the substitution s = t!/4 we find

D )
=> dadj F(pt(s))s% tds
d=0 0

- JO F(d1(s)p (5)ds (5.3)

as desired. O

5.1.1 WELL-BEHAVED SPIKE PRIORS

We also introduce some definitions that will be useful for specifying spike priors that yield
well-behaved overlaps R,,. We always think of spike variables & ~ P, in rank-one spiked
models (both the Wigner and Wishart spiked matrix models and the tensor models we will
discuss in Section 4.4) as having norm approximately 1, so that the typical magnitude of
the overlap is, for a dense prior, |[(x!, 2?)| ~ n~1/2. Likewise, when the rank is k > 1, we
think of X ~ 72, as having k columns each of norm approximately 1. Below we work with
the arbitrary-rank setting, so we use matrix notation, but the same notions apply to vector
spikes.

We first recall the following standard tail bound property.

Definition 5.1.2 (Subgaussian). A centered random variable R is o?-subgaussian if, for all

t € R, E[exp(tR)] < exp(%ztz).

Proposition 5.1.3. Let R be a centered random variable. Then, the following conditions are

equivalent.
1. R is o-?-subgaussian for some o2 > 0.
2. There exist C,e > 0 such that P[|R| > t] < Cexp(—€t?) forallt > 0.

3. There exists € > 0 such that Eexp(eR?) < .
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Proof. Clearly (2) implies (3) by integrating the tail bound. Conversely, (3) implies (2) by

Chernoff bound, since
P[IR| = t] = [P’[exp(st) > exp(stz)] < ([Eexp(SRZ))exp(—stZ) (5.4)

for any s < €. Thus (2) and (3) are equivalent.

Moreover, by the same argument as above but choosing s sufficiently small, (3) implies a
stronger version of (2) with the constant C arbitrarily close to 1, since lims_o Eexp(sR?) = 1
so long as this expectation is finite for some positive s. With C = 2, (2) implies (1) by a
slightly involved argument of bounding moments; see, e.g., Lemma 1.5 of [RH17] for this

computation. Finally, (1) implies (2) by another Chernoff bound, completing the proof. [

Subgaussianity will be a useful assumption later, but most immediately in spike priors

we will work with the following weaker notion.

Definition 5.1.4 (Locally subgaussian). A sequence of random variables R,, > 0 is locally
subgaussian with speed p(n) < 1 if, for any n > 0, there exists 6 > 0 such that, for all
t €[0,6p(n)],

P[R, > t] < exp (—nlgr’ﬁ). 5.5)

When p (n) is not specified, we take p(n) = 1. A spike prior (P,,) is locally subgaussian if the

sequence || X" X?||r is locally subgaussian for X' ~ P,, independently.

Often this definition has been given in other works with 202 in the rate denominator, giving
a notion of “locally subgaussian with variance proxy ¢2” by analogy with the usual “global”
notion of subgaussianity (Definition 5.1.2), but such factors can always be absorbed into the
spike prior itself in our setting, so we work with this simpler and stricter definition. We use
the notation p(n) here and below because this will turn out to correspond to the sparsity of

a prior, so that p(n) - n is the typical number of non-zero entries.
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The assumption on spike priors we will usually work with combines local subgaussianity

controlling small deviations with a modest bound on large deviations.

Definition 5.1.5 (Tame prior). A spike prior (P,) is tame with speed p(n) < 1 if there exist

&, T > 0 such that, for any n > 0, there exists a further 6 > 0 such that

1— .
1t? if0<t<édp,
PRIXY X p=t| sexp|-n-{ p2lns? ifsp<t<Tp, |- (56

p?(log(1 + ))& ift = Tp.

In this case, we call T the upper threshold. As above, when p(n) is not specified, we take

pn)=1.

The middle condition for t € [6p, Tp] follows from the bound at t = dp, so this is really
only a combination of local subgaussianity and the bound on t > Tp. We also note that,
in the dense case p(n) = 1, one simple way for a spike prior to satisfy the large deviations
condition of being tame is for it to be bounded in norm.

Lastly, we give some broad classes of natural examples of tame priors. All of our exam-

ples will be drawn from priors having at least the following independence structure.

Definition 5.1.6 (Priors with i.i.d. rows). Let 1 € P(RX). Then, we denote by PT € P(R™k)
the prior formed by sampling X ~ PI' as having iid. rows 71,..., Ty, With T = %rk for

Ty ~ TT Independently.

Below we will use the fact that a centered random variable X is subgaussian with some

variance proxy if and only if F exp(eX?) < o for some € > 0; see Proposition 5.1.3.

Proposition 5.1.7. Let T € P(R¥) have E,.nv = 0, Ey_qvv’ <X Iy, and ||v|| subgaussian with

any variance proxy. Then, (P]]) is a tame spike prior (with speed p(n) = 1).
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Proof. To lighten the notation, let us write P,, = PT for this proof. Suppose X!, X? ~ P,
independently, and let 7{,...,7} ~ ™ and r%,...,72 ~ m, all independently, be the rows of

JvnX"! and /nX?, respectively. Then, we note that

T 1 & T
I X1 X?|F = H" > orlr? : (5.7)

i=1

1 n
=[|=>rler?
F ni:I

Since ||r;|| is subgaussian, Eexp(e|lr;||?) < o for some € > 0. Therefore, the moment
generating function of the law of ril ® riz, i.e., the function M : RX* — R defined by M(u) :=
Ept p2~ eXp({u, v! ® v?)), exists on the ball of radius € centered at the origin, since (u,v' ®
v?) < [lu| - lv! @ v?| = ||lull - vt - 3] < %Ilull(llfulll2 + |[v2]/?). Since this law is centered
and has covariance matrix < I (as this is the tensor square of the covariance matrix of 1),
we have VM (0) = 0 and V2M (0) < I;.. Thus we have that, for any n > 0, there exists § > 0

such that, whenever ||u|| < 6, then

1 2
(mllml >, (5.8)

M (u) < exp

by comparing the second-order Taylor expansions of either side.

Then, the moment generating function of the sum above is bounded by

1< 1 \" 1 1
MM (y) = 1[Ezexp (<’u,, o Z rl-l ® r12>> =M (n'u,> < exp <nm||u||2> (5.9)
7T i=1

whenever ||lu| < dn. Accordingly, taking a Chernoff bound, for any ||lu| < 1 and t < §, we

have

1< 1<
P2 {<u,ni_zlril®rf> > t} = Pe? {< l—nntu,%i;r} ®'ri2> zwll—nntz]

< exp (—n‘z_nt2> . (5.10)
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Now, let V" be a net of $¥*~1, such that for any v € S¥°~! there exists u € N with (u, v) >

.

— 1 .
< ,_7)1%2 max <’U,,n Z’r‘ll ®Ti2> > (1 _ n)l/4t:|

_ue_’N i

(1 — n)Y4. We then have, for any t < §, by union bound,

. |12
PR IXY X2 > t] = Pg* anr} ® r?
i=1

< || exp (—n1;nt2>, (5.11)

giving the local subgaussianity condition (since |/N'| may be taken to depend only on k and
n and thus subsumed into the leading constant).
For the bound on large deviations, we note that, since | X! X2|; < | Xzl X2|F, if

| XY X2||F =t then either || X!||2 > t or | X?||% = t. Therefore, by union bound,

PR IXY X2Ip = t] < 2Pn [IX )2 = t]

1 n
= 2Py oy Z 7il1? >t
i=1
and by Chernoff bound, for C = E,. exp(e|lv]?),

n
< 2( E exp(ellrllz)) exp(—ent)
r~TT

s exp(—n(et —logC)), (5.12)

which gives the required bound for upper threshold T sufficiently large. O

As a special case, this automatically treats the simpler situation of priors with i.i.d. entries.

Corollary 5.1.8. Let T € P(R) have mean zero, variance at most 1, and be subgaussian with

any variance proxy. Then, for any k > 1, (’P&"M)) is a tame spike prior (with speed p(n) = 1).
Finally, we also consider the analogous situation for sparse priors, where we use the case
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p(n) < 1 of the definitions of tameness and subgaussianity. We restrict our attention to the
rank-one case, as it is unclear how to most naturally extend the notion below to “sparsifying”

priors with i.i.d. rows.

Definition 5.1.9 (Sparse priors with ii.d. entries). Let m € P(R) and p(n) < 1. Then, we
denote by P*™ the spike prior formed by sampling  ~ Pri*™ as having x; = \/ﬁwisi,

for w; ~ 1t and s; ~ Ber(p(n)) all drawn independently fori € [n].

Proposition 5.1.10. Let r € P(R) have mean zero, variance at most 1, and be subgaussian
with any variance proxy. Then, for any p(n) < 1, (PR*™) is a tame spike prior with speed

p(n).

Proof. Again, let us write P, = Py "™

to lighten the notation. Following the beginning of
the proof of Proposition 5.1.7, we find that 7t itself satisfies that for any n > 0 there exists

60 > 0 such that, for all |t| < O,

(5.13)

1
— 7.
wlw2~m 241 — n )

E exp(tw'w?) <exp (

Thus we have

t n
1 2 1,,2.1.2
E exp(t{x',x)) 1 [E2~n exp (/m zwiwisisi)

1 02 :
xlxe~Py 1wiz,wl- i=1
si,si~Ber(p)

n

E  exp (tw1w23152>
pn

wlw?~m

s1,s2~Ber(p)

and since s's? = 1 with probability p? and otherwise equals zero, taking the expectation

over these variables first gives

n
t
=(1-p?+p> E exp|—ww?
( prapt | E p(pn
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soif t < 6pn, then

< (1 + p? <eXP (2\/1%;,02112> B 1))n

Choosing ¢ sufficiently small that for all |[x| < 6 we furthermore have exp(2 \712_—”) -1 <

_1

50 x2, which is possible by comparing Taylor expansions, we then have

t2 "
< (1+2(1_n)n2)

t2

Finally, applying a Chernoff bound we have, for t < dp,
PE2[(x!, x?) = t] = P22[(1 — n)nt(x!,x*) = (1 — n)nt?]
< exp (—nl_ntz) , (5.15)

2

which gives the local subgaussianity with speed p(n), with the other tail bound following
by a symmetric argument.
For the large deviations bound, we follow the proof of Proposition 5.1.7. If |[{(x!, ?)| > t,

then either ||x'||? > t or ||z?||*> = t, so, by union bound,

Prill (!, x®)| = t] < 2Pp[llz||® = t]

=2P iiw?s->t
n pnl:1 i°1 =
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and by Chernoff bound, if C = Eexp(ew?),

<?2 ([Eexp(ewzs))nexp(—(—:pnt)
=2 (1 + p?(Eexp(ew?) — 1))nexp(—€pnt)

< 2exp (szn — epnt) , (5.16)

giving the upper bound for t > Tp for sufficiently large T. O

We note that a fairly similar analysis has appeared in [LWB20] using Bernstein’s inequal-
ity to control the overlaps of sparse priors. Our application of Proposition 5.1.10 serves the
same purpose—Bernstein’s inequality similarly interpolates smoothly between different tail
regimes for small and large deviations—but is slightly more flexible in treating subgaussian

underlying distributions rather than only bounded ones.

5.2 GAUSSIAN WIGNER AND WISHART MODELS

5.2.1 BOUNDING WISHART BY WIGNER

We first show a very useful relationship between Gaussian Wigner and Wishart models,
which essentially states that, up to a rescaling and small shift of the magnitude of the signal,
a sign-definite Wishart model is at least as hard as a Wigner model with the same signal
prior. Moreover, this simple relationship even holds pointwise for the link polynomials

$X'5 and ¢ without taking expectations over signal priors.

Lemma 5.2.1. For N,D e N, andT > 0,

HWE(T) < Ppp)® ((g] + D) tr(T)> . (5.17)
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Proof. Since T > 0, we have tr(T*) < tr(T)*. Therefore, working from Definition 4.4.4 of

the polynomials ry 4 appearing in ¢\, we have

1 Ny'™
"wa(T) == > (2) [TUSI=Ditr(T
" mrePart([d]) Sem

d [T
22X s (8) [asi- by

mrePart([d]) Serm

and now, noting that the remaining sum by Definition 4.4.4 and Corollary 4.4.14 is just equal
to d!an 4 from the statement of the Corollary (alternatively, one may compute this directly

as an evaluation of one definition of Stirling numbers of the first kind), we have

a-1
-“a (3

and if d < D, then

< a <<];] + D) tr(T))d. (5.18)

Thus, we have

o

D
PNE(T) = > rnalT) <
d=0 d

(o)) =ae(3r)um). o
.

as claimed. O

To see briefly why this relation will be so useful, recall that we will consider Wishart
models with signals X = BX X T, whereby the overlaps input into d%‘/,if)h will be of the form
B2X' X' X?X?". By the cyclic property of ¢p\/5' (following from the cyclic property of the

¥~,a from Proposition 4.4.6), we will then have

PV (BXI X XX = (XY X (X X)), (5.20)
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where the input is now positive semidefinite and Lemma 5.2.1 applies.

5.2.2 TRUNCATED EXPONENTIAL POLYNOMIALS

In light of the previous result, the only link polynomials whose analytic properties we will
need to consider carefully are the cbgﬁg(t) = Z’i:o %td. One useful device is the following in-

tegral form of these “truncated exponential polynomials;” see, e.g., [DCS03] for this identity

and further information. Recall that, at least for large t, we expect qbgﬁg(t) ES %D!; this result
gives an exact integral expression for the excess in this approximation.
Proposition 5.2.2. For anyt > 0,
D 00 D
Wig .\ _ b7 s S
¢p - (t) = DI JO e (1 + t) ds, (5.21)
and $)E(0) = 1.
Proof. Expanding the integral with the binomial theorem,
D D
N D t JOO -sD-d t Wig
— + )Y = _— ds = — = t 5.22
D!Joe (s+1) dg‘od!(D—d)!oe s s . ¢p (1) (5.22)
with the integrals evaluated as gamma functions. O
Corollary 5.2.3. For any t = 0, we have the bounds
tP Wi ) (2D v t)P
D1 = ¢p E(t) < min {exp(t),ZD! ) (5.23)

Proof. The lower bound is immediate since all terms in qbg”g are non-negative. For the
upper bound, ¢,V)V‘g(v) < exp(v) is again immediate for the same reason. For the remaining

inequality, since qu)V‘g(v) is increasing in v, it suffices to consider the case v > 2D. In this
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case, we bound

b)) = ve J: et (1 + :)Ddu

IA
S 3
0]
X
©
|
Ny
+
<=
-l
N————
Y
Ny

IA
|

<2— (5.24)

and the result follows. O

We also make the following simple observation, which we will use repeatedly to handle

the differentiation of the link function appearing in Lemma 5.1.1.

Proposition 5.2.4. For any D € N andt = 0, %qbg“g(t) = qf%vigl(t) < qs,V)V‘g(t), where we

interpret ¢p""\% = 0.

5.2.3 TENSOR PCA

The following model, first introduced by [RM14], has become quite popular as a tensor-
valued analog of spiked matrix models. We present results on this model before those for
spiked matrix models since, as we will see, the latter are just a special case of the former

where a more precise analysis is possible.

Definition 5.2.5 (Spiked tensor model). Let p > 2 and A = A(n) > 0. Given a sequence P, €
P(R™), the spiked tensor model of order p is the Gaussian Wigner model with N(n) = n”
and signal prior)N( ~ QN’n given by sampling X = Ax®P for x ~ P,. That is, the null and

planted distributions are given respectively by:

- Under Qu, draw'Y € (R™)®? with independent entries distributed as N (0,1).
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- Under P,, first draw x ~ P, draw G € (R™)®? with independent entries distributed as

N(0,1), and observe Y = Ax®? + G.
More briefly, we say (Qu, Pn)n=1 form a spiked tensor model with parameters (A, Py,).

Theorem 5.2.6 (Spiked tensor lower bound: dense, rank one). Suppose (P,) is a tame rank-
one spike prior. Then, there exists ¢ > 0 depending only on p and the tail bounds in the
tameness of the prior such that, whenever D < cn and A < (9p)~P/4nP/4DC-P)/4  then

IL;P|l = O(1) in the spiked tensor model with parameters (A, Py,).

This suggests that, per the extended Conjecture 3.2.3, in time exp(O(n’)) we may dis-
tinguish in the spiked tensor model so long as A > n~P/4-%-2)/4 (pneglecting logarith-
mic factors). For 6 = 0 this concerns polynomial-time algorithms, and the threshold of
A > nP/4 is the same as that achieved by various algorithms in the literature [RM14,
HSS15, ADGM17, HSSS16]. For 6 > O this concerns subexponential-time algorithms, and
the corresponding relationship between computational cost and the threshold A coincides
to other subexponential-time algorithms [BGG*"16, BGL16, RRS17, WEM19]. Finally, for 6 = 1
this concerns exponential-time algorithms, and thus at least informally we expect to recover
the threshold of statistical distinguishability, since we do not expect super-exponential time
algorithms to be of use when exponential-time algorithms cannot distinguish P,, from Q,,.
Indeed, this gives the threshold A < n1~?)/2 which is the threshold below which distin-

guishing is impossible [RM14, PWB16, LML*17, JLM20].

Proof. Let X1 = A(xh)®?, X2 = A(22)®? be two independent draws from P, for two inde-
pendent draws x! ~ P,. Then, the overlap is (X1, X2y = A2(2!, 22)?. Let us write w(t) for

the “rate function” of the tail bound on the overlap that tameness provides: for a given n, é
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parameters of local subgaussianity,

Lhg? ifOo<t<S§,
w(t) =1 L2182 ifs<t=<T, (5.25)

(log(1+t))!*¢ ift > T.

Then, we recall that P2%[|(x!, £?)| > t] < exp(—ny(t)). Therefore, we have

IL;P 112 = Egp) (A% (x!, 2)P) (Theorem 4.1.7)

and, before proceeding, we note that this is monotone in A, whereby we may suppose with-

out loss of generality that A = (9p)~P/4nr/4D@-P/4 = (n/9pD)?/*./D. Continuing,

< Joo exp (—mp (A‘Z/pt”’”>) PYE)dt (Lemma 5.1.1)
0

52
18p?

Let local subgaussianity hold over [0,6] with n = L Let us choose ¢ <

3 so that D <

%n, whereby we have 6P?A% = (6°n/9pD)P/?D = 2P/2D > 2D. Therefore, letting T be the

upper threshold in the tameness assumption on the spike prior, assuming without loss of
generality that T > §, we may divide the integral into four regions and substitute in the

corresponding behavior of ¢ and d)%Vig, as follows:

2D
< J exp (t - ;nA‘Wtz/p) dt
0

SP A2 1 4)pe2) tD
[T exp (—Lna-ire v) L
LD Xp( 3 D!

TP A2 1 > tD
+ PR —_
Lmz eXp( 3"o )D!dt
D

+ J:;AZ exp (—n(IOg(l + t))1+§) t

D!dt

=1A] + A, + A3 + A4, (5.26)
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We now treat the four terms individually, showing that each is O (1) as n — o. We also note
-2
before proceeding that nA=4/7 = 9pr7.
For A;, since t — t2/? is a concave function, on the interval t € [0,2D] we have t?/¥ >

-2
(2D)_n7t as this line is the secant of the function on this interval. Thus we find

00 _p=2
Al < J exp (t {1 — 23””;\4/19D2/p1}) At
0

—(Texp(t[1-27% -3p|) at (5.27)
Jy oo (e )

The remaining rate is strictly negative, so this integral is a finite constant and A; = O(1).
For A, we extend the domain of integration and compute the full integral over R,

o -2
Ar < 1J exp (—3prv tz/”> tPdt
D! Jo

If p = 2, then the integral is at most D! by evaluating it as a gamma function, whereby we
-2
find A, < 1. Thus let us suppose p > 3. Performing the change of variables s = 3pr7t2/p,

we find

1 1 pD+p-2 p-2 o0 pD+p-2
= o3P DT [ e
6D P o

Evaluating again as a gamma function and bounding the result, we find

pDp=2
< LD—VT’Z(DH) pD+p -2
D! 6p
pD+p-2
L e2p) (DY 2
<pP ( 3 )
1 (D\?

which is bounded by Stirling’s approximation, so A, = O(1).
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For A3, we note that the rate term is constant, so we simply have

1 A D
Az < exp (—3n62> J dt

5P A2 E
- 1 52 T”(D+1)A2(D+1)
P30 ) T D)
1 (TZE)p(DH)/ZDDJrl
< _ - 52) . D
P ( 3" (D1 1)!

and using Stirling’s approximation and suppressing a constant,

p(D+1)/2
< exp (—;néz) - (eTZ%)

Assuming without loss of generality that T > e, we see upon taking a derivative that the
second term is increasing with D over all 0 < D < n. Therefore, if ¢ < 1 and D < cn, over

these permissible D the second factor will be maximized by D = cn, with which we find

1, eT?
< exp (—n [36 — pclog (c)]) , (5.29)

whereby choosing ¢ small enough will make the exponent negative, and thus A3z = O(1).
Finally, for A; we may again compare to the integral extended to all of R., and bound

coarsely using D < n:
Ag < J exp (-n [(|og(1 + 1)1 —log(1 + t)]) dt, (5.30)
0

whereby A, = O(1), completing the proof. O

We illustrate this proof in Figure 5.1, comparing the rate function in the tail bound on
the overlap and the truncated exponential polynomials on the exponential scale and showing

how our decomposition corresponds to the different regimes of these functions.
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Remark 5.2.7 (Leading-order behavior and prefactor). The decomposition we have introduced
in the proof above into integrals A; conveniently corresponds to determining increasingly
fine-grained behavior of the threshold of computational hardness: the analysis of A; gives
the dependence of the critical A upon n and D, the analysis of A, gives the exp(®(—p logp))
dependence of the prefactor on p, and the analyses of Az and A4 are essentially generic and

do not use any special properties of the model.

Remark 5.2.8 (Wishart spiked tensor models). It is reasonable to wonder whether there is a

model whose LDLR is given by the Wishart link function ¢}

applied to the tensor over-
lap (x',x?)P. In fact, a similar model appeared recently in [CHK" 20], under the name
of “single-spike block mixtures,” where in the planted model one draws s ~ Unif({+1}4),
x ~ Unif({£1//n}"), and then yi1,...,Yim ~ N (0,I + As;xx™) fori € [d]. This may be
written as a Wishart spiked matrix model with a block-structured covariance matrix, but one
may check that, after applying the comparison bound of Lemma 5.2.1, its LDLR is bounded
by ILzP || < E¢y) B(A%(s!, s2)(x!, x?)?), like a Wigner tensor model with spike As ® = ® .

Our tools should yield a streamlined proof of the results on this model used there; it would be

interesting to understand if such models arise in other settings.

5.2.4 DENSE MATRIX PCA

We now consider spiked matrix models. We recall that we have seen two variants: the
Wishart spiked matrix model of Definition 2.2.4, and the Wigner spiked matrix model of
Example 4.1.2. We restate more precisely and generally the definition of the latter model

below, in particular allowing spikes of arbitrary fixed rank.

Definition 5.2.9 (Wigner spiked matrix model). Let A = A(n) > 0 and k € N, not depending
on n. Given a sequence P,, € P(R™k), the Wigner spiked matrix model is the Gaussian

Wigner model with N (n) = n? and signal prior)? ~ P, given by sampling X = %XXT for
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Figure 5.1: Low-degree lower bounds: dense matrix and tensor PCA. We illustrate the proofs
of Theorems 5.2.6 and 5.2.10, showing the relationship on an exponential scale between the tail
bound on a tame prior and the truncated exponential polynomial. “Knots” where these functions
change behavior are marked with solid circles, and bounds from the proofs are marked with dotted

lines.
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X ~ P,. Equivalently, this is the spiked tensor model with p = 2 and A rescaled by /2, or the

model with null and planted distributions given respectively by:
- Under Qu, draw'Y € R™" with independent entries distributed as N (0,1).

- Under Py, draw G € R™" with independent entries distributed as N (0, 1), and observe

Y=5XX+G.
More briefly, we say (Qy, Py )n=1 form a Wigner spiked matrix model with parameters (A, P,,).

The reason for rescaling A is that, more often, this model is taken with symmetric matrix
observations and G ~ /n - GOE(n) above (or, what is equivalent, G ~ GOE(n) and A
a constant independent of n). The above model is a priori more “favorable” for testing,
since this symmetric model may be recovered by forming Ys¥ym = %(Y +Y7), with the
normalizing factor chosen so that Y™ has the law /n - GOE(n) when'Y ~ Q,. Actually, it
is straightforward to show that the two models are equivalent for the purposes of hypothesis
testing. Under this symmetrizing transformation the /2 in the definition above cancels, so

we expect the model defined above to have the same critical A as the GOE model, namely

A(n) = n.

Theorem 5.2.10 (Wigner spiked matrix lower bound: dense, rank k). Suppose (P,,) is a tame
spike prior. Then, for any € > 0, there exists ¢ > 0 depending only on € and the tail bounds in
the tameness of the prior such that, whenever A < (1 —¢€)yn andD < cn, then |L;P|| = O(1)

in the Wigner spiked matrix model with parameters (A, P,,).

We note that this matches the behavior of the PCA test mentioned earlier, for which the

threshold of distinguishing is A ~ \/n per Proposition 2.2.3.

Remark 5.2.11 (The “Gaussian heuristic”). We mention a useful heuristic argument that can

be used to quickly predict the outcome of such a computation quite easily. Suppose we are in
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the rank-one case of the Wigner spiked matrix model. Then, at the critical scaling, we have
IL:P))% = [Ecl)]\gVig(%Xn(wl,wZ)z) forx of order constant. Since ||z| = 1 for x ~ P,, for “nice”
spike priors we may suppose by a central limit theorem heuristic that /n{x',x?) — N (0,1)
in distribution. In particular, for large n, n{x!',x?)? is approximately distributed as a x*
random variable (with one degree of freedom). Supposing that D — oo slowly enough that
qbgﬁg — ¢pWie “after” this convergence in distribution, we might expect limsup,, ., [IL:P|? <
[Eexp(%?A\gz) for g ~ IN(0,1). This is finite if and only if)A\ < 1, recovering our result above.
It is an intriguing open problem to find a direct way to make this reasoning rigorous with a

quantitative version of the central limit theorem for priors of interest.

Proof of Theorem 5.2.10. We essentially repeat the proof of Theorem 5.2.6 with a few ad-
justments. First, because of our rescaling and the more general rank-k spike prior, we will
have (X1, X?2) = %2\2 | X" X?||%. Recall, though, that by the definition of tameness of pri-
ors, the overlap will satisfy the same tail bound as in the rank-one case used in the proof of
Theorem 5.2.6,

PENXY X2 = t] < exp(—ny(t)), (5.31)

for @ (t) as in (5.25).
Second, we will make full use of local subgaussianity: let n > 0 be a small constant to be

fixed later, and 6 corresponding width of the interval of local subgaussianity. Then,

. 2
ILFPII? = E¢pp® (AZHXNXZH%) (Theorem 4.1.7)
< J exp (—mp (?)) PYE(t)dt (Lemma 5.1.1)
0
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and decomposing as before,

2D n
< .[o exp (t —(1- n)ﬁt) dt

r‘52/\2 D
n t
+ —(1-n)t) —dt
Jep exp( ( ’7);\2 >D!
~C2A2 D
t
(1 - 2) 2
+ Jsoe exp( (1-n)néd )D!dt
(~ 1+& tD
L, o0 (—n(log(1 + 1)1+ 5t

=!A; + Ay + A3z + Ay. (5.32)

We have A3 = O(1) and A; = O(1) by the same coarse bounds as in the proof of Theo-

rem 5.2.6. We choose n sufficiently small that (11_%”)2 > 1. Thus we will have A; = O(1)
and A, < 1 by extending both to full integrals over R.(, and integrating directly for A; and

evaluating A, as a gamma function. O

We also give a graphical illustration of this argument in Figure 5.1 as for the tensor case,
showing how the sharp threshold arises from the small deviation tails exhibiting exponential
decay (with linear exponent) independent of D.

Next, displaying the power of Lemma 5.2.1, we deduce with almost no further work the

corresponding lower bound for the Wishart model.

Theorem 5.2.12 (Wishart spiked matrix lower bound: dense, rank k). Suppose (P,,) is a tame
spike prior. Then, for any B > —1 and y > 0 such that B?/y < 1, there exists ¢ > 0 depending
only on B,y, and the tail bounds in the tameness of the prior such that, whenever D < cn,

then ||L;P|| = O(1) in the Wishart spiked matrix model with parameters (B, y, Py).

Proof. Recall by Proposition 4.4.13 that we may ignore the truncation in the Wishart spiked
matrix model for the purposes of these bounds. Using the cyclic property of Proposi-

tion 4.4.6 to transform the Wishart link polynomials, and then bounding with Lemma 5.2.1,
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we find

||L1§1D||2 _ [E(b\?/l\/;;ljD <E2XlxlTX2x2T>

_ [E(b\;l\/;;l?D <,82(X1TX2)(X1TX2)T>

. 2

<E¢p)® (fy (n - %D) IIX”XZII%) (5.33)
. 2

< E¢p)® (fy (1 + %C) nllX”XZII%> (5.34)

whereby the result holds by taking ¢ sufficiently small that %2(1 + %c) < 1 and applying the

argument of Theorem 5.2.10. O

Remark 5.2.13. As is well-understood in the random matrix literature, for the Wishart model
B?/y behaves as the “effective signal-to-noise ratio,” playing the role of A/ /n from the Wigner
model. Lemma 5.2.1 gives us a pleasantly direct way of applying this equivalence to derive
computational lower bounds, as we have done above. We risk belaboring this point because,
while in all relevant statistical and computational behaviors the analogy between the Wigner
and Wishart spiked matrix models is quite strong, we are not aware of any earlier works that

have found tools to directly compare one to the other.

5.2.5 SPARSE MATRIX PCA

Finally, we also consider the case of the setting of the previous section where the spike prior
is sparse (here we mean having sparsity p(n) = o(1), in contrast to the constant sparsity

discussed in Example 2.4.1).

Theorem 5.2.14 (Wigner spiked matrix lower bound: sparse, rank one). Suppose (P,) is a
tame rank-one spike prior with speed p = p(n) satisfying that liminf,_. p(n)?>n > 0. Then,

for any € > 0, there exists ¢ > 0 depending only on € and the tail bounds in the tameness of
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the prior such that, whenever A < (1 —¢€)/n and D < cp®n, then |L;P| = O(1) in the Wigner

spiked matrix model with parameters (A, P,).

The result suggests that it is possible to distinguish in the spiked matrix model (Wigner in
this case, or Wishart below) in time exp(O(p?n)) for a prior of sparsity p. This matches
the threshold achieved by algorithms that enumerate principal submatrices of size p*n x
p?n and search by brute force for such a submatrix with a large eigenvalue, as proposed
concurrently by [DKWB19, HSV20]. For polynomial-time algorithms this suggests that p <
1//mn is required when A < (1 —€)/n (below the PCA or BBP threshold), which is compatible
with the algorithms of [JL09, DM14], the SOS lower bounds of [MW15, HKP*17], and the

reduction arguments of [BR13, WBS16, BBH18, BB19b].

Proof. We recapitulate the proof of Theorem 5.2.10 with a few adjustments. As there, let
n > 0 be a small constant to be fixed later, and 6p the corresponding width of the interval

of local subgaussianity. Then,
wig [ A®
ILPN? = Edp ® ?(CIJI,CEZ)Z (Theorem 4.1.7)

where we note that this expression is increasing in A, so we may suppose without loss of
generality that we have A = (1 — €)/n. Then, choosing c sufficiently small depending on
5, we will have 2D < 2cp?n < §%p?A? = (1 — €)25%p?n, whereby we may proceed with our
usual bound

< Jm exp (—mp (J;T)) PYEW) At (Lemma 5.1.1)
0
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and our usual decomposition of the integral:

2D n
< Jo exp <t —(1 - n)ﬁt) dt

52[72/\2 n tD
—I—“( exp (—(1—n)ﬁt> ﬁdt
T2p2)2 ) ¢D
+ J2 e exp (—(1 - n)op n) ﬁdt
® 2 1+& tD
+ | . exp (—p n(log(l+1t)) ) ﬁdt
= A1 + Az + A3 +A4. (535)

The proof is now mostly identical to that of Theorem 5.2.10: Ay, Ay, A3 = O(1) by the same
arguments, with 7 replaced by p?n throughout and noting that the assumption D < cn has

been replaced with D < c¢p?n accordingly. The only small difference is in A4, where we have

Ay < J: exp (—p*n [ (log(1 + 1)) —log(1 + 1)), (5.36)

and here we use the assumption that p?n is bounded above 0 for sufficiently large n so that

this is O(1) as well. 0

Theorem 5.2.15 (Wishart spiked matrix model: sparse, rank one). Suppose (P,) is a tame
rank-one spike prior with speed p = p(n) satisfying that liminf,_. p(n)°n > 0. Then, for
any B > —1 and y > 0 such that 2]y < 1, there exists ¢ > 0 depending only on B,y, and the
tail bounds in the tameness of the prior such that, whenever D < cp?n, then ||[L:P|| = O(1)

in the Wishart spiked matrix model with parameters (B,y, Py).

The proof is identical to that of Theorem 5.2.12, essentially following immediately from

Lemma 5.2.1.
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5.3 CONSEQUENCES FOR CERTIFICATION

We finally arrive at our applications to certification for constrained PCA problems. Here, of
the above results, we will draw only on the Wishart spiked matrix model, Theorem 5.2.12
above. This will be combined with the reduction results from Chapter 2.

It will be convenient to have a tool to truncate priors to force them to be B-good, as we

have seen is important for our reduction arguments with the Wishart spiked matrix model.

Definition 5.3.1 (B-truncation). For B > —1 and P € P(R™), define truncg(P) € P(R™K) by
sampling X ~ truncg(P) by first drawing X9 ~ P, and setting X = X O if | X O |2 > -1,

and X = 0 otherwise.

The following are the important properties of this definition: truncation makes a spike prior

B-good and does not change the Wishart spiked matrix model.
Proposition 5.3.2. truncg(P) is B-good for any P € P(R™K),

Proposition 5.3.3. The Wishart spiked matrix models with parameters (B,y,P,) and with
parameters (B, y,truncg(Py)) are identical (in the sense of having the same sequences of

probability measures (Q,, Py)).

Thus any hardness result for the Wishart spiked matrix model with spike prior (2, ) will
also hold with spike prior (truncg(Py)).
We also introduce the following notion of “B-goodness in probability,” which all of the

spike priors we consider will satisfy.

Definition 5.3.4 (Weakly B-good). For § > —1, call a spike prior (P,,) weakly B-good if, under
X ~ P, BI X |I? > —1 with high probability.

Indeed, it suffices to have || X || — 1 in probability to have (P, ) weakly B-good for all 8 > —1,
and this is usually just a matter of normalization as convergence to some limiting norm

should hold for most spike priors of interest. Under this condition, we have the following.
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Proposition 5.3.5. If (P,) is weakly B-good, then P, and truncg(P,) may be coupled such

that draws from either are equal with high probability.

We will use these simple facts to argue as follows: suppose P, is one of the tame pri-
ors with independence structure as in Definitions 5.1.6 and 5.1.9. If (?P,) satisfies all of
the conditions of the reductions of Chapter 2 (Corollaries 2.3.3 and 2.3.4) except for being
B-good, but (P,) is weakly B-good, then truncg(?,) will satisfy all of the conditions, and, as-
suming that better-than-spectral certification is possible for an associated constrained PCA
problem, we can infer that it is possible to distinguish in the Wishart spiked matrix model
with parameters (B, y, truncg(?,)). But this model is identical to the Wishart spiked matrix
model with parameters (S, y,P,), so our hardness results concerning Wishart models with
spike prior (27, ) apply. We elide this essentially trivial but somewhat convoluted reasoning
in the proofs below.

Our first result concerns certification in the SK Hamiltonian. This gives rigorous evidence
addressing the question of whether better-than-spectral certification is possible, that was
first raised by Montanari following the publication of [MS16] (for example it is mentioned

more explicitly in [Mon18]), and later repeated in [JKR19].

Corollary 5.3.6 (SK Hamiltonian [BKW20b]). Let X = {+1//n}". If the extended Conjec-
ture 3.2.3 holds,’ then there exists no algorithm that runs in time O(exp(n'=%)) for 6 > 0
and certifies a bound on Mx (W) that is with high probability at most 2 — € for € > 0 when

W ~ GOE(n). On the other hand, Mx (W) — 2P, =~ 1.526 in probability.

Proof. The final statement is the deep result of [Gue03, TalO6]; see also [Pan13] for a text-
book treatment and [CRO2] for numerics justifying the number we give. A simpler upper

bound of 2+/2 /1 follows from the Fernique-Sudakov inequality (Corollary 3.12 of [LT13]).

2Really, we only need the conjecture to apply to the particular Wishart spiked matrix model described in
the proof. The same also applies to the remaining results in this section.
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Let t = Unif({1,-1}) € P(R) be the Rademacher distribution. The mean of T is
zero, the variance is 1, and the distribution is bounded, so, by Proposition 5.1.7, (P]) =
(Unif({x1//mn}")) forms a tame spike prior. This spike prior is also -good for any > —1,
as * ~ PT has ||xz]| = 1 almost surely. Lastly, we have x € X = {£1//n}" almost surely
when x ~ P

Suppose there exists an algorithm certifying a bound of at most 2 — € on Mx (W) with
high probability when W ~ GOE(n) and running in time T(n). Then, by Corollary 2.3.4,
there exist § € (—1,0), y > 1, and an algorithm that can distinguish (P,) from (Q,) in the
Wishart spiked matrix model with parameters (B, y,?7) in time T(n) + O(1). On the other
hand, since B2/y < 1 for these parameters, by Theorem 5.2.12 we have [|[L:P| = O(1) for
any D = D(n) = o(n) in this model. Therefore, assuming Conjecture 3.2.3 holds, we must

have T(n) = exp(n'~9) for any 6 > 0. O

Clearly, the argument also goes through unchanged for any X such that there exists some 7T
satisfying the hypotheses of Proposition 5.1.7 (in the rank-one case) such that when x ~ "
then x/./m € X with high probability. For example, this treats the constraint set X = {x €
s 1:||xllg < pn} for any p > 0, showing the same result.

Next, we present an example where the additional flexibility of the “planting near X”
reduction in Corollary 2.3.3 is useful. This addresses a question posed by Montanari and
Richard in [MR15] concerning the performance of semidefinite programming relaxations for

non-negative PCA.

Corollary 5.3.7 (Non-negative PCA [BKW20a]). Let X = R" n S"~1. If the extended Conjec-
ture 3.2.3 holds, then there exists no algorithm that runs in time exp(n'-?) for § > 0 and
certifies a bound on My (W) that is with high probability at most 2 — € for ¢ > 0 when

W ~ GOE(n). On the other hand, Mx (W) — /2 in probability.
Proof. The final statement is the result of Theorem 2 of [RM14]; the upper bound alone
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follows from a straightforward application of the Fernique-Sudakov inequality.
Fix some p € (0,1). Let it € P(R) be the centered Bernoulli distribution, that which

samples x ~ 1T as
1*7" with probability p
X = (5.37)
—\/g with probability 1 — p
The mean of 1 is zero, the variance is 1, and the distribution is bounded, so, by Proposi-
tion 5.1.7, (P]7) forms a tame spike prior.

P, is not itself B-good, for any B > —1, since under x ~ P, we may have ||z|? = 1_7" at
the largest. However, ||x||? is an average of n i.i.d. bounded random variables, and its mean
is 1, so by the law of large numbers ||z||? — 1 in probability and thus P,, is weakly B-good.

For © ~ Py, let ' have entries x; = 0 vV x; = 0. Then, ' € X = R} almost surely. We
also have (z,x’) = 1*7" -#{i e [n]:x; >0}/n — 1— p in probability. Thus, for any 8 > —1
and 6 > 0, taking p = 6/2 above we will have that truncg(Pj;) satisfies the hypothesis of
Corollary 2.3.3, with K = 1.

We may then conclude as before: suppose there exists an algorithm certifying a bound
of at most 2 — € on Mx (W) with high probability when W ~ GOE(n) and running in
time T(n). Then, by Corollary 2.3.4, there exist § € (—1,0), y > 1, and an algorithm
that can distinguish (P,,) from (Q,) in the Wishart spiked matrix model with parameters
(B,y,P) in time T(n) + O(1). On the other hand, since B2/y < 1 for these parameters, by
Theorem 5.2.12 we have ||[L;P|| = O(1) for any D = D(n) = o(n) in this model (noting that
applying truncg to the spike prior does not change the spiked Wishart model). Therefore,

assuming Conjecture 3.2.3 holds, we must have T(n) = exp(n'~?) for any 6 > 0. O

Lastly, we treat an example where both the constrained PCA problem and the associated
Wishart spiked matrix model have rank greater than one. This is the Gaussian analog of the
coloring problem discussed in Section 2.5 (or, more broadly, of the problem of finding the

largest “k-cut” or “k-multisection” in a graph, which is just an improper coloring with the
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number of monochromatic edges minimized), and also is the analog of the SK Hamiltonian
with “Potts spins.” Under the latter interpretation this model is prominent in the statisti-
cal physics literature [ES83, GKS85] (see also [Pan18] for a modern mathematically-rigorous
analysis), and through that connection it has been related to the problem of finding max-
imum multisections in sparse random graphs in the same way that the SK Hamiltonian is

related to maximum cuts [Sen18].

Corollary 5.3.8 (Potts spin glass Hamiltonian [BBK*20]). Let k = 2. Let vy,...,vx € SK!
be unit vectors pointing to the vertices of an equilateral simplex, such that ||v;|| = 1 and
(vj,vj) = —ﬁ whenever i # j. Let X ¢ R™ =D pe the set of matrices X all of whose rows
equal \/gvi for some i € [k]. If the extended Conjecture 3.2.3 holds, then there exists no
algorithm that runs in time O (exp(n'=°)) for § > 0 and certifies a bound on Mx (W) that is

with high probability at most 2(k — 1) — € for e > 0 when W ~ GOE(n).

We note that 2(k — 1) is indeed the spectral bound, since || X ||12c = k-1 forany X € X. Also,
the case k = 2 recovers our above result for the SK Hamiltonian. What is more typically
called the “Potts spin glass Hamiltonian” is the function H(o) = ijzl 1{o (i) = o(j)}Wij
over o € [k]", but this is merely a rescaling and negligible shift depending only on W of
the quantity optimized by Mx(W). A Parisi formula analogous to the SK Hamiltonian has
been established rigorously in this model by [Pan18], but the numerical value of the ground

state energy does not appear to have been studied extensively.

Proof. The proof is essentially identical to that of Corollary 5.3.6, with suitable higher-rank
notions substituted in as needed. Let m = Unif({/k — 1vy,...,Vk — 1vg}) € P(R¥1). The
mean of 1T is zero, the covariance is k—;l Z’le v;v; = Ix_1, and the distribution is bounded,
so, by Proposition 5.1.7, (PT) forms a tame spike prior. This spike prior is also weakly

B-good for any f > —1,as X ~ PJ has X' X = ’%zﬁlvg(i)v;(i) for o (i) ~ Unif([k])

independently, so XX — (k — 1)[Evg<i)v;(i) = Iy_; in operator norm in probability, and
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thus || X || — 1 in probability. We also have ||X||12: =k —1 and X € X almost surely when
X ~Pr.

Suppose there exists an algorithm certifying a bound of at most 2(k — 1) — € on Mx (W)
with high probability when W ~ GOE(n) and running in time T(n). Then, by Corol-
lary 2.3.4, there exist § € (—-1,0), y > 1, and an algorithm that can distinguish (P,)
from (Q,) in the Wishart spiked matrix model with parameters (j, y,truncg(?})) in time
T(n) + O(1), and so the same holds with parameters (f,y, P ) by our remarks following
Definition 5.3.4. On the other hand, since ?/y < 1 for these parameters, by Theorem 5.2.12
we have ||[L;P|| = O(1) for any D = D(n) = o(n) in this model. Therefore, assuming Con-

jecture 3.2.3 holds, we must have T(n) = exp(n'~9) for any § > 0. O

5.4 NEF-QVF MODELS

Finally, we give some ancillary applications of the tools we have developed for working with
low-degree polynomial algorithms in NEF-QVF models. These do not concern certification,

but give new results for related models of general interest.

5.4.1 STOCHASTIC BLOCK MODEL

First, we show how to use our results for comparing NEF-QVF models (Section 4.3.3) to
recover the well-known Kesten-Stigum computational threshold in the symmetric stochas-
tic block model with k communities (see, e.g., [Abb17, Moo17] for surveys of this model).
We also sharpen previous low-degree lower bounds of [HS17] for this model, showing that
polynomials of degree Q(n) are required to distinguish P,, from Q,, in the conjectural hard

regime, and give a simpler argument based on the general principles from Part L.

Definition 5.4.1 (Stochastic block model). The symmetric stochastic block model with k com-

munities and parameters a,b > 0 is specified by the following null and planted distributions

133



over graphs on vertex set [n].

- Under Q,, each edge occurs independently with probability %.

- Under P, assign each vertex i € [n] a random community o (i) ~ Unif([k]) inde-
pendently. Then, an edge between vertices i,j € [n] occurs with probability % if

o (i) = o (j) and with probability 2 if o (i) + o (j).

a+b(k-1)
k

Note that the model is calibrated so that the average degree of any vertex is under

either the null or planted distribution.

Corollary 5.4.2. If (a—b)? < k(a+(k—1)b), then there exists a constant ¢ > 0 depending only
on a, b, and k such that, whenever D < cn, then ||L;P|| = O(1) in the symmetric stochastic

block model.

Proof. We may rewrite the null model as making independent observations from Ber(u)

with g = #0U2 Eor the planted model, as we did for the Potts spin glass, let us write
v1,...,0c € SK71 for the unit vectors pointing to the vertices of an equilateral simplex, so
that [[v;l| = 1 and (v;,v;) = —k%l whenever i = j. Then, we may rewrite the planted model

as making independent observations from Ber(xy; j;), where

a+b(k—1)+(k—1)(a—b)

kn kn
L—(—J
u

Xii,jt = (Vo (i), Vo (j))- (5.38)

Let us write X € R™*k for the matrix whose ith row is \/%va(i). Then, the z-scores are

Xy — M a->b 1

200 = - V" ke kDB VoA

(XX7)y (5.39)

Let us suppose that we also make n further observations, corresponding to the formal

“diagonal” case i = j above, with the same distribution Ber(u) under Q,, and with x; ;; =
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2(u + W). Clearly including these further observations will only increase ||[L:P|| (in

the orthogonal polynomial decomposition of the squared norm, this change will only add
new non-negative terms). With this adjustment, the overlap between the z-scores of two

independent & drawn as above is

R, = (2!, 22) = tr( X' X' X?X?"), (5.40)

n (a — b)? 1
2k(a+(k-1)b)1—pu

for X! drawn independently as functions of two draws o' of the community labels.
We note that the Bernoulli NEF-QVF has v, = —1, as its variance function is V(u) =
u(l — p) = —p? + p (recall that v, is the quadratic coefficient in this polynomial). Then, by

Theorem 4.3.11, we have
ILZP1I% = EPR™ (Ru; —1) (5.41)
and by the “channel monotonicity” comparison of Theorem 4.3.14 we may bound

< Epp* (Rn; 0) (5.42)

and we recall that cl),'\)/'or(-;O) = d)Y)Vig since the NEF-QVF with v, = 0 is the Gaussian Wigner

family, so

_pgWe(n__(a-b)’ 1 1wl y2y2'
— Edp (2k(a+(k_1)b)1_utr(XX XX )) (5.43)

Finally, we note that u — 0 as n — oo, so under our assumptions for sufficiently large n

there will be some A € (0, 1) such that

A~

< Eg)) e (AZ" : tr(XleTXZXZT)) . (5.44)
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This is precisely the norm of the LDLR in the Wigner spiked matrix model (Definition 5.2.9)
with a rank-(k — 1) spike prior (P,) given by the law of X and with signal-to-noise ratio
A =+An. By our discussion in the proof of Corollary 5.3.8 the spike prior (2,) is tame, so

by Theorem 5.2.10 we have ||L;P| = O(1) under the stated conditions, as A< 1. O

5.4.2 A NON-GAUSSIAN MATRIX PCA MODEL

Finally, we show how some of the ideas developed for NEF-QVF models can be adapted
to treat a Wigner spiked matrix model with non-Gaussian noise. We treat this model as a
“stress test” of the low-degree method and Conjecture 3.2.3, since, as we will detail below,
it is already known from [PWBM18] that the model we consider has no hard regime. How-
ever, we will see that the low-degree analysis still sheds light on what kinds of tests can or
cannot successfully distinguish these models, and perhaps more broadly on the power and
limitations of low-degree polynomials.

Though we work with a distribution borrowed from an NEF-QVEF, we will still be interested
in noise applied additively like in the Gaussian Wigner model, rather than within an NEF-QVF
as for the kin-spiked NEF-QVF model of Definition 4.3.1, so we make the following alternative

definition for this application.

Definition 5.4.3 (Additively-spiked NEF-QVF model). In the same setting as Definition 4.3.1

(the kin-spiked model) but with P,, now a probability measure over RN™ | define:
- Under Q,, draw y; ~ 5‘% independently fori € [N(n)].

- Under P, first draw x ~ P,, and z; ~ ﬁum independently for i € [N(n)], and observe

Yi=Xi+ zi.

In particular, we will study a model with noise distributed according to pse<" the probabil-
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Figure 5.2: Hyperbolic secant distribution. We plot the density w(x) of the hyperbolic secant
distribution used in Theorem 5.4.7, showing that it is a smoothed variant of the better-known
Laplace density %exp(—lxl).

ity measure on R which has the following density w (x) with respect to Lebesgue measure:

1 lsech(Trx/Z). (5.45)

wix) = 2 cosh(1rx/2) T2

This density belongs to the rather obscure class of “generalized hyperbolic secant” NEFs
mentioned in Table 4.2. It may be viewed as a smoothing of the Laplace distribution; see
Figure 5.2.3

We next specify the spiked matrix model we will study. For the sake of convenience
here and in some further discussion of open problems inspired by this model that we give
in Section A.5, we give a definition rather orthogonal to our previous treatment, fixing the

spike distribution and considering varying noise rather than vice-versa.

Definition 5.4.4 (Rademacher-spiked Wigner matrix models). Given a probability measure p

over R and A > 0, the Wigner Rademacher-spiked matrix model with parameters (p,A) is

3This density has some other remarkable mathematical properties: (1) like the Gaussian density, up to
dilation w(x) is its own Fourier transform, and (2) w(x) is the Poisson kernel over the strip {z : Im(z) €
[-1,1]} c C.
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specified by the following probability distributions over R(%):
- Under Qu, we draw Yy; j; ~ p independently for all i < j.

- Under P, we first draw x ~ Unif ({x1}") and Y{(S}} ~ p independently for alli < j, and

then set Yy j; = %Xin + Y{(E}}.

We omit the diagonal observations with i = j for the sake of convenience; it is straightfor-
ward but tedious to adapt the argument to include these, but with this change we would
have Y = %waf +Y © as symmetric matrices under P,,.

In Section 2.2 we presented results concerning testing in such a model, partiularly using
the PCA test of thresholding the largest eigenvalue of Y, for the same model with p the
standard Gaussian measure. How, if at all, does that picture change for a different noise
distribution? The following characterizes two testing algorithms related to computing the
largest eigenvalue. For Y itself, for sufficiently large A, the largest eigenvalue undergoes the
same pushout effect as in the Gaussian model under P,, and becomes larger than the typical
largest eigenvalue under Q,,. It turns out, however, that it is suboptimal to merely compute
and threshold the largest eigenvalue of Y’; instead, the optimal algorithm is to first apply an

entrywise transformation and only then compute and threshold the largest eigenvalue.

Proposition 5.4.5 (Better-than-BBP testing [CDMF09, PWBM18]). Define Ay := 2/2/1 ~ 0.9.
In all of the statements below we refer to P, and Q,, in the Wigner Rademacher-spiked matrix

model with parameters (p%", A).

- If A > 1, then P,, may be distinguished from Q,, in polynomial time by the PCA test,

P if ZAmax(Y) = 32+ A +271),

fPCA(Y) = (5.46)

g otherwise.

- IfA < 1, then fP<A fails to distinguish P, from Q.
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- If A > Ay, then P, may be distinguished from Q,, in polynomial time by the pre-
transformed PCA test:

P if FAmax (Ftanh (3Y)) = 3(2A, + A2 - A +A7D),

ftPCA(Y) = (5.47)

g otherwise.

Here, tanh(-) is applied entrywise to the matrix argument.
- If A < Ay, then P, and Q,, are statistically indistinguishable.

The threshold A, is related to the Fisher information in the family of translates of psech
as Ay = (7, w'(x)?/w(x)dx)~'/2, and the optimal entrywise transformation is the loga-
rithmic derivative %tanh(%x) = —w'(x)/w(x); the results of [PWBM18] show that both
relationships hold for optimal tests in non-Gaussian spiked matrix models for a broad class
of noise measures.

Let us consider how these facts interact with low-degree predictions. Heuristically speak-
ing, while low-degree polynomials can approximate the test f°“A via the power method, the
transcendental entrywise tanh(-) transformation used by ftP¢A seems rather ill-suited to
low-degree polynomials. We show below that, indeed, if we attempt to carry out the low-
degree prediction for this problem while bounding the entrywise degree of the polynomials
involved—the greatest power with which any given entry of Y can appear—then we obtain
an incorrect threshold. Loosely speaking, this suggests that some analytic computation like

the transcendental tanh(-) operation is in fact necessary to obtain an optimal test.

Definition 5.4.6 (Entrywise degree). For a polynomial p € R[y1,...,yn], write deg;(p) for

the greatest power with which y; occurs in a monomial having non-zero coefficient in p.
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Theorem 5.4.7. Suppose D € Nand0 < A < Ay + ﬁ. Then,

I B

maximize Ey_p, f(Y)
subjectto f, € R[Y],
lim sup - - < +o00, (5.48)

oo deg;; jy (fu) = D forall {i, j} (),

[EY~ann(Y)2 =1

That is, when we restrict our attention to polynomials of entrywise degree at most D a
constant not growing with n, the apparent computational threshold suggested by the corre-
sponding low-degree calculation shifts by Q(1/D) from the true value.

This limitation applies, for example, to an approach suggested by [DHS20]. The authors
propose to build tests and estimators for spiked matrix models that remain effective under
heavy-tailed noise distributions by using polynomials that sum over monomials indexed by
self-avoiding walks on the matrix Y. In particular, they show that, for A > 1—the optimal
“BBP threshold” for Gaussian noise—such polynomials can successfully distinguish P,, from
Q;, in Wigner Rademacher-spiked matrix models with parameters (p,A) for a wide variety
of measures p, ranging from Gaussian p to very heavy-tailed p for which fPCA fails severely.
However, our result implies that, since these polynomials have entrywise degree 1 (that
is, they are multilinear), such polynomials (and many generalizations thereof to higher but
bounded entrywise degree) cannot distinguish for all A > A,, and thus are suboptimal for
this model.

To prove Theorem 5.4.7, we will need to develop some analogs for the additively-spiked
model to the tools we developed earlier in Section 4.3.1 for working with the orthogonal
polynomials of NEF-QVFs for the kin-spiked model. We return here to the setting and ter-
minology of Section 4.3. First, we write the precise generating function relation between the

likelihood ratio and the orthogonal polynomials (as given in [Mor82]).
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Proposition 5.4.8 (Generating function). Let u € Q and write @ (n) = Ex-3, [exp(nx)]. Then,

t k
2. Z“,i,) Py =exp (v (@) (1) — w(w) L (1). (5.49)
k=0 '

Note that here we are “rebasing” the NEF-QVF to have p, as the base measure by our defini-
tion of ¢ (-). One may view this result as generalizing to NEF-QVFs the generating function
exp(ty — %tz) for Hermite polynomials (Proposition 4.1.14). The key property of such gen-
erating functions is that y appears linearly in the exponential. (Indeed, as early as 1934,
Meixner had essentially discovered the NEF-QVFs, albeit only recognizing their significance
in terms of this distinctive property of their orthogonal polynomials [Mei34, Lan75].)

This linearity allows us to prove an “addition formula,” expanding the translation oper-

ator in orthogonal polynomials.

Definition 5.4.9 (Translation polynomials). Let Tx(y;u) € R[y] be defined by the generating

function

Z“(t)k . . -1
> T T = exp (v () (D). (5.50)
k=0 ’

Also, define the normalized versions

A\ 1
T(y;u) = Ti (X5 1). (5.51)
s VR Jag(y) < OH
Proposition 5.4.10 (Addition formula). For all x,y € R and u € Q,
k
k
pr(x+yp) = > (E)Tk_e(x;u)m(y;u). (5.52)
=0

Proof. This follows from expanding the generating function (5.49) at x + y as a product of

two exponential generating functions. O

Finally, we obtain the additively-spiked version of Corollary 4.3.6 by taking expectations
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and using the orthogonality of the py.

Proposition 5.4.11 (Additively-spiked expectation). Forallk € N, uy € Q, and x € R,

E pr(x+yiu) = Telx; ). (5.53)
Y~Pu

Proof. This follows from taking expectations on either side of (5.52), observing that the only

non-zero term is for £ = 0 by the orthogonality of the py, and noting that po(y;u) =1. O

Following the argument of Lemma 4.3.7 for the additively-spiked model and using Propo-
sition 5.4.11 instead of Corollary 4.3.6 gives the following result for the orthogonal polyno-

mial components of the likelihood ratio.

Lemma 5.4.12 (Components under additive spiking). In the additively-spiked NEF-QVF model,
for all k € NN,

N
{n ?ki(xi;#ln,i):| : (5.54)
i=1

(L, P (-5 pn)) = m~[E’P

n

We now analyze the translation polynomials Ty from Definition 5.4.9 for the NEF gener-
ated by psech. First, note that the mean and variance of ps" are u = 0 and V(0) = 1, and
more generally the variance function in the generated NEF is V(u) = u® + 1 (per Table 4.2),
where in particular the quadratic coefficient is v» = 1. Thus the associated normalizing
constants are ax(vy) = (k)2 and ax(v») = k!.

Recall that the translation polynomials admit a generating function expressed in terms

of the cumulant generating function of ps<". We therefore compute

wp(0):= [E exp(Oy)= 1 Jm sech (H) exp(0y)dy = —log(cos 0), (5.55)
y~psech 2 ) 2
@' (0) = tan(0), (5.56)

whereby the translation polynomials for u = 0 (the mean of ps<h) have the generating func-
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tion

k
> %Tk(y;()) = > " T (1;0) = exp (ytan‘l(t)) : (5.57)
k=0 " k=0

Before proceeding, we also establish some preliminary bounds on the coefficients and

values of these polynomials. We denote by [x?](p(x)) the coefficient of x? in a polynomial

or formal power series p(x).

Proposition 5.4.13. Forallk > 1 and ¥ > 0,

-1
xR0 < 1k = £ (mod 2), £ > 0) 28— (5.58)

Proof. Expanding the generating function, we have

[x!1(Tx(x)) = [t*x](exp(x tan~!(1))) = %[tk]«tan-l(t))f). (5.59)

If k > 1 and £ = 0, then this is zero. Since the coefficients in the Taylor series of tanh™' (t)

are [t*](tanh ' (t)) = 1{k = 1 (mod 2)}(—=1)*-1/2/k we may bound

I[x?1(Tr(x))| < 1{k = £ (mod 2),42>0}l > 1

| 1
g' ay,..,ap=1 Hi:l a;
ay+---+ap=k

(5.60)

C(;:,#)

We now show that c(k, ) < (2log(ek))?~1/k by induction on £. Since c(k,1) = 1/k, the

base case holds. We note the bound on harmonic numbers

k
> i < log(ek) for all k = 1. (5.61)
a=1

Supposing the result holds for c¢(k, € — 1), we expand c(k,¥) according to the value that ay
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takes:

k-1 1
c(k,0) < > —ck—a, -1

a=1

< (2log(ek))!=2 Z é (inductive hypothesis)

_@ Iog(ek))‘/ 21! (1 )
g a -a
(2|og(ek))f 2
< S 2log(ek), (by (5.61))
completing the argument. O

This yields the following pointwise bound. As we will ultimately be evaluating this on
quantities of order O(n~!/2), what is most important to us is the precision for very small

arguments.

Corollary 5.4.14. Forallk = 1 and x > 0,

~ X1 (ek)* if k odd,
1Tk (x)| =< (5.62)
x2 . 28R (ok)2x jfk even.

Proof. Write £, = 1 if k is odd and ¥, = 2 if k is even. We bound by Proposition 5.4.13,

)ﬁl

[ Tr(x)| < 7 Z (2Iog(ek) S
k Lo
_ x"(2log(ek)) ! K (2log(ek)x)t—to
k Fark £ —{y)!
L fo-1
<X O(Z'ng(ek)) " exp((2log(ek)x), (5.63)
and the result follows upon rearranging. O

We now proceed with the proof of our main result.
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Proof of Theorem 5.4.7. First, applying Lemma 5.4.12 to the hyperbolic secant spiked matrix

model, the coefficients of the likelihood ratio are given by, for any k € N([g]),

~ . N A
(Ln(Y), Py) = XEETn { l_[ Thyi gy (X{i,j})} = m~Unif[(E{t1}") |: 1_[ Thyi gy <\/ﬁxixj>} . (5.64)

1<i<j<n 1<i<j<n

First, we observe that our specific choice of x € {+1}" allows an interesting further
simplification: thanks to this choice, we can decouple the dependence of the components of
L,, on A from the dependence on x. Note that, by the generating function identity (5.57), for
all k > 0 we have that Tx(x) contains only monomials of the same parity as k. Therefore,

forall k N(hzﬂ), we have
(Ln, Py = [ | T, (Aﬁ) -E {ﬂ(xl-xj)ku} : (5.65)
i<j n7io=|ig

Here and in the remainder of the proof, we write k;; = k;;jy andi < jforl <i<j<nto
lighten the notation. Let us also write [k|« := max;<; ki;.

Next, we note that, since the second factor above is either O or 1, we may further bound

(L, Py

IA

M (5| ¢ e |

i<j i<j

When |k|. < D, then, by Corollary 5.4.14, we may continue

i<j ij
kij>0

% 1+1{k;i; even}
< T DI gk, itk en (?ﬁ) g{ﬂ(xixj)k”}- (5.66)
i<j

We now follow our usual strategy from previous examples. Squaring and rewriting this
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as an expectation over two independent x!, 2 ~ Unif ({+1}") (Proposition 4.1.4), we find

|(Ln Pk)|2 E 1—[ (eD) (2Iog(eklj))21{k” even}< A )2(1+1{kij even}) (Xlx2xlx2)kij (5.67)
b —_ i i - -
i<j li v Y
kij>0

Summing over |k|. < D, we then find

> L, Py)I?
keNN
k|w<D
v A2 2 2\4 D 4] 2
< E 1|1+ D)?ne Z = (x]xixix3)k + (eD)* M(x x;xjx5)*
x!z? i<j h k k=1 k
kodd k even

and, using that the x{* are Rademacher-valued,

A A2 b o2 At 2 4log(ek)?
= l[]E2 | | 1+ (eD) V"nxllxizle-xjT Z ﬁ-l-(eD) ﬁﬁ Z T2
THTT 1<i<j<n k=1 k=1
k odd k even

. 1 mw? _2 1 0 dx 1 1
Here, using that > ., o = g = AvCand Dt=p)2 oI 2 Ipj2 OxaD? = D73 = 3p0 We

may write

X XXX (2\ - S’D) 0 (n)

(2\2_31[)) > xix? 1-xJZ-JrO(l))

l<i<j<n

ET] <1+(eD)2v"AW

1g2  +4
THTT 1<i<j<n

IA

ZB-'E

[E ,EXp ((eD)zm

1 (:Bl 332)2
xlu,ixz exp ((eD) Ty 2 (7 a 7)

AZ 3D +O(1)>’

146



where we absorb the diagonal terms from (x!,x?)?/n into the O(1) term. Finally, by our

assumption we have A < A +535. Therefore, A% < A2 + 5005, S0, A2(A;2—55) < 1= g5+ 3005 <

1- ﬁ, and thus, for sufficiently large n, we will have

1 1\ (x!, x?)?
swl[’szexp<2(l—20D) : +o<1>). (5.68)

The remaining expectation is precisely the quantity arising in the application of the sec-
ond moment method for contiguity to the Wigner Rademacher-spiked matrix model with
Gaussian noise in [PWBM18], where it is shown that this quantity is bounded as n — oo,

since the factor multiplying (x', £2)?/n is strictly smaller than % Thus we find

limsup > (L, Py)I? < +oo, (5.69)
n=2 genN
|k|w<D
as claimed. 0

Remark 5.4.15 (A general “Rademacher trick”). The first step in the proof above, where we
take advantage of the Rademacher prior to decouple the dependence of the likelihood ratio’s
components on the signal-to-noise ratio A from that on the actual spike vector x, should apply
in much greater generality. Indeed, we expect a similar property to hold in any additive model
where (1) the spike distribution x ~ P, has the property that |x;| = A(n) for some constant
A(n) for alli € [N(n)], and (2) the noise distribution is symmetric, whereby the polynomials
playing the role of Ty will be even polynomials for even k and odd polynomials for odd k. Thus
a similar analysis is likely possible in a wide range of models with “flat” signals x, reducing

the low-degree analysis to analytic questions about Ty.
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Part 11

A Geometric Perspective on Sum-of-Squares

Lower Bounds
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6 BASIC NOTIONS AND THE GRAMIAN

VIEWPOINT

We will focus in the second part of the thesis on SOS relaxations of the problem of op-
timizing a quadratic form over the hypercube {+1}"™. In this initial chapter, we give the
basic definitions that will be common to the following chapters, and also motivate our par-
ticular interest in the “Gramian structure” of pseudomoment matrices (we have also given
a broad overview previously in Chapter 1). This discussion is taken from the introduc-
tions of [BK18, KB20, Kun20b] and informed by numerous books and reviews including

[Lau09, BPT12, BS14, RSS18].

6.1 SUM-OF-SQUARES OVER THE HYPERCUBE

For the sake of notational convenience, here and in the chapters to come we will consider a

rescaled version of the hypercube optimization that we encountered earlier,

M(W) = M{il}n(W) = max :ETW$ =n- M{il/\/ﬁ}n(W). (6.1)

xrxe{xl}n

We will study convex relaxations of this problem, which are best viewed from a slightly

different perspective. Namely, this optimization may equivalently be viewed as optimizing
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a linear objective over the following convex set.

Definition 6.1.1 (Cut polytope). The cut polytope is the set

C":=conv({xx :x € {£1}"}) c R, (6.2)

sym

Then, we have

M(W') = max (M, W). (6.3)
Meen

Though it is convex, this problem is nonetheless difficult to solve exactly (e.g., NP-hard
for W a graph Laplacian, which computes the maximum cut [Kar72]) due to the intricate
discrete geometry of the cut polytope [DL09].

A popular algorithmic choice for approximating M(W') and estimating its optimizer is
to form relaxations of C", larger convex sets admitting simpler descriptions. Often, the re-
laxed sets may be described concisely in terms of positive semidefiniteness (psd) conditions,
which leads to SDP relaxations of M(W). The most common way to execute this strategy is
to optimize over the elliptope,

EN=EY:={M e R} M = 0,diag(M) = 1,} =2 C"™. (6.4)

sym

For example, the well-known approximation algorithms of Goemans-Williamson [GW95] and
Nesterov [Nes98] optimize over £} and then perform a rounding procedure to recover an
approximately optimal € {+1}" from M € 7.

As our notation suggests, £ is only the first of a sequence of increasingly tighter re-
laxations of C", corresponding to sum-of-squares (SOS) relaxations of M(W'). We describe

these relaxations now.

Definition 6.1.2 (Hypercube pseudoexpectation). Let - R[x1,...,Xnl<2a — R be a linear

operator. We say tisa degree 2d pseudoexpectation over & € {+1}", or, more precisely,
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with respect to the constraint polynomials {x;2 — 1}, if the following conditions hold:

1. E[l] = 1 (normalization),

2. E[(xi2 —Dp(x)]=0forallie[n],p e R[x1,...,Xn]<24_» (ideal annihilation),
3. Elp(x)212 0 forallp € R[x1,...,Xn]<a (positivity),

4, E[p(—w)] = E[p(m)] forallp € R[x1,...,Xn]<a (Symmetry).

Since we always work over the hypercube constraints, we abbreviate and simply call such Ea

degree 2d pseudoexpectation.

Definition 6.1.3 (Generalized elliptopes). The degree 2d generalized elliptope is the set

sym

ni= {M ERYM": M =Elzz"] for some degree 2d pseudoexpectation E} (6.5)

Definition 6.1.4 (Hypercube SOS relaxation). The degree 2d SOS relaxation of the optimiza-

tion problem M(W) is the problem

SOSa (W) :=  max E[x"™Wx] = max (W, M). (6.6)
E degree 2d Meéy,
pseudoexpectation

We note that, for our purposes, the assumption of symmetry of pseudoexpectations is with-
out loss of generality, since given a id satisfying all constraints but symmetry we may de-
fine E’[p(a:)] = E[p(—ac)], which will also satisfy all constraints but symmetry, and take

(E + "), which will have the same objective value and satisfy symmetry. It is not standard

No|—

to include this in the definition of a pseudoexpectation, but we will only be interested in
pseudoexpectations satisfying this extra condition in all of our applications.
The reason for the term “pseudoexpectation” is that these objects are a relaxed version

of a genuine expectation with respect to a probability measure over {+1}".
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Definition 6.1.5 (Integrality). A pseudoexpectation is integral if there exists u € P({x1}")

such that E[p(x)] = Ep—u[p(x)].

Clearly, for any such u that is symmetric about the origin (to satisfy our extra symmetry
assumption) the associated E will indeed be a pseudoexpectation.
The positivity condition on a pseudoexpectation is often easiest to work with in linear-

algebraic terms, as follows.

[n] [n]
Definition 6.1.6 (Hypercube pseudomoment matrix). A matrixY € Rs(ﬁﬁ)x(s“ is a degree 2d

pseudomoment matrix if the following conditions hold:
1. Yoo =1.
2. Ys 1 depends only on SAT.
3.Y >0.

4. Ysr =0 if [SAT] is odd.

We have arranged the definitions such that the following equivalence between pseudoexpec-

tations and pseudomoment matrices holds.

Proposition 6.1.7. A linear operator [ R[x1,...,Xnl<2q4 — R is a degree 2d pseudoexpecta-
tion if and only if the matrix (E[xS2T]) s,Te () is a degree 2d pseudomoment matrix. We call

the latter the pseudomoment matrix of £

Indeed, the constraints in Definition 6.1.6 and Definition 6.1.2 are equivalent to one another
in the order they are listed.

The above gives an explicit way to write SOS,,;(W') as an SDP over a matrix variable of
size n/2 x n4/2, which may therefore be solved in time n°@, (This is not entirely imme-

diate and is subject to various nuances, but it is indeed the case in all situations we will
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consider; see, e.g., [0’'D17] where this point was first raised and [RW17] where our setting is
addressed.)

It is a central and highly non-trivial result that the generalized elliptopes give a sequence
of strictly tightening relaxations of C", and that at degree n (up to parity considerations)
they achieve integrality:

8121 2 82 202 8ﬁJrl{n odd} = e (6.7)

See Figure 6.1 for a depiction of these containments in low dimension. The strictness of
the inequalities here is due to Laurent [Lau0O3b], though really her result rediscovered in
a different guise a slightly earlier result of Grigoriev [GriOla], while the final equality was
conjectured Laurent but proved only a decade later by [FSP16]. We will discuss the Grigoriev-
Laurent result underlying the strictness of the inequalities at length in Chapter 9, giving a
new proof and clarifying some of the structure of the associated pseudomoments.

In light of these results, optimizing over generalized elliptopes of higher degree may
yield better approximations of M(W); however, it is also costlier, since the associated SDP
is over ever larger matrices as d grows. It is therefore important to know whether optimiz-
ing over generalized elliptopes of constant (or, from the theoretical point of view, growing
at various rates with n) degree d > 2 actually improves the bounds on M(W') achieved by
optimizing over €5 on specific classes of optimization problems as n — co. There is an
extensive literature relating this question to the Unique Games Conjecture [KVO05, Trel2b],
which implies for several problems, most notably maximum cut, that optimizing over gen-
eralized elliptopes of constant degree cannot improve the worst-case approximation ratio
achieved by optimizing over €% and then rounding (see, e.g., [KKMOO7, Rag08]). However,
we will study the average-case rather than worst-case versions of such questions, where
there is not yet such a general theory.

The perspective on SOS optimization given above as a bounded-degree variant of a mo-
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Figure 6.1: Cut polytope and elliptopes in low dimension. We plot the cross-section of >, €3,
and 82 by an isotropic random subspace (in the off-diagonal matrix entries) by numerically solving
suitable linear and semidefinite programs. This behaves differently from the projection of these sets
onto such a subspace, for which we observe that 82 is very often indistinguishable from C>. (Note
that n = 5 is the lowest dimension where £} # C™.)
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ment problem was first developed by Lasserre [LasO1, Lau09]. There is also another picture,
dual to this one, that explains the term “sum-of-squares” and was developed around the
same time by Parillo [Par03, BPT12]. The following is the fundamental duality statement

relating these formulations in our setting.

Proposition 6.1.8 (SOS duality). For some m = m(n) = O(n4), for any W € Rxn

sym s

minimize c¢

subjectto ¢ =x"Wax+ 31 (x? - Dri(x) + X7, si(x)?
SOS2q (W) = - ! 7 L. (6.8)
deg(r;) <2d -2

deg(sj) <d

The basic idea is that the polynomial equation on the right-hand side is a simple proof that
x'Wax < c whenever x € {+1}", and SOS,,;(W') may be viewed as optimizing this upper
bound over all such sum-of-squares proofs. This may again be written as an SDP, which is
dual to the pseudomoment SDP discussed above. This gives rise to a pleasantly ergonomic
way of reasoning about SOS algorithms, sometimes called the proofs-to-algorithms paradigm
[BS14, BS16]: if we, the theorist, can bound a quantity using only simple algebraic manipu-
lations that admit SOS proofs, then the SOS algorithm itself will also be able to implement
our reasoning and achieving a bound at least as strong. We will only occasionally mention
such reasoning, but it has given rise to a rich literature of algorithmic applications of SOS
(see the above surveys for references).

There is also a related literature on the proof complexity of various bounds or refutations
in various restricted proof systems, even those that cannot be automatized efficiently; see
our discussion in Chapter 1. As some of our results will concern certifying bounds on
objective functions with elaborate mathematical treatments (like the SK Hamiltonian), it can

be instructive to view our results as showing that there is no “very elementary” argument
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giving non-trivial bounds on these functions; see Remark 1.3.2.

6.2 THE GEOMETRY OF PSEUDOMOMENTS

We now propose a somewhat idiosyncratic perspective on the first, primal interpretation
of SOS discussed above, which we refer to as a “Gramian” perspective. This may be more
broadly applicable, but is especially germane to our hypercube setting thanks to its symme-
tries. The elliptope admits the following elegant geometric or Gramian description:

&y = {M e RY" - M = Gram(vy,...,v,) for some v;,...,v, € S" 1,7 < n}. (6.9)

sym

This description is central to the rounding procedures of [GW95, Nes98] as well as the effi-
cient rank-constrained approximations of [BMO03]. It is also a useful conceptual tool, allow-
ing us to think of such a relaxation of, say, the maximum cut problem as optimizing over a
softer notion of a “vector coloring” of the vertices.

We propose two questions inspired by this observation. First, motivated if not by the
mathematical intrigue then at least by the importance of this Gramian description for prac-
tical optimization over €%, we ask the direct analogous question over the generalized ellip-

topes:
1. Under what conditions does Gram(vy,...,v,) € £}, for 2d > 2?

We will take up this question in Chapter 7 for the case 2d = 4, and find that this perspec-
tive reveals new general structure in €} as well as interesting classes of examples of Gram
matrices belonging or not belonging to £J.

We also ask a less specific, perhaps more philosophical question. In proving lower
bounds against the SOS hierarchy, one typically constructs a pseudoexpectation ﬁ, or, equiv-

alently, a pseudomoment matrix Y. Per Definition 6.1.6, this is a large positive semidefi-
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nite matrix with intricate entrywise symmetries. We propose to think of any such positive
semidefinite matrix as a Gram matrix, or, more precisely, as encoding some relative geom-
etry up to orthogonal transformations. For example, £7 may be viewed as the set of all

relative configurations of collections of n unit vectors. Thus we ask:

2. What objects’ relative geometry is encoded in the large pseudomoment matrices pro-
duced in SOS lower bounds? More whimsically, if the v; above are “pretending” to be

the x;, then who is pretending to be the higher-degree monomials 5?

We study this question in Chapters 8 through 11, pursuing a program suggesting that these
objects are (at least approximately) certain multiharmonic polynomials generalizing the fa-
miliar spherical harmonics. While this perspective may not be the most expedient for prov-
ing SOS lower bounds, we hope to convince the reader that it begins to reveal new mathemat-
ical structure in the pseudomoments involved in those lower bounds, especially structure

connecting their entrywise symmetry to their positivity.
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/ DEGREE 4 DETERMINISTIC STRUCTURE

AND EXAMPLES

We begin our investigation of SOS relaxations over the hypercube and the associated gen-
eralized elliptopes by studying the Gramian structure of the first non-trivial case, £J. That
is, we know Gram(vy,...,v,) € €7 if and only if the v; € R" all have unit norm, and now
ask what further constraints on the v; must be satisfied to have Gram(v,...,v,) € &}. In
fact, we will be able to give an equivalent condition for membership in €} in terms of an
ancillary semidefinite program parametrized by the v;, from which we obtain constraints
on possible pseudomoment extensions of a low-rank Gram matrix. We will then use this
to derive examples of Gram matrices both extensible and inextensible to degree 4. Those
examples, while they concern only highly structured combinatorial Gram matrices, will later

guide our constructions for more generic Gram matrices in the chapters to come.

SUMMARY AND REFERENCES This chapter is based on the reference [BK18]. Further applica-
tions of the results on equiangular tight frames to the properties of those frames as well as
to new constructions of few-distance tight frames were developed in [BK19a, BK19b], but we
will not discuss these here to avoid straying too far from our main themes. The following is

a summary of our main results in this chapter.

1. (Theorem 7.1.4) An SDP parametrized by vy, ..., v, that determines whether the Gram
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matrix Gram(vy,...,v,) belongs to £} and which is smaller than the usual feasibility

SDP when » < n.

2. (Theorem 7.2.15) Constraints on the spectrum and rank of a degree 4 pseudomoment

matrix extending Gram(vy,...,v,) when » < n.

3. (Theorem 7.3.3) An equivalence between integrality of degree 4 pseudomoments and

separability of certain associated bipartite quantum states.

4. (Theorem 7.4.5) A complete characterization of when Gram matrices of equiangular
tight frames can be extended to degree 4 pseudomoments, and a closed form for an

extension when such exists.

5. (Theorem 7.5.1) A new class of inequalities certifiable by degree 4 SOS over the hyper-

cube that are not implied by the triangle inequalities.

7.1 GRAMIAN DESCRIPTION OF DEGREE 4 EXTENSIONS

We first search for a characterization of Gram(v,...,v,) € &} that depends more directly
on the v; than the usual definition of a pseudomoment matrix. We begin with some pre-
liminary definitions. Our approach will be based on observing some symmetries in the
pseudomoment matrix that are clearer if we allow indexing not by sets of indices but by

tuples, introducing some redundancy.

Definition 7.1.1 (Redundant pseudomoment matrix). For s,t € [n]4, write s o t for the
concatenation, and odd(s) < [n] for the symbols occurring an odd number of times in s.
A matrixY € ng,}]dx["]d is a degree 2d redundant pseudomoment matrix if the following

conditions hold:

1. Ya..nha...1n = 1.

159



2. Ys1 depends only on odd(s e t).
3. Y >0.
4. Yor =0 if lodd(s e t)]| is odd.
We say that'Y extends its upper left n x n block.

It is straightforward to see that such Y is determined by its minor indexed by subsets in
([S";) in ascending order extended to length d by adding occurrences of 1, and that Y is a
redundant pseudomoment matrix if and only if that minor is an ordinary pseudomoment
matrix (Definition 6.1.6). We give a concrete version of this definition for degree 4, which is

what we will be concerned with here.

Proposition 7.1.2. Let Y € R™*"° with the row and column indices of Y identified with
pairs (ij) € [n]? ordered lexicographically. Then, Y is a degree 4 pseudomoment matrix if

and only if the following conditions hold:
1. Y >=0.
2. Y(ij)kk) does not depend on the index k.
3. Yiiai =1 foreveryi e [n].
4. Yijy«e) 1s invariant under permutations of the indices i, j, k, L.

To state our criterion for Gram(vy,...,v,) € €}, we will use the following ancillary set

of matrices.

Definition 7.1.3. For A € R"™"™" we write Ay;j) with i, j € [n] for the v X v block in position
(i, j) when A is viewed as a block matrix. With this notation, let B™" C Ry consist of

matrices A satisfying the following properties:

1. A>0.
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2. A[ii] =1, fOl’ alli € [n].
3. Apij = A[jj foralli, j € [n].

In terms of these matrices, £} admits the following description.

Theorem 7.1.4. Let vq,...,v, € R", let M := Gram(vy,...,v,) € RGm', let Ve R™™ have
V1,...,Uy as its columns, and let v := vec(V') € R"™ be the concatenation of the v;. Then,

M < & ifand only if |v]|3 = >t |lvill3 = n and there exists A € B™" such thatv™ Av = n?.
Moreover, if M € &} and a redundant degree 4 pseudomoment matrix' Y € RXN oxtends

sym

M, then there exists A € B™" withv™ Av = n? and

Y=I,9V)'AI,®V), ie. (7.1)

Yiijkey = v{ Agjigve for all i, j, k, € € [n]. (7.2)

Conversely, if >, ||lvill5 = n and A € B™ withv™ Av = n?, then'Y as defined by (7.1) is a

degree 4 pseudomoment matrix extending M.

We will show below that || Al < n for all A € B™", so the condition v™ Av = n? is equivalent
to v being a top eigenvector, with eigenvalue n, of A. We think of A as a witness of the fact
that M € &}, a Gramian alternative to the conventional pseudoexpectation or pseudomo-
ment witness. The second, more detailed part of Theorem 7.1.4 gives one direction of the
equivalence between these two types of witness; the other direction will be described in the
course of the proof below.

Before proceeding to the proof, we establish some preliminary facts about the matrices

of B™",
Proposition 7.1.5. Let A € B™". Then,

1. |Aujll <1 foralli, j € [n];
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2. 1Al =n;

3. if Av = nv, and 0 # v € R"™ is the concatenation of v; € R", then the norms ||v;|l, are

all equal, and Aijjvj = v; for alli,j € [n].

Proof. Let A € B™". To obtain the spectral bound on the blocks || A;j;ll < 1, note that the

claim is trivial for i = j, so let us fix i, j € [n] with i # j and denote S := A;j; € R

sym *

Taking a suitable submatrix of A, we find

= 0. (7.3)

T

+v I, S +v
0=< =2=+2v"Swv, (7.4)
v S I, v

thus |v"Sv| < 1, and the result follows.
From this, the bound || A| < n follows from a simple case of the “block Gershgorin circle
theorem” [FV62], which may be deduced directly in this case as follows: suppose v € R"" is

the concatenation of v;,...,v, € R", then

n n n n n 2 n
vTAv < > D 0] Al < D D vill2llvjlls = | Dl llvillz | <= n D llvill = nllvli3, (7.5)
i=1

i=1j=1 i=1j=1 i=1

giving the result.

For the final statement of the Proposition, if Av = nwv, then all of the inequalities in (7.5)
must be equalities. For the third inequality to be an equality requires all of the [|v;|/» to be
equal for i € [n]. For the first inequality to be an equality requires v,/ A;jjv; = 0 for all

i,j € [n]. For the second inequality to be an equality requires A;jjv; = v; for all i, j € [n],
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completing the proof. O

Proposition 7.1.6. Let A € B"". Then, there exists U € R" ™ for some v < v’ < rn such

that A = U'U, where

S, S --- S,
U = (7.6)

R R -+ R,

for some S; € R%X" S, = I, R; € R -7>r R, = 0, which satisfy the relations

sym s

S?+R]R; = I, (7.7)

SiSj - SJ‘Si + RZ—RJ - R;Rl =0. (7.8)

(The latter relations encode the conditions A;;; = I, and A[Ti 1= Ayij), respectively.)

Proof. Let A € B™" and let v’ := rank(A). Since A contains I, as a principal submatrix,
¥' > 7, and since rn is the dimension of A, ¥’ < ¥n. Then, there exists U € R" *"" such

that A = U"U. Let us expand in blocks

U:[U1 U, ... Un], (7.9)

for U; € R"*". Then, U U; = Ay = L.

This factorization is unchanged by multiplying U on the left by any matrix of O(v').
Since U, has orthogonal columns, by choosing a suitable such multiplication we may assume
without loss of generality that the columns of U; are the first » standard basis vectors

el,...,e, € R". Equivalently,

I |}7r
U, = . (7.10)
o |}7v —r
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Let us expand each U; in blocks of the same dimensions,

Si } v
U, =: , (7.11)
R, |}V -7
then S; = I, and R; = 0. We first show that the S; are all symmetric. Expanding the block

A[1i], we have

A = UlTUi = S;Si + RlTRi =5, (7.12)

and since Apy;] is symmetric, S; is symmetric as well.

It remains to show the relations (7.7) and (7.8). For the former, we expand Aj;;;:

I, = A = Ul-TUi = Slz + RlTRl (7.13)

For the latter, we expand Ay;;; and Ajji:

0= A[ij] - A[ji] = UiTUj - UJTUL' = SiSJ' — SJ'Si + R:RJ - R}Ri, (7.14)

completing the proof. O

We now proceed to the main proof of this section. The basic idea of the proof is that the
U; that appear above as the factors of B™" encode the Gram vectors of the larger degree 4
pseudomoment matrix Y as various isometric embeddings of the vectors vy,...,v, € R" of
M. The Gram witness A € B™" is one step further removed, describing the relative orthog-
onal transformations relating these isometric embeddings. The proof is long but straight-
forward, and amounts simply to checking that the stated conditions on the Gram witness
enforce sufficient “rigidity” in these Gram vectors that the various symmetries required of a

degree 4 pseudomoment matrix are satisfied.

164



Proof of Theorem 7.1.4. We give the proof in two parts, first showing how to construct the

Gram witness A from a pseudomoment witness Y, and then vice-versa.

PART 1: GRAM WITNESS TO PSEUDOMOMENT WITNESS Let Y € R™*"° be a degree 4 re-
dundant pseudomoment matrix extending M € R™ " where for some vq,...,v, € R",
M = Gram(vy,...,v,). Let V € R ™ have the v; as its columns, and let v = vec(V') € R™
be the concatenation of wvi,...,v,. We will then show that there exists A € B™" with
vT Av = n? and

Y=U,®@V)TAI,®V). (7.15)

We first analyze the special case v = rank(M ), then extend to the general case.

CASE 1: v = rank(M). We build A based on a suitable factorization of Y. Let v’ =

rank(Y) = 7, then there exists A € R”'*"* such that Y = AT A. Let us expand in blocks

A=[A1 A, - An:|’ (7.16)

for A; € R">", Since AJA; = Y{;1; = M = VTV, there exists Z € R"*" such that
A, = ZV and Z"Z = I,. By adding extra columns, we may extend Z to an orthogonal
matrix Z € O(r’"). The factorization Y = AT A is unchanged by multiplying A on the left
by any element of O(7"). By performing this transformation with Z , We may assume without
loss of generality that A is chosen such that

vV |}
A, = " (7.17)

0 [}r —7r

where the numbers following the braces show the dimensionality of the matrix blocks.

Now, since A] A; = Y}iij = M = A] A, for every i € [n] (since, by the degree 4 pseudo-
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moment conditions, Yk i¢) = Yinke) = Yan ey = Mye), there must exist I = Q1,...,Qn €

O(r’) such that A; = Q;A;. Let us expand Q); in blocks,

Q:=[U; Ul (7.18)
Pt
We then have
A =Q;A =U;V. (7.19)

(The extra variable U; will not be used in the argument.) Therefore, the blocks of Y are
given by
Yijj=A/A;=V'U'U,;V. (7.20)

By the permutation symmetry of Y, every such block is symmetric. Since V has full rank,
V' VT is invertible, and therefore the matrix (VV ™) "'VY;VT(VVT)"! = U/U;j is also
symmetric.
We now define A blockwise by
Apij = U U;. (7.21)

Then A > 0 by construction, Ay;;; = I, since this is the upper left block of Q/ Q; = I, and

Ayij) is symmetric by the preceding derivation. Thus, A € B™". By (7.20), we also have
Y=UI,oV) AT, V). (7.22)
It remains only to check that v™ Av = n?:

n n n n n n
v Av = Z Z ’Ul-TA[ij]’Uj = Z Z(VTUiTUjV)ij = Z Z Y(ii)(jj) = nz, (723)

i=1j=1 i=1j=1 i=1j=1

completing the proof of the first case.
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CASE 2: v > rank(M). We will reduce this case to the previous case. Let 1y = rank(M) < r.
Fix Gram vectors vq,...,v, € R" such that M = Gram(vy,...,vy), and, by the previous
argument, choose A € B™" having vT Av = n?.

Suppose that v},...,v;, € R" such that M = Gram(vy,...,v;). Let v’ be the concatena-
tion of v}, ..., v,,. Since the Gram matrices of vy,...,v, and vy,..., v, are equal, there must

exist Z € R"™" with Zv; = v; for each i € [n] and Z"Z = I,,. Define A’ € R"*"™ to have

blocks
, ZA[ij]ZT : l':#j,
lij] *= (7.24)
Ifr . i == j.
Equivalently,
A =U, 9 Z2)AI,2Z)"+1I,9 (I, —ZZ"). (7.25)

Since ZZ" < I, (the left-hand side is a projection matrix), A" > 0, and by construction

tii] = Ir and Ay, ;) is symmetric. Thus, A" € B™".

We also have

n
v AV =D vz + D> vl [ijjvj =N+ > vl Apjvj = n’. (7.26)
i=1 1<i,j<n 1<i,j<n
i+j i+j

Lastly, we check the formula for the entries of Y, distinguishing the cases i = j and i # j:

’ ’ a ’ ’
Yiiiy ko) = Mre = (vy,vp) = v A0y, (7.27)
Yipwe = vg Arijjve
= U]/(TZA[ij]ZTU,e

= vy, Af;;vy (for i # j), (7.28)

completing the proof.
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PART 2: PSEUDOMOMENT WITNESS TO GRAM WITNESS. We now show how to construct
the Gram witness A from the pseudomoment witness Y. Suppose that we have M =
Gram(vy,...,v,) € R™™ for some v; € R” having > | |v;||5 = n. Let v be the concate-
nation of vy,...,v,. Suppose also that A € B™" with v" Av = n?. We will show that
Y € R"*"* defined by

Yiijyke) = vi Apjrve (7.29)

is a degree 4 redundant pseudomoment matrix. Recall that this requires the following prop-

erties to hold:
1. Y >0.
2. Y(ij)kk) does not depend on the index k.
3. Y = 1 foreveryi e [n].
4. Y(ij ke 1s invariant under permutations of the indices i, j, k, £.

(That the upper left n x n block of Y is M follows from Property 4 and that A = I.)
We will obtain these one by one below. This essentially just entails reversing the derivation
of the previous part; however, verifying some of the properties of Y will require a more
detailed understanding of the factorization of A that we used.

The simplest is Property 1: since A > 0, there exist some Uy, ...,U, € R" > for some

v’ > 1 such that A = U} Ui. Thus,

Yijke) = v{ U Urvp = (Ujvi, Uyvy), (7.30)

soY = Gram(U;jvy,...,U,vy,) = 0.
For Properties 2 and 3, we will use Proposition 7.1.5. From Claim 2 in the Proposition,

since ||v||3 = tr(M) = n, then if v™ Av = n® we must have Av = nv. Therefore, by Claim 3,

168



lvill> = 1 for each i € [n]. Also by Claim 3, we have

Yij ko = v{ Apjkvk = (vi, ;). (7.31)

This gives Property 2, and taking i = j = k gives Property 3 since ||v;||» = 1.

Property 4 is more subtle to establish. First, for a moment treating i, j, k, ¢ as merely
four distinct symbols, note that the symmetric group on {i, j, k, £} is generated by the three
transpositions (ij), (jk), and (k€). Therefore, to establish Property 4 it suffices to show the

three equalities

Yapwey = Yoy = Yajew = Yk ey (7.32)

for all i, j, k, € € [n]. One equality follows directly from both Ajx; and A being symmetric,

whereby A[jk] = A[kj]l

Yipwe) = v Apjrve = v Ajjve = Yoy jo)- (7.33)

For the others, combining Proposition 7.1.5’s Claim 3 and Proposition 7.1.6, we find that,

following the notation for the factorization of Proposition 7.1.6 in matrices S; and R;,

v; = A1 = Sivy, (7.34)

V1 = A[u]vi = Si'vi. (7.35)

We expand the entries of Y in terms of the matrices S; and R; and the single vector vy:

Yipwe = v Arjrve
= ’UlTSi(SjSk + R}Rk)Sg’Ul

= ’UlTSiSjSkSg’lh + UITSiRJTRkSg’Ul. (7.36)
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To show the first two equalities of (7.32), it then suffices to show that for any i, j € [n], we

have

SiSjv Z S;Sivi, (7.37)

R;Sjv, L R;S;v. (7.38)
Observe first that, by (7.34) and (7.35), we have
Sizvl = ;. (7.39)
Taking (7.7) as a quadratic form with v, we find
1 = [loill3 = v{ Sfvr + [Rw1ll5 = 1 + [| Rywy I3, (7.40)

hence R;v; = 0 for all i € [n]. Then, multiplying (7.8) on the right by v, establishes (7.37).

Next, taking (7.7) as a quadratic form with v; = S;v;, we find
1= llvill3 = [1Sivill5 + | Rwill3 = 1 + || Riwsll3, (7.41)

so R;Si;v, = Rjv; = 0 for each i € [n] as well. Also, evaluating (7.7) as a quadratic form

with v; = §;v;, we have
1= [lvjll3 = I1S:S;v1l3 + IRiSjv1ll5. (7.42)

Taking (7.7) as a bilinear form with S;v; and S;v; and using the preceding observations
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gives

0= ’UlTSj(SiSj — SjSi + RITRJ — RJTRi)Si’Ul
= I1SiS;jvill5 — 1 + (RiS;v1, R;Siv1)

= —||RiSJ"Ul||§ + (RiSjvl, RjSi'vl). (7.43)

The same holds with indices i and j exchanged, so we find

(RiS;jv1, RjSiv1) = |R;Sjv1ll5 = |R;Siv1l5 = | R:Sjv1ll21| R; Siv1]l2. (7.44)

Thus the Cauchy-Schwarz inequality holds tightly between the vectors R;S;v; and R;S;v;,

so R;S;v; = RjS;v,, establishing (7.38) and completing the proof. O

7.2 CONSTRAINTS ON PSEUDOMOMENT EXTENSIONS

Through Theorem 7.1.4, we will next connect the structure of degree 4 pseudomoment ex-
tensions of M e &5 and the local geometry of €5 near M. Theorem 7.1.4 describes the
membership of Gram(v,...,v,) in £} in terms of a semidefinite program, whose variable is

A € B™" as follows.

Definition 7.2.1. Given vy,...,v, € R" and v € R"" their concatenation, define the following

two semidefinite programs parametrized by the v;:

maximize (vv',A)

subjectto A >0,
GramSDP(vq,...,vy,) = 1 - (7.45)

A =1,

Afij = A[Tij] fori=+j. )
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minimize tr(D)
GramSDP* (v1,...,vn) :={ subjectto D > vv7, : (7.46)

D[l‘j] = _DE—ij] fOI’i * J

It is easy to verify that these two SDPs are each other’s duals, which we will exploit in the

argument below.

Remark 7.2.2 (Orthogonal cut SDP). The variant of our primal GramSDP without the lat-
ter constraint of blockwise symmetry, Ayij) = A[Tij], was previously considered in [NRV13,
BRS15, BKS16] as a natural semidefinite programming relaxation of “orthogonal cut” prob-
lems, where one seeks to maximize ij:l tr(Q; C1i,j1Q;) over Q; € O(r) for some matrix
coefficients C';, ;1 € R"™". This is a natural matrix-valued generalization of the ordinary max-
imum cut problem which can encode problems such as optimally aligning point clouds (a

so-called “Procrustes problem”).

We also observe that the following operation on block matrices is clearly intimately con-

nected to constraints of these SDPs.
Definition 7.2.3 (Partial transpose). For A € R""" divided into n X n many v X v blocks,
let the partial transpose A" denote' the matrix where each v x v block is transposed:

A= T.]" ce RrmxTn (7.47)
114 j=1 . :

Partial transposition is of great importance in quantum information theory, where it yields a
basic technique for detecting entanglement. We will return to this connection in Section 7.3.

For now, we recall some elementary but perhaps not widely known facts of linear algebra

I'The notation comes from I being “half” of the transpose symbol T.
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that originate in applications to quantum information theory. We include proof’s for the sake

of completeness. The first is the following, a rewriting of the singular value decomposition.

Proposition 7.2.4 (Schmidt Decomposition, Section 2.2.2 of [AS17]). Letv < n, V € R"™"
having singular value decomposition V. = >!_, 0iYiz;, where the y; € R" and z; € R" each

form orthonormal sets and o; = 0. Then,

vec(V) = Z JiZi ® Yi. (7.48)

i=1

Proof. This result is simply a matter of applying the vectorization operation vec to the sin-
gular value decomposition: if V' = >, oiyiz; for y; € R" and z; € R", then, noting that

vec(yiz) = z; ® y; and vec : R"*" — R is linear, the result follows. O

This representation makes it convenient to work with the partial transpose; in particular,
using the Schmidt decomposition, it is possible to diagonalize the partial transpose of a
rank one matrix explicitly, as follows. (This result appears to be folkloric in the quantum

information literature; the references we give are unlikely to be the earliest.)

Proposition 7.2.5 (Lemma III.3 of [HilO7]; Lemma 1 of [JP18]). Let V € R™™ withv < n
and V =Y, oiyiz; where y; € R" and z; € R" form orthonormal sets and o; = 0. Let

v = vec(V'). Then,

(vv")' = i ofdid] + D oi0ysisli— > oiojaijal; (7.49)
i=1 l<i<j<r l<i<j<r
where
di = z; ® yi, (7.50)
sij=(zi®y;+2z;®Y) /2, (7.51)
aij=(zi®y;—z;®y;) /2. (7.52)
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The 2 vectors d;, sij, a;j moreover have unit norm and are mutually orthogonal, so (7.49) is

a spectral decomposition (ignoving terms whose coefficient is zervo if V' is not full rank).

Proof. Note that V' = 37, 0yy,2; is a singular value decomposition. By Proposition 7.2.4,

.
v v

(Za ®y1~) (Z O'izi®yi)
i=1 i=1

=D, 2. 0i0j(ziz]) ® (yiy;). (7.53)

i=1j=1

we may write

-

Therefore, the partial transpose is

| |
rvqﬁ

> 0i0j(ziz]) ® (yy;)
Jj=

(vv")

-
I

—_

—_

Z 0i0j(zi®Y;)® (2; 0y’

Il
M=

-
I
—
.
—

Il
M~

-
I
—

ol (zi®y) (zi®y)T

+ Z Oioj((ziebyj)(zj@yi)T + (zj®yi)(zi®yj)T>, (7.54)

l<i<j=<r
and the result follows by diagonalizing the rank-two matrices in the second sum. O

Finally, we introduce the following related result characterizing the subspace on which
a certain matrix inequality involving the partial transpose is tight, which appears to be

original.

Proposition 7.2.6. Let V € R"™" with v < n have full rank, and let v = vec(V'). Then,

I, (VVT) > (vv"). (7.55)
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The subspace on which this inequality is tight is given by

ker (In ® (VVT) - (W)f) ~ fvec(SV) : S e R} = Voym. (7.56)

sym

LettingV =>1_, oiyiz; fory; € R" an orthonormal basis, z; € R" an orthonormal set, and

i > 0 be the singular decomposition, an orthonormal basis for Ve is given by the @
vectors
Zi ®Yi fOI’l <i=<n, (7.57)
1 ..
5 5 (Oizi®yj+0jzj®yi) fOI’lSl<JSTL. (7.58)
o7 +0;
Proof. Let us extend zq,...,2, with z,.1,..., 2, to a full orthonormal basis. Since VVT =
>, ofyiy;, we may expand
n v v
I, (VVT) = (Z zizf) ® (Z oYy | = > 0 (zi®y)(zi®y,) . (7.59)
i=1 j=1 i=1j=1

Dividing this sum into those summands with i < ¥ and those with i > ¥ and subtracting

(7.54), we may write

2

l<i<j=<r

1 1
Lie(VVT)—(vv) = > (aiz(zJ-@yi)(zj@yi)wZaf(zi®yj)(zi®yjf
_O_io_j(zi®yj)(zj®yi)T_O'iO'j(zJ'@yi)(Zi@yj)T)

+ Z z O'J-Z(Zi ® yj)(zl- ® yj)T

i=r+1j=1
1
= E Z (Uizj®yi—ojzi®yj) (Uizj®yi—ajzi®yj)T
l<i<j=<r
n r
+ > D oiziey)(zioy) . (7.60)
i=r+1 j=1

175



One may show more directly that I, (VV' ") —(vv")" = 0 with a Cauchy-Schwarz argument,
but the benefit of this approach is that it allows us to read off the subspace we are interested
in directly: note that up to rescaling the expression (7.60) is a spectral decomposition, and

thus

ker <In (VVT) — ('va)r>l

1
= span ‘[22 (0izj®Yi— 0z ® yj)]’ U1izi ® Yjliennirljer |,  (7.61)
g + O0; o
1<i<j<r
ker <In ®(VVT) - (’UUT)F>
1
= span T (O'l'Zj ®Y;i +0;2;® yj) Ui{zi® yi}iem , (7.62)
gi +0j 1<i<j<r

where the first equality follows from (7.60) and the second may be checked by counting
dimensions and verifying mutual orthogonalities. It is also straightforward to verify that
the vectors enumerated in (7.62) are orthonormal, and thus give an orthonormal basis for
ker(I,® (VVT) - (vv")").

The only remaining task is to check the alternate description

?

ker (In (VVT) — ('v'vT)r> = {vec(SV) 1S e [R%””} =: Vsym. (7.63)

sym

We have dim(ker(Z,, ® (VVT) — (vv")")) = @ by (7.62). Since v; are a spanning set,
if vec(SV) = 0 then S = 0, so the map S ~ vec(SV) is injective and thus dim(Vsym) =

dim([ngan) = @ as well. Therefore, to show (7.63) it suffices to show one inclusion.
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Suppose that S € RI X", then

sym’

(I ® (VVT) — (vv")")vec(SV)) 5 = (VVT)Sv; — > vjv] Sv;

j=1

n
Z 'vj'vJTSvi - Z vjv; Sv;

=1 j=1

~

[
L

(7.64)

where in the last step we use that S is symmetric. Thus, vec(SV) € ker(I,, ® (VVT) —
(vv")"), s0 Vsym < ker(I, ® (VV'T) — (vv")"), which completes the proof by the previous

dimension counting argument. O

Using these results to study the duality and complementary slackness of the semidef-
inite programs from Definition 7.2.1, we find that any optimal A in GramSDP is highly

constrained, as follows.

Lemma 7.2.7. Letvy,...,v, € S"! be a spanning set, let V € R"*" have the v; as its columns,
let v := vec(V) € R™ be the concatenation of vy,...,vn, let M := Gram(vy,...,v,) € &Y,
and let A* € B™" be such that vT A*v = n?. Then, all eigenvectors of A* with nonzero

eigenvalue belong to the subspace
sym

Veym = {vec(SV) : § e R} c R™ (7.65)

Additionally, v is an eigenvector of A* with eigenvalue n, and all eigenvectors of A* with

nonzero eigenvalue that are orthogonal to v belong to the subspace

Vim i= [vec(SV) : S € R, v] Sv; = 0 fori € [n]} c R™. (7.66)
Proof of Lemma 7.2.7. Suppose that M = Gram(vy,...,vy,) € &f for some vy,...,v, € S},
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v is the concatenation of the v;, and v" A*v = n? for some A* € B"". Then, A* is
an optimizer for GramSDP(v,...,vy), as defined in Definition 7.2.1 We next apply basic
convex optimization results to this SDP. Background on these general facts may be found in
[BTNO1, BV04]. First, the dual SDP is GramSDP* from Definition 7.2.1. Next, it is simple to
verify that the Slater condition holds, implying strong duality between these SDPs, whereby
GramSDP(vy,...,v,) = GramSDP*(vy,...,v,) = n?. Finally, if A* and D* are primal and
dual variables achieving the optimal values of GramSDP and GramSDP* respectively, then
complementary slackness must hold between them, A* (D* —vv") = 0.

The key to the proof is that, while constructing A* achieving a value of n? in GramSDP
from vy, ..., v, (When their Gram matrix belongs to £J) is difficult (by the more detailed part
of Theorem 7.1.4 it is equivalent to constructing the degree 4 pseudomoments themselves),
constructing D* achieving a value of n? in GramSDP* turns out to be straightforward.

The construction uses the partial transpose operation from Definition 7.2.3. Namely, we
define D* as

D" :=vv" - (vv")' + I, (VVT). (7.67)

We have tr(D*) = tr(I,, ® (VVT)) = n? and for i # j, Dy, = viv] which

;- vjv/,
is antisymmetric as required. The final feasibility condition D* > wv' is equivalent to
(vv")" < I, ® (VVT), which follows from Proposition 7.2.6. Thus D* is indeed feasible
and optimal for GramSDP*. By complementary slackness, any A* optimal for GramSDP
must have positive eigenvectors in ker(D* —vv") = ker(I, ® (VV'T) — (vv")") = Vgym by
the other result of Proposition 7.2.6.

For the second part of the statement, first note that if v" A*v = n? then by Proposi-

tion 7.1.5 A*v = nv, so A* = vv" + A’ for some A’ > 0. Suppose that w € R" is

an eigenvector of A’ with eigenvalue A > 0. Then, w € V,,, by the above reasoning, so
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w = vec(SV) for some S € R, Also,

sym *
I = Af;; = (v + Aww 7)) = viv] +ASvv/ S, (7.68)

and taking this as a quadratic form with v; shows that v/ Sv; = 0. Since this holds for each
i € [n], we obtain the conclusion, that

wevV, = {vec(SV) :S eRw, v/ Svi=0forie [n]}, (7.69)

sym sym»

completing the proof. O

We next apply (7.1) from Theorem 7.1.4, which shows how a spectral decomposition of
A* gives an expression for the associated pseudomoment matrix Y as a sum of rank(A*)
(not necessarily orthogonal) rank one matrices, which are constrained by Lemma 7.2.7. It
turns out that these latter constraints are similar to those appearing in results of [LT94,

T

LP96] connecting the smallest face of 5 containing M to span({v;v, }}*;), which lets us

describe the constraints on Y concisely in terms of the local geometry of £ near M.
Because of these connections, let us review the basic notions of convex geometry that

will be involved before proceeding. In what follows, let K < R% be a compact convex set.
Definition 7.2.8. The dimension of K is the dimension of the affine hull of K, denoted dim(K).

Definition 7.2.9. A convex subset F < K is a face of K if whenever 60X + (1 — 0)Y € F with

0e(0,1)and X,Y €K, then X,Y €F.
Definition 7.2.10. X € K is an extreme point of K if { X'} is a face of K (of dimension zero).

Definition 7.2.11. The intersection of all faces of K containing X € K is the unique smallest

face of K containing X, denoted faceg (X).
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Definition 7.2.12. The perturbation of X in K is the subspace
perty (X) := {A€R?: X + tA €K forall t > 0 sufficiently small | . (7.70)

The perturbation will come up naturally in our results, so we present the following useful

fact giving its connection to the more intuitive objects from facial geometry.

Proposition 7.2.13. Let X € K. Then,

facex (X) = K n (X + pertg (X)) . (7.71)
In particular, the affine hull of facex (X)) is X + pertg (X)), and therefore

dim(faceg (X)) = dim(pertg (X)) (7.72)

(in which there is a harmless reuse of notation between the dimension of a convex set and the

dimension of a subspace).

Proof. Let G := K n (X + pertg(X)). It is simple to check that Y € G if and only if there
existsY' e Kand 0 € (0,1]with X =0Y + (1 -0)Y' (andif 0 <1 then Y’ € G as well).
Then, if F is any face of K containing X, and Y € G, there exists Y’ € K and 0 € (0,1]
suchthat X = 0Y + (1 -0)Y'. If 6 = 1, then Y = X € F. Otherwise, Y € F by the
definition of a face. Thus, in any case Y € F, so G < F. Since this holds for any face F
containing X, in fact G < faceg (X).
It then suffices to show that G is a face of K. Suppose Y € G, and Y3,Y, € K and

0 (0,1) withY =0Y, + (1 -0)Y,. SinceY € G, there exists Z € K and ¢ € (0,1] such
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that

X=¢Y +(1-¢)Z
=p(OYV1+(1-0Y2)+(1-¢)Z

=p0Y1+p(1-0)Yo+(1-p)Z. (7.73)

This is a convex combination of three points where the coefficients of Y; and Y, are strictly

positive, so by the previous characterization we have Y7, Y, € G, completing the proof. [

The following result is the particular application of these definitions to the elliptope that

relates to our result.

Proposition 7.2.14 (Theorem 1(a) of [LT94]). Let M = Gram(vy,...,vy,) € €Y forv,,...,v, €
S"! having rank(M) = r, and let V' € R"*™ have the v; as its columns, so that M = VTV,
Then,

pertey (M) = VTSV : S € R 0 {A € R™" : diag(A) = 0} (7.74)

sym

={VTSV:S e Ry, v Svi =0 fori e [n]}. (7.75)

sym ’

Theorem 7.2.15. Suppose M € E} and'Y is a degree 4 redundant pseudomoment matrix
extending M. Then, Y > vec(M)vec(M)", and all eigenvectors of Y — vec(M )vec(M )T

with nonzero eigenvalue belong to the subspace vec(pertg;(M )). Consequently,

rank(Y") < dim (pertgzm(M)> +1 (7.76)
_ rank(M)(raznk(M) +1) rank(M°2) + 1 (7.77)
- rank(M)(raznk(M) + 1)’ (7.78)

where M°? = M o M is the entrywise square of M. In particular, if M is an extreme point
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of €Y and is extensible to a degree 4 pseudomoment matrix Y, then rank(Y') = rank(M) =1,

and M =xx" andY = (x @ x)(x® x)" for some x € {+1}".

The equality (7.77) is the result Proposition 7.2.14 of [LT94, LP96]. We recall also that
pertgn (M) as a subspace has the same dimension as faceg; (M) as a convex set. The fi-
nal claim then gives a strong, albeit non-quantitative, suggestion that £} is a substantially
tighter relaxation of C" than £7%: it implies that no “spurious” extreme points of £} that are
not already extreme points of C" persist after constraining to £}.

The bounds (7.77) and (7.78) are similar in form to the Pataki bound on the rank of
extreme points of feasible sets of general SDPs [Pat98]. Because of the very large number
of linear constraints in SDPs arising from SOS optimization, however, the Pataki bound is
less effective in this setting; it also only applies to extreme points of the set of degree 4
pseudomoment matrices. It is simple to check, for example, that the Pataki bound is far

inferior to ours when rank(M) < én for n large and 6 a small constant.

Remark 7.2.16 (Pseudocovariance matrix). The matrix Y — vec(M )vec(M)7 is quite natu-
ral in the pseudomoment framework: entry (ij)(kl) of this matrix contains the difference
E[xixjka] - E[xixj]ﬁ[xkxg]. It is natural to think of this quantity as the pseudocovari-
ance of x;x; and xyxy, and it is then not surprising that the SOS constraints imply that the
pseudocovariance matrix is psd. We are not aware, however, of previous results on SOS op-
timization that make direct use of the pseudocovariance matrix. It would be interesting to
understand what role higher “pseudocumulants” might play in SOS reasoning. The combi-
natorics of the “sum-of-forests pseudomoments” we construct later in Chapter 10 will suggest

that these quantities might be useful to consider in that context; see Remark 10.1.14.

Proof of Theorem 7.2.15. Suppose M e E} with M = Gram(vy,...,v,), and v; € R" with
v = rank(M). Then if V € R"™™ has the v; as its columns, V is fulltank. If Y e

R™*"* ig any degree 4 pseudomoment matrix extending M, then there is A € B"" with
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v’ Av = n®. Suppose ¥’ = rank(A), then let us write the spectral decomposition A =
voT + 37 L A wpw], for some Ay, > 0.

Therefore, w,, = vec(S,,V) for some S,, € R2X" with

sym

By Lemma 7.2.7, w,, € V.

sym*

v Smv; = 0 foralli € [n],m € [r' — 1]. By (7.1) from Theorem 7.1.4, we may therefore

expand
r'—-1
Y =887 + > ApWniy, (7.79)
m=1
(V) (ij) = {(vi,v;), (7.80)
(Wm) (ij) = (Smvi, vj). (7.81)

Thus, we simply have ¥ = vec(M) and w,, = vec(V TS, V).

Using Proposition 7.2.14, we find that for each m € [v' — 1], W, = vec(W,,) for some
Wi € pertgg(M ). Hence, every eigenvector of Y — vec(M )vec(M )™ having nonzero eigen-
value must lie in vec(pertgn (M), establishing the first part of the result.

The second part of the result controls rank(Y) < v’. By the first part of the result,
r' < dim (pertgy (M)) +1, (7.82)

so it suffices to compute the right-hand side. Since V is full-rank, the map S — V'SV is

injective, so this may be computed as

dim <pert8?(M)) = dim <span (fviv] ?:1)l) = 1/(1/2+1) —dim (span ({v;v/ }1~;)). (7.83)
Since Gram(vyvy,...,v,v,)) = M*°?, we equivalently have
r(r+1)

dim (pertgg(M)> = — rank(M°?), (7.84)

2
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a previously known corollary of Proposition 7.2.14 used in [LT94, LP96].

The final part of the result concerns the special case where M € £} is an extreme point,
whereby dim(pertgg (M)) = 0. Then, if Y is a degree 4 pseudomoment matrix extending M
we have rank(Y') = v’ = 1, so rank(M) = 1 as well since M is a principal submatrix of Y.
Since M € £%,in fact M = xx™ for some x € {+1}", and it is simple to check that the only

possible degree 4 extension of rank oneisthenY = (zx®@ x)(x @ x)". O

7.3 INTEGRALITY AND SEPARABILITY

We next make a small detour to investigate more deeply the role of ideas from quantum
information theory in our description of £}, which we first glimpsed in the role of the
partial transpose operation above. Since £} may be seen as a relaxation of the cut polytope
C", one expects that the description of £} in terms of an SDP over the matrices of B™", as
stated in Theorem 7.1.4, should itself relax a description of C" in terms of a similar SDP
with additional non-convex constraints. In this section, we show that the most naive such
description one might expect is in fact incorrect, and give the correct description, which is
related to separability and entanglement of quantum states.

Naively, by analogy with the fact that if M e £} with rank(M) = 1 then M = xzx" for
x € {+1}", one might expect that constraining the rank of A € B"™" in Theorem 7.1.4 to be
as small as possible, namely to equal r, would give a description of C". Unfortunately, as the
following result shows, this only holds in one direction: if the Gram witness A has rank r
then the associated M € G", but there exist M € C" with rank(M ) = r whose membership

in €} does not admit a Gram witness A with rank(A) = r.

Proposition 7.3.1. Let vy,...,v, € R", let M = Gram(v1,...,v,), and let v € R™ be the
concatenation of vy, ..., vy,. Then, if 3| ||lvil|3 = n and there exists A € B™" withrank(A) =

r and vT Av = n?, then M € C". On the other hand, if n ¢ {1,2} and n is not divisible by
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4, then I, € C" with I,, = Gram(ey,...,ey,), but letting v be the concatenation of e, ..., ey,

there does not exist A € B™" with vT Av = n? and rank(M) = n.

The unusual arithmetic condition on »n in the negative result is probably superfluous if
one searches for counterexamples other than the identity; the question is related to the
relationship between the rank of a matrix in €" and the minimum number of cut matrices
to whose convex hull it belongs. The latter quantity is similar to the notions of completely-
positive rank and non-negative rank, and appears to behave counterintuitively sometimes;

see [FP16, Liu] for some discussion.

Proof. For the positive direction, suppose v1,...,v, € R", M = Gram(vy,...,v,), v € R"™
is the concatenation of vy,..., vy, 21y ||vl-||§ =mn, and A € B™" with rank(A) = r and
v" Av = n?. By Proposition 7.1.5, [lvill2 = 1 for each i € [n] and A[;jjv; = v; for each
i,j € [n].

Since A > 0 and rank(A) = v, there exist Q; € R"*" such that A;;j; = Q; Q. Moreover,
since Q; Qi = Ayii) = I, Qi € O(r) for each i € [n]. The above factorization is unchanged
by multiplying each Q; on the left by an orthogonal matrix, so we may assume without loss
of generality that Q; = I,.

Thus, A1i] = Q1 Qi = Q;, which must be symmetric, so Q; is symmetric for each i € [n].
And, Arij1 = QiQ); is also symmetric, so Q1,...,Q, are a commuting family of symmetric
orthogonal matrices. Therefore, there exists some Q € O(r) and 1, = dy,...,d, € {+1}"
such that Q; = QD;Q" where D; = diag(d,).

We have v; = Ajj1jv1 = Qiv1 = QD;Q v, for each i € [n]. Thus,

Mij = (vi,vj) = (DiQTvl,DjQTvl) = (DiDj,QT’Ul’l)lTQ>. (785)

Let p = diag(Q v1v{ Q), then since Q"v1v{Q =0, p = 0,and >\, p; = tr(Q vv] Q) = 1.
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Therefore, letting c?k = ((di)r)ge, € {11, (7.85) is

.

Mij = > pr(dik(d;))x, (7.86)
k=1
T ~ ~

M = z pkdkd,I S @", (7.87)
k=1

completing the proof.

For the negative direction, take M = I,,. We have I,, € C" since I,, = 2% Daciz1n TT,
as each off-diagonal entry occurs an equal number of times with a positive sign as with a
negative sign in the summation. We will view I,, = Gram(ey,...,e,), let v = > e; ® e;
be the concatenation of the e;, and will show that if A € B™" with v Av = n?, then
rank(A) > nwhenn ¢ {1,2} U4N.

Suppose otherwise. Then, as in the argument above, A € B™" has Aj;j; = QiQ; for
some Q; € O(n) N [Rg,ﬁqn, with Q, = I,,, and where @, ..., Q, commute. We may then write
Qi = QD;Q7 for Q € O(n) and D; = diag(d;) for d; € {+1}". Let us also write q1,...,qn
for the rows of @, which form an orthonormal basis of R".

We have

n2 =v Av = z Z(ei ® el-)TA(ej ® ej) = Z Z(A[ij])ij- (7.88)

i=1j=1 i=1j=1
Since A > 0 and diag(A) = 1,2, all entries of A are at most 1, so each term in this sum must

equal 1, i.e. (Aij1)ij = 1 for all i, j € [n]. We then have, for any 1, j,
1=(A;j)ij=e/QD;D;Q"ej = (Diqi, Djq;), (7.89)

whereby D;q; = Djqj for all i, j. In other words, there exists some g € R" with |lqll> =1
such that D;q; = q, or q; = D;q. Thus, the g; are sign flips of a fixed vector.
On the other hand, the g; are the rows of QQ € @ (n), whose columns must also form an

orthonormal basis. Therefore, every entry of g must have the same norm, so each entry of
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Q) also has equal norm; in other words, @) is, up to a scaling depending on definitions, a
Hadamard matrix with real entries [CD06]. A real-valued Hadamard matrix of order n can

only exist when n € {1, 2} U 4N, so this is a contradiction. O

The correct way to “repair” this first attempt is quite surprising: the key condition on the
Gram witness A € B™" that is equivalent to M € C" is not minimal rank, but separability,
another notion from quantum information theory. The full extent of this connection remains
unclear and is an intriguing subject for future work. We note that the language we use below
for our real-valued objects is used in the physics literature almost exclusively to describe

similar settings over complex numbers.

Definition 7.3.2. A matrix A € R"™"" with tr(A) = 1 is separable if there exist ai,...,a,, €
R™ with ||CLl'||2 = 1, bl,...,bm e R" with ||bl||2 = 1, and Ply--sPm = 0 with Zipi = 1 such
that

A= Z pi(a; ® b)) (a;i®b;)". (7.90)

i=1
If it is not possible to write A in this way, A is entangled. (More properly, A is the density
matrix representing, with respect to a particular choice of basis, a bipartite quantum state,
and it is the state that is entangled or separable.) We write 32@;5 c B™" for the matrices

A € B™ such that = A is separable.

Theorem 7.3.3. Let v1,...,v, € R", let M = Gram(vy,...,v,), and let v € R™ be the
concatenation of vy,...,v,. Then, M € C" if and only if Y-, ||'ui||§ = n and there exists

A € B™" such that vT Av = n?.

sep

By corollary, if M € &} \ ", then any Gram witness A (suitably scaled) must be the den-
sity matrix of an entangled state which, by the definition of B™", has the positive partial
transpose (PPT) property that its partial transpose remains psd (indeed, A = A" > 0). If

the partial transpose of a density matrix of a state fails to be psd, it follows that the state
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is entangled, but the converse does not hold in general [Per96, HHH96]. The structure
of states for which this test does not prove entanglement but which are nonetheless en-
tangled has received considerable attention in the quantum information literature (see e.g.
[LKCHOO0, SBZ06, LMS10, CD12], as well as [Jac07, BZ17, AS17] for more general discussion).
It is therefore striking that these objects are, per our results, rather commonplace in SOS
optimization—for every hypercube optimization problem for which degree 4 SOS is not tight
(i.e. for which the optimizer M * € £} \ C"), there is an underlying entangled PPT state that

may be recovered from M *.

Proof of Theorem 7.3.3. Suppose first that M = Gram(vy,...,v,) for some v; € R" with

>t IIviIIE =mn,and A € B%" such that v" Av = n?. By Proposition 7.1.5, ||v;|l» = 1 for each

sep

i € [n]. By absorbing constants and rearranging tensor products, the condition A € BL!

may be rewritten as

A=> Ao (bb]) (7.91)

i=1

for some A; € RV with A; > 0 and such that, letting a; = diag(A;),

sym

> (ai)jbib] = I, (7.92)

i=1

for each j € [n].

Let V € R"™ " have the v; as its columns. Then,

v Av = Z Z (Ai)jk(bi,vj)(bi,vk) = Z b;rVAlval (7.93)
i=1j=1k=1 i=1

We now bound b] V' A;V "b; by applying a simple matrix inequality; the rather complicated
formulation below is only to handle carefully the possibility of certain diagonal entries of A;
equaling zero. Let lei be the maximal strictly positive definite principal submatrix of A;, of

dimension 7;, and let w; be the restriction of V' "b; to the same indices. Then, diag(;li) > 0.
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Let 11; : [n;] — [n] map the indices of this submatrix to the original indices, and let us

define a diagonal matrix D; € R"*"i by

|<bly 'Um(J)>|
(Di)jj = ( \/ (Al)J Jj |<bl) U, (5 ))I) \/7 (794)
(Al)JJ

Then, we claim D; > w;w,. This is a matter of applying a weighted Cauchy-Schwarz in-

equality: for & € R", we have

2
ni
z'wiw/ T = (Z xJ-(bi,vm(j)))
j:

|<bl)v7Tl(J)>| 2
< (Al) - [{bi, Um, (5 >)|> (Z )

j=1

n
= D (Dy)jx;. (7.95)
j=1
Therefore,

blTVAIVTbl = wl.Tleiwi

< (D;,A)

n; ~ 2
= (Z A (A)jj - |(biav"i(j)>|>
j=1
2
= (z J@aq); - |(bi,’vj>|> : (7.96)
j=1

Now, combining (7.96) with (7.92) and (7.93) and using the Cauchy-Schwarz inequality,

we find

vTAv =n > D (ai)j(bi,v;)? = Z o113 = (7.97)

i=1j=1

Thus, the Cauchy-Schwarz inequality in (7.97) must be tight, whereby there exist k; > 0 with
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S™. ki = 1 such that

(@) j{bi,v;)? = K; (7.98)

for every i € [m] and j € [n]. Note in particular that if x; > 0 for some i € [m], then

(bi,vj) = 0 for all j € [n]. We may then define vectors 3, € R™ by

(bi,vj)
VKiggoy - Ki>0,
Bj)ii=1 e (7.99)
0 . K = 0.
Then,
||,3k||2 _ Z K'<bi,’0j>2
2= i o
! i:ki>0 <bi”vk)2
= > (a)i(bi,v;j)?
i:k;i>0
< > (aik(bi,vj)?
i-1
=1, (by (7.92))
(Bjk, Bxjy = > ki=1. (7.100)
ki >0

Thus, in fact [|Bjkll. = 1 and Bjk = Bk, for all j, k € [n]. This implies first that whenever k; >
0 then (b;, 'uj)2 does not depend on j, and second that whenever k; = O then (a;)x(b;, 'Uj)2 =
0 for all j,k € [n]. We may assume without loss of generality that A; + 0, so a; = 0, and
thus the latter implies that whenever k; = 0, then (b;, v;)? = 0 for all j € [n]. Therefore, in
all cases, (bi,'Uj)Z does not depend on j.

Let us write n; = (bi,vj)z. For i where n; # 0, by (7.98) (a;); does not depend on j

either. For these i, let us write ¢; := (a;);. Evaluating (7.92) as a bilinear form on v; and vy,
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we then find

M = (vj,v) = > $ilbi,v)(bi,ve) = > Pinisgn({bi,v;))sgn({bj,v)).  (7.101)

i:n;+0 in; =0

When n; # 0, then ¢;n; = ki, and when n; = 0 then «; = 0. Therefore, we have in fact

m
Mj = > kisgn({bi,v;)) sgn((bi, vi)), (7.102)
i=1
showing M < C".
The converse is simpler: suppose that M € C" and M = Gram(vy,...,v,) € C" for
v1,...,0, € R". Let v € R" be the concatenation of the v1,...,v,. We will build A

Brr by essentially reversing the process described in the proof of Proposition 7.3.1. Let

sep

Pl Pm = 0with X0, p; = 1 and c?l,...,c?m € {+1}" be such that
m ~S ~
M = Z pkdkdz. (7.103)
k=1

We may assume without loss of generality that m > v, by adding extra terms with zero
coefficient to this expression. Then, writing d; := ((Jk)i)’,j‘:l e R™, R = diag(p), and v; =
R'2d;, (7.103) implies that M = Gram(vj,...,v,). There then exists Z € R™*" such that
Zvi=v;and Z"'Z = I,.

We let D; := diag(d;), and define A € R"*"" to have blocks
Apij):i=Z2"'DiD;Z = (D;Z)"(D;Z). (7.104)

The last expression gives A as a Gram matrix, so A > 0. Since Di2 = I, for each i € [n],

Ay = I, and since Dy,..., D, commute, Af;j; is symmetric. Thus, A € B™". We also
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have

n n n n n n m
v Av =) > v DiDjv; =3 > d]RY’D;D;R"d;=> > > pr=n’  (7.105)
i=1j=1 i=1j=1 i=1j=1k=1
It only remains to check that A is separable. To do this, let z1,..., 2z € R” be the rows of
Z, then by rewriting (7.104) we have A = Zﬁl(cii ® zi)(cii ®zi). O

7.4 EXAMPLES FROM EQUIANGULAR TIGHT FRAMES

We next use the tools developed above to analyze the highly-structured special case of ex-
tending Gram matrices of equiangular tight frames, where the constraints of the previous
section successfully guide the search for a degree 4 pseudomoment matrix extending a given
degree 2 pseudomoment matrix.

We first review some definitions of special types of frames in finite dimension, which
are overcomplete collections of vectors with certain favorable geometric properties. A more
thorough introduction, in particular for the more typical applications of these definitions
in signal processing and harmonic analysis, may be found in [CK12]. In what follows, as

before, let vq,...,v, € R" be unit vectors and let M := Gram(vy,...,Vy).

Definition 7.4.1. The vectors v; form a unit norm tight frame (UNTF) if any of the following

equivalent conditions hold:
1. YL v = %Ir.
2. The eigenvalues of M all equal either zero or %
3. X X (v vp)? = n72

(The equivalence of the final condition is elementary but less obvious; the quantity on its

left-hand side is sometimes called the frame potential [BF03].)
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Definition 7.4.2. The v; form an equiangular tight frame (ETF) if they form a UNTF, and there

exists x € [0, 1], called the coherence of the ETF, such that whenever i # j then |M;j| = «.

The following remarkable result shows that ETFs are extremal among UNTFs in the sense of

worst-case coherence. Moreover, when an ETF exists, « is determined by n and 7.

Proposition 7.4.3 (Welch Bound [Wel74]). If vy,...,v, € R" with |v;]l» = 1, then

max {vi,vj)| = n-r , (7.106)

substackl<i,j<ni+j T(TL — 1)
with equality if and only if v1,...,v, form an ETF.

ETFs usually arise from combinatorial constructions and should generally be understood as
rigid and highly structured objects. For instance, there remain many open problems about
the pairs of dimensions (n,7*) for which ETFs do or do not exist. More comprehensive
references on these aspects of the theory of ETFs include [STDHJ07, CRT08, FM15].

We also recall a classical result bounding the number of equiangular lines (not necessarily
forming a tight frame) that may occur in a given dimension. We also include its elegant

proof, since similar ideas will be involved in our arguments.

Proposition 7.4.4 (Gerzon Bound [LSGI1]). Ifvy,...,v, € S"! and [{(vi,v;)| = « < 1 for all

.. . . , r(r+1)
i,j € [n] withi=+ j, thenn < —5—.

Proof. For all i # j, (viv/,vjv]) = 2. Thus,
Gram(viv],...,vpv,) = (1 — o) I, + &®1,1], (7.107)

which is non-singular. The v;v; are there linearly independent symmetric matrices, so n <

: (r+1)
dim(Ry) = 70D, O
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The main reason that it is convenient to work with ETFs is that, when M is the Gram
matrix of an ETF, then [M;;| takes only two values, 1 when i = j and some «x € [0,1]
otherwise. Therefore, in particular, the matrix M °? (occurring in the proof above as well as

our earlier results) is very simple,
M- = (1 - o)1, + o®1,1],. (7.108)

As we have seen in Theorem 7.2.15, M °? is intimately related to perten (M) and therefore
to the possible degree 4 pseudomoment extensions of M. In the case of ETFs, its sim-
ple structure makes it possible to compute an explicit (albeit naive) guess for a degree 4
pseudomoment extension, which rather surprisingly turns out to be correct.

By such reasoning, we obtain a complete characterization of membership in &} for ETF
Gram matrices M, which is quite simple in that it depends only on the dimension and rank

of M. This result is as follows.

Theorem 7.4.5. Let vy,...,v, € R" form an ETF, and let M := Gram(vi,...,vy). Then,

M e &} if and only if n < @ orv =1.Ifr =1, then M = xx" forx € {+1}", and a

degree 4 redundant pseudomoment matrix Y extending M is givenbyY = (x@x)(x®x)’.
r(r+1)

If v > 1 and n < ==, then, letting P\,edpe,tgn ) be the orthogonal projection matrix to
2

vec(pertgg (M)) c [R{"Z, a degree 4 redundant pseudomoment matrix 'Y extending M is given

by
L onAl- ) .
Y = vec(M)vec(M) + mp"ec(perte’;(]\/-’))’ l.e. (7.109)
o -
r(r-1) 2 R
- r(1-3)

Y(ij)(k—f) = Y+ n(MiijB + Miij€ + MiﬂMjk) o+ Z MiaMjaMyaMpg. (7.110)

2T 2 T fta=1

r(r+l)

The maximal ETFs with n = are notoriously elusive combinatorial objects; for in-

2

stance, they are known to exist for only four values of n, and the question of their existence
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is open for infinitely many values of n [FM15]. Our result invokes another regard in which
these ETFs are extremal, which was in fact present but perhaps unnoticed in existing results
(in particular in the proof of the Gerzon bound given above): maximal ETF Gram matrices
are the only ETF Gram matrices that are extreme points of £%; thus, by Theorem 7.2.15,
these Gram matrices cannot belong to &Y.

In our argument it will become clear that the case of ETFs (those non-maximal ones that
do belong to ) is perhaps the simplest possible situation for degree 4 pseudomoments
over the hypercube: as shown in (7.109), the degree 4 pseudomoment matrix Y will have
only two distinct positive eigenvalues, and will equal of the sum of the rank one matrix
vec(M)vec(M)T, which contributes the “naive” pseudomoment value M;;M,, with a con-
stant multiple of the projection matrix onto the subspace vec(pertgg (M)), which contributes
the remaining “symmetrization” term appearing in (7.110).

In the proof, we will essentially show that A € B™" the Gram witness of membership
in € may be constructed from the orthogonal projection matrix to V,,,, from Lemma 7.2.7.

Thus we compute this projection in advance below. Recall that we have

Vim = {vec(SV) : § € R, v] Sv; = 0 for i € [n]}. (7.111)

sym sym s

Proposition 7.4.6. Suppose that the matrices viv,; are linearly independent, or equivalently
that the matrix M°? is non-singular, and that the v; form a UNTF. Let va’ym denote the
orthogonal projection to V... Then, the blocks of Py, are given by

(Py,

sym

r (1 1 UL
)il = n <2<'Ui;'vj>-[r + Evj’viT - > Z((M°2)1)k€Miij€UkU}) . (7.112)
k=101

Proof. Suppose we are computing varymy for some y € R"™. We consider the associated
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optimization over S:

. 1<
obj(S;y) := > z ||Sv; - yi||2
i=1

1,.- n 2y = vy +yiv]
5yl + 2rtr(S ) <Sl_z1 5 , (7.113)

S*(y) argmin  obj(S;y), (7.114)

SG[R‘VX‘V

sym
v/} Sv;=0 for ie[n]

where we have used the tight frame property to simplify the quadratic term.?

We introduce the Lagrangian

L(S,v;y) :=obj(S;y) — <S, > yivi'viT> (7.115)

i=1

and write the first-order condition %(S *,v;y) = 0, which gives

"oyl +yjv; &
5t =8"(y) = % (Z % + > ijjv}) : (7.116)
j=1 j=1

The other first-order condition % (S*,7;y) = 01is equivalent to the constraints, (S*,v;v;) =

0 for all i € [n], which yields the system of linear equations for -,

D (M 2)ijy; = — > Mij{vi,y;) fori € [n]. (7.117)
j=1 Jj=1

Since M °? is invertible by assumption, this admits a unique solution which is given by

Yi=— > > (M) jxMye(vi, yo). (7.118)
k=1¢=1

2 Without the tight frame assumption, the matrix V'V T would appear and, upon differentiating with
respect to S, we would find a so-called continuous matrix Lyapunov equation giving (VV T)S* + S*(VV'T).
Such an equation in principle admits an analytic solution by reducing to a linear equation in vec(S™) (see,
e.g., [Kuc74]), but this would further complicate the calculations.
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Substituting into (7.116), we find

noyyl yel NN
S* = r (Z % _ z Z Z((MOZ)1)jkMk€('Uk,y€)'Uj'UJT) . (7.119)

j=1 j=1k=1¢=1

We then recover the blocks we are interested in,

(Py, 91 = (vec(S* V)i
= S*’Ui
n Cap\ay. Ay Nay. n on

— 1 (Z (’Ula yJ)’UJ —g <'U1,;'UJ>yJ z z z ((MoZ) 1)Jle]Mk€<’Uk;y€>v])
n Jj=1 j=1k=
n r n n

= Z o ( (vi,vj) I, + UJ Z Z (M)~ l)kngkMngkvg) y;, (7.120)
Jj=1 k=1{¢=1

and the result follows. O

Corollary 7.4.7. Suppose that vi,...,v, form an ETF with v > 1. Then, the blocks of va'ym

are given by

n-vr r2n-1) &

(Py: i) = lfv + —vjv] + — (’Ui,'l)j)Iy - z MuMjvrvg. (7.121)
2n 2n ni(r —1) 5

Proof. By Proposition 7.4.4, the conditions of Proposition 7.4.6 are satisfied, so it suffices
to compute (M°?)~1. The off-diagonal entries of M all equal the coherence «, which by

Proposition 7.4.3 is given by
n-r

Thus, we have

nr-1) n-—-vr

02 __ _ 2 2 T= (1)
M2 = (1 a)h+a]mhl,ﬂn_n "Trn-1)

1,1]. (7.123)
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This matrix may be inverted by the Sherman-Morrison formula, giving

oov-1 _ Y(m—1) _r(n—r) .
(M*°) _n(r—l)I" nz(r—l)lnln' (7.124)

Thus, the entries are

_ r(m=-1)2%+r-1)

= — Doi= ],
(M)} = ey (7.125)
. (n-r) S
b:= —;2(7;_71) i+ j.
Substituting into the expression from Proposition 7.4.6, we find
n n
DD (M2 kplwi, vi) (v), vp) vkvy)
k=1¢=1
n n n
= (a—b) > (v, v) (v, vV + b D> D (vi, o) (v, vp)vr]
k=1 k=1 (=1
n
= (a—b) > (v, v)(vj, v)vrvf + (VVT0)(VV )7
k=1
_rin-1) < . n-vr .
- m};(vi,vk)(vj,vk)vkvk T (7.126)
Combining with the full result of Proposition 7.4.6 then gives the claim. O

Proof of Theorem 7.4.5. Let vy,...,v, € R" form an ETF, let V € R" " have the v; as
its columns, let v = vec(V') be the concatenation of vi,...,v,, and let M = V'V =

Gram(wvy,...,v,). Then, our result is that M e E} if and only if n < @

orv = 1. If
v = 1, then each v; is a scalar equal to +1, so M € C". Thus, it suffices to restrict our
attention to » > 1.

By Theorem 7.2.15, the negative direction immediately follows: if n = @, then the
v;v; span R%m, sO by Proposition 7.2.14 M is an extreme point of &7, thus M cannot
belong to £} unless rank(M) = 1, which is a contradiction if > 1.

The positive direction with v > 1 is the more difficult part of the result. We proceed

by explicitly constructing A € B"™" with v™ Av = n?. The construction is optimistic: we
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consider the simplest possible choice for A respecting the constraint of Lemma 7.2.7. The
Lemma forces M = vv"™ + A’ where A’ > 0 with all of its eigenvectors with positive eigen-
value lying in the subspace V., .. We then simply choose A’ to equal a constant multiple of

sym*

va«ym. Choosing the constant factor such that tr(A) = ¥n, we obtain the candidate

] (r-1)n
A - = ’U’UT m Vs’ym' (7.127)
2

If we could show that A;;) = I and A[;;; = Ay;j) for all i, j € [n], then the proof would be

(i
complete.

Surprisingly, the naive construction (7.127) does satisfy these properties, as may be veri-
fied by substituting in the explicit formulae for the blocks of va/ym from Corollary 7.4.7, with
which it is straightforward to check that A € B™".

Finally, using the relation (7.2) between the blocks of A and the degree 4 pseudomo-

ments, we recover the formula for the degree 4 pseudomoments:

r(r-1) P n

Yijp ey = W(MLJMk€+M1kMJ€ +Ml€MJk) T+ Z Mim M jm Mim M g, (7.128)
2 2 m=1

concluding the proof. O

This derivation at this point appears to be a rather egregious instance of “bookkeeping
for a miracle” [Cla09], and it certainly remains an open question to provide an intuitive
explanation for why any ETF Gram matrices ought to belong to £} at all—we first discovered
this fact in numerical experiments. We will, however, give a more principled account of the

remarkably symmetric formula (7.128) in Chapters 8, 9, and 10.
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7.5 NEW INEQUALITIES CERTIFIABLE AT DEGREE 4

Finally, to close this chapter, we consider the dual question to that of the previous section.
While there we found structured deterministic examples of Gram matrices extensible to
degree 4 pseudomoments, here we ask: can we use structured deterministic examples to
find new inequalities certified by degree 4 SOS over the hypercube?

Let us first motivate this question. There are many results in combinatorial optimization
enumerating linear inequalities satisfied by C" (see, e.g., [DL09]). The practical purpose of
this pursuit is that such linear inequalities may be included in LP relaxations of C", which
are typically more efficient than the SDP relaxations we work with here. The putative con-
venience of SDP relaxations is that they do not require their user to know specifically which
inequalities will be relevant for a given problem; the psd constraint captures many relevant
inequalities at once. For theoretical understanding, however, it is again important to know
which specific inequalities over C" are satisfied at which degrees of SOS relaxation, since
those inequalities may then be used as analytical tools in proving that SOS succeeds in vari-
ous tasks. Given a specific valid inequality, the least degree of SOS at which that inequality
is certified is also an intrinsically interesting measure of that inequality’s “complexity.”

Yet, to the best of our knowledge, very few inequalities over C" are known to be satisfied
in €} but not £%; indeed, it appears that the only infinite such family known before this

work was the triangle inequalities,
- SiSJ'Mij - SjSijk —SsisgMix <1 for M e 8", S € {il}n. (7.129)
Guided by the results from the previous section, we find a new family of similar but inde-

pendent inequalities. First, from the negative result of Theorem 7.4.5, we obtain concrete

examples of matrices M e &7 \ €}, namely the Gram matrices of ETFs with n = w
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As mentioned before, these are only known to exist for four specific dimensions, namely
r € {2,3,7,23}. By convex duality, there must exist certificates that these matrices do not
belong to £}, taking the form of linear inequalities that hold over £} but fail to hold for
these matrices. Indeed, for the smallest two examples r € {2, 3}, a triangle inequality is a
valid certificate of infeasibility.

For » = 7, on the other hand, the absolute value of the off-diagonal entries of the Gram
matrix is « = %, so the triangle inequalities are satisfied, and the certificates of infeasibility
must be new inequalities which cannot be obtained as linear combinations of triangle in-
equalities. We compute these certificates numerically and identify the constants that arise
by hand to allow the certificates to be validated by symbolic computation (this amounts to
checking that a certain n? x n° matrix is psd, where in this case n? = 282 = 784).

For r = 23 the same appears to occur numerically and a similar argument shows that yet
another independent family of inequalities must arise as the certificates of infeasibility, but
the symbolic verification of such a certificate is a much larger problem which a naive soft-
ware implementation does not solve in a reasonable time. We thus only present the verified
result for » = 7 here as a proof of concept, leaving both further computational verification

of exact inequalities and further theoretical analysis of these certificates to future work.

Theorem 7.5.1. Let Z be the Gram matrix of an ETF of 28 vectors in R?. Then, for any

M € &} and any 1t : [28] — [n] injective,
Z sgn(Zij)Mn(i)n(j) <112, (7.130)
1<i<j<28

and this inequality cannot be obtained as a linear combination of the triangle inequalities

- SiSle‘j - SjSijk —SisgMip <1 fOI"S e {+1}". (7.131)
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As a point of comparison, since Z € &%, the half-space parallel to that defined by (7.130)

most tightly bounding €% must have the right-hand side at least

> osen(ZiZij= > 1Zijl = 28(28-1) % =126 > 112. (7.132)

1<i<j<28 1<i<j<28 2

Thus, these inequalities describe directions in the vector space of symmetric matrices along
which €Y is strictly “narrower” than &5.

To better understand the structure of these inequalities, we refer to a general corre-
spondence between ETFs and strongly regular graphs (SRGs) [FW15]. (In fact, there are two
distinct correspondences between ETFs and SRGs: the one we will use applies to arbitrary
ETFs and is described in [FW15], while the other applies only to ETFs with a certain additional

symmetry and is described in [FJM*16].)

Definition 7.5.2. A graph G = (V,E) is a strongly regular graph with parameters (v, k, A, u),
abbreviated srg(v,k, A, u), if |V| = v, G is k-regular, every x,y € V that are adjacent have

A common neighbors, and every x,y € V that are not adjacent have u common neighbors.

Proposition 7.5.3 (Theorem 3.1 of [FW15]). Let vq,...,v, € R" form an ETF withn > r,
suppose that for alli € [n]\ {1} we have (vi,v;) > 0, and let M = Gram(v1,...,v,). Define
the graph G on vertices in [n] \ {1} where i and j are adjacent if and only if (v;,vj) > O.

Then, G is an srg(v, k, A, u) with parameters

v=n-1, (7.133)
k=E—1+<£—l) 77’(”_1)’ (7.134)
2 27 n-—-vr
k
=, (7.135)
A= 3"_2”_1 (7.136)
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Note that the assumption that (v, v;) > 0 for all i # 1 is not a substantial restriction, since
any vector in an ETF may be negated to produce another, essentially equivalent, ETF.

In our case, an ETF on 28 vectors in R” corresponds to an srg(27,16, 10, 8). By the result
of [Sei91], this graph is unique. Consequently, putting the ETF into the “canonical” form

where (vq,v;) > 0 for all i # 1, we obtain the following uniqueness result.

Proposition 7.5.4. Let vi,...,v and w,...,wg be two ETFs in R”. Then, there exist signs

1=s1,8,...,58 € {x1} and Q € O(7) such that w; = 5;Quv; for each i € [28].

The associated graph G is called the Schldfli graph, a remarkably symmetrical 16-regular
graph on 27 vertices that describes, among other structures, the incidences of the 27 lines
on a cubic surface. See, e.g., [Cam80, CSO5] for further examples of its structure and signifi-
cance in combinatorics. We thus propose referring to these inequalities as Schldfli inequali-
ties.

We now describe the computer-assisted verification of the degree 4 SOS proof of these
inequalities. As above, let vy, ..., v2s € R’ form an ETF with (v;,v;) > 0 for all i # 1, and let
Z = Gram(vy,...,v23). Such Z is unique by the above. Since if M € &} then DM D < &}
for any D = diag(d) with d € {+1}", it suffices to fix this single ETF of 28 vectors in R’
and check (7.130), and the result will follow for all ETFs of the same dimensions. Let G be
the graph on [28] where i and j are adjacent if (v;,vj) > 0, so that G is the Schlifli graph
with one extra vertex added that is attached to every other vertex. We will write G|g for the
subgraph induced by G on the set of vertices S.

We show (7.130) by producing a 0 < A € R2°*28° gych that, for any Y a degree 4

redundant pseudomoment matrix extending some M a degree 2 pseudomoment matrix,

0<(AY)=112—- > sgn(Zij)Xi;. (7.137)
1<i<j<28

The construction of A is based on studying the results of numerical experiments. We iden-
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tify the constants appearing in A as

1
Y= 126’ (7.138)
1
= —, 7.139
Y2i= 3¢ ( )
K1 = g (7.140)
1 -.— 9’ .
Kp 1= i (7.141)
2 . — 28. .
With this, we define
0 s, g,k 8] =4,
—sgn(Zp)yr @ i=j, k=4,
Y2 ci=k,j+ 4, |E(Glyje)l =0,
Yo s i=k,j#= O IEGl ) =2,i~j,i~",
Aipkd =1 —y2 ci=k,j* L, IE(Gly )l =2,j~4, (7.142)
0 o i=k,j#+ L |E(Gly el e (1,33,
—sgn(Zi)yr @ i=j=ki=*d,
K1 si=k,j=4L,i% ],
K2 Di= j, k=42.
Alirin)izia) = A(in(l)in(Z))(in(3>in(4)) fore e [28]4’ T € Sym(4). (7.143)

We then perform a computer verification that A > 0 using the SageMath software package
for symbolic calculation of a Cholesky decomposition (more precisely, we first compute the
row space symbolically, reduce to this space which has the effect of removing the kernel
of A, and then verify strict positivity with a Cholesky decomposition). Verifying that the
equality of (7.137) holds is straightforward by counting the occurrences of various terms

in (A,Y). Of course, this proof technique is rather unsatisfying, and it is an open prob-
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lem to provide a more principled description of A and a conceptual proof of its positive
semidefiniteness (both for this specific case and for the general case of maximal ETFs for

any dimensions they may exist in).
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8 SPECTRAL PSEUDOMOMENT EXTENSIONS

In the previous chapter, we obtained constraints on the spectrum of a degree 4 pseudo-
moment extension of a low-rank degree 2 pseudomoment matrix, and found that the Gram
matrices of ETFs admit extensions by essentially the simplest possible construction that
respects these spectral constraints. We now consider how these results might inform pseu-
domoment constructions for other Gram matrices and for higher degrees of SOS. To do this,
we will give another justification for the construction we obtained for ETFs by more gen-
eral probabilistic reasoning, constructing pseudomoments by introducing surrogate random
tensors that behave like the “pseudo-random variable” tensors ¢ that pseudoexpectations
evaluate. This will recover the degree 4 extension that the ETF examples suggest, and will
also give an abstract description of a reasonable higher-degree construction. We derive that
abstract description in this chapter, then digress to work through a deterministic example
where it applies directly in Chapter 9, and finally apply a further heuristic argument to

derive a concrete construction that we will apply to random problems in Chapter 10.

SUMMARY AND REFERENCES This chapter describes a reinterpretation of the degree 4 con-
struction suggested in the previous chapter’s Theorem 7.4.5 that is presented in Section 4.2
of [KB20], and the generalization to higher degrees first proposed in Section 5 of the same.
We also present part of the further elaboration of these ideas from [Kun20b]; in particular,

while [KB20] proposed a construction in terms of symmetric tensors, [Kun20b] translated
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it to the language of homogeneous polynomials and their Hilbert space structure under the
apolar inner product, and showed how that construction relates to ideal-harmonic decom-
positions. The main results of this chapter are a construction summarized in two equivalent

ways in Lemma 8.3.11 and Corollary 8.3.13.

8.1 NOTATIONS AND ASSUMPTIONS

We first introduce some notations for and assumptions on the degree 2 pseudomoment
matrix that we will make in discussing our proposed pseudomoment extensions. These
assumptions will also be in force (either approximately or exactly) in our applications in
later chapters.

Suppose M € R with M > 0and M;; = 1 for all i € [n]. We will be seeking to
build pseudoexpectations T with E[:I;a:T] = M. Since M > 0, we may further suppose that,
for some V € R"™" with ¥ < n and having full row rank, M = V' "V. In particular then,

rank(M) = r. Since this number will come up repeatedly, we denote the ratio between the

rank of M and the ambient dimension by

§:= (8.1)

v
n

Writing v, ...,v, € R" for the columns of V', we see that M = Gram(vy,...,v,), and, since
diag(M) = 14, llvill = 1 for all i € [n].
We now formulate our key assumptions on M. For the purposes of our derivations in

this section, it will suffice to leave the “approximate” statements below vague.
Assumption 8.1.1 (Informal). The following spectral conditions on M hold:

1. All non-zero eigenvalues of M, of which there are v, are approximately equal (to

tr(M) /vy =n/r = 571).
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2. M is approximately equal to a projection matrix to an v -dimensional subspace of R",

multiplied by 6~1.
3. VVT =61,.

4. The vectors vy, ..., v, approximately form a unit-norm tight frame (Definition 7.4.1).

(Note that, per our earlier discussion surrounding Definition 7.4.1, if we require that these

conditions hold exactly, then they are all equivalent.)

Assumption 8.1.2 (Informal). The following entrywise condition on M holds:

5. Forany i+ j, |M;;| =~ (6-1—1)/r.
We will see that, to derive a pseudomoment extension of M, we may reason as if the ap-
proximate equalities are exact and obtain a sound result.

In light of Condition 3 above, it will be useful to define a normalized version of V', whose
rows have approximately unit norm: we let V := 8§12V, so that VVT ~ I,. We note that this
matrix can therefore be extended, by adding rows, to an orthogonal matrix (this is equivalent

to the Naimark complement construction in frame theory; see Section 2.8 of [Wall8]).

8.2 GAUSSIAN CONDITIONING INTERPRETATION AT DEGREE 4

Recall that, in Section 7.4 and its Theorem 7.4.5, we showed that the Gram matrices of
most ETFs admit an extension to degree 4 pseudomoment matrices. Matrices M satisfying
Assumptions 8.1.1 and 8.1.2 are “approximate ETF Gram matrices,” in the sense that they are
close to constant multiples of projection matrices and their off-diagonal entries are close to
equal in magnitude. Therefore, taking the pseudomoment extension of Theorem 7.4.5 and

simplifying its coefficients when » = 6n and n — o with ¢ fixed, we obtain the prediction

n
“Elxix;xexe] = MijMyp + MiacMjp + MygMjx — 2 > MiaMjaMyaMpg.” (8.2)

a=1
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We note in passing that the construction has “tuned” the coefficient —2 of the second
term to produce a cancellation that is required for E to satisfy E[1] = 1 and E[(xi2 -
1)p(x)] = 0. Namely, if i = j = k = ¥, then only the term a = i contributes in the lat-
ter sum, so the value is E[Xf] ~ 3 — 2 =1, as needed. On the other hand, if i = j and
k = £ but these two values are not equal, then the first term is 1, while all other terms are of
sub-constant order, so ﬁ[xfx,f] ~ 1 as well. We will discuss a broad generalization of these
circumstances in Chapter 10.

This expression in hand, we could proceed to prove degree 4 lower bounds—this is what
is done for the Grigoriev-Laurent pseudomoments (see Chapter 9) in [BK18], and no further
insight is needed to reproduce the argument of [KB20] either. However, it seems difficult to
generalize this idea to find pseudomoment constructions at higher degrees, since the con-
straints on pseudomoment extensions do not appear strong enough to immediately yield
extensions of arbitrary ETFs in closed form. Thus below we give another, perhaps more
principled argument through which we arrive at the same prediction of degree 4 pseudo-
moments. The remainder of this chapter will then be dedicated to showing that this lat-
ter construction in fact does generalize sensibly to higher degrees. Our discussion will be
slightly redundant as the present derivation is a special case of the higher-degree deriva-
tion to come, but, as we will see, the degree 4 case is actually exceptionally simple and it is
instructive to perform it with “bare hands” before introducing more machinery.

Let us suppose that the spectral constraints of Assumption 8.1.1 hold exactly; that is,
M is exactly the Gram matrix of a UNTF, so M = 6! P for P a projection matrix satisfying
diag(P) = 61,. Note also that in this case P = VTV. The key idea is to view the pseu-
domoments ﬁ[xixjxkxg] as being given by the actual moments of the entries of an n x n
Gaussian random matrix GG. That is, while x is only a “pseudo-random variable,” we pro-

pose that xx™ may be identified with a genuine random matrix, albeit one of rank greater
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than one:

“zx' = G.” (8.3)

To write such claims precisely in terms of pseudoexpectations, it is convenient to introduce

a weakened notion.

Definition 8.2.1 (Bilinear pseudoexpectation). For a bilinear operator T RIX1,.0ny Xnl<a X
R[x1,...,Xnl<a — R, we denote its action with parentheses, E(p(m),q(m)). For a linear
operator T R[x1,...,Xnl<2a — R, we denote its action with brackets, E[p(m)]. We call a

symmetric bilinear operator as above a bilinear pseudoexpectation if it satisfies the following

propetrties:
1. E1,1) = 1;

2. BE((x? - Dp(x),q(x) = 0 for all p € R[x1,...,Xnlza-2, 4 € R[X1,...,Xn]<q, and

i€ [n];
3. E(p(x),p(x) =0 forallp € R[x1,...,%n]<d.

We say a bilinear pseudoexpectation factors through multiplication if E(p (x),q(x)) depends

only on the product p(x)q(x).

In terms of a pseudomoment matrix, factoring through multiplication is equivalent to form-
ing a Hankel matrix (or a multidimensional generalization thereof); however, we adopt this
language to emphasize the underlying algebraic property. Clearly, a bilinear pseudoexpec-
tation that factors through multiplication in fact yields a true pseudoexpectation (Defini-
tion 6.1.2). However, it will be useful for us to work with bilinear pseudoexpectations that
do not necessarily have this property.

Returning to our construction, given some G € R™" with random jointly Gaussian
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entries, we propose a bilinear pseudoexpectation
'[E(Xixjyxkxé’) = E[GijGye]. (8.4)

(To be fully precise, we also let E(Xi,Xj) = E(l,xixj) = M;; as an extension of M must
satisfy, E(l, 1) = 1, and extend by linearity.) We then design G so that F automatically
satisfies the constraints of Definition 8.2.1, not including factoring through multiplication.
We will have no reason to expect a priori that f should factor through multiplication and
yield a true pseudoexpectation, but, remarkably, this will still happen. In exchange for the
difficulty of ensuring that E factors through multiplication, it will be easy to ensure that the
other constraints are satisfied. Most importantly, a pseudoexpectation of the above form is,
by construction, positive semidefinite.

To specify the law of GG, we first note that taking G to be symmetric at least ensures that
£ will in fact be a well-defined operator on homogeneous degree 2 polynomials. We then be-
gin with a matrix G having a canonical Gaussian distribution for symmetric matrices, the
GOE, suitably rescaled to allow us a normalizing degree of freedom later: GE? VN (0,202)
and Gg,)) = G}?) ~ N(0,02). Next, we take G to have the distribution of G©, conditional

on the following two properties:
1. I,-P)G =0.
2. Gi=1foralli e [n].

Property 2 ensures that the second condition of Definition 8.2.1 holds, E(xi2 —1,xkxy) = 0.
Property 1 ensures that the similar condition E(((In — P)x);xj,xkxp) = 0 holds as well.
Intuitively, this corresponds to the constraint that x lies in the row space of P (which equals
that of M), which is reasonable recalling that we seek to achieve Elzx™] = M. Formally,

any £ that factors through multiplication and (switching to linear operator notation) with
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E[mazT] = M must satisfy this property, since the matrix F**) = (E[Xinkag])z'j:l formed
by “freezing” one index pair (k,¥) and letting the other two indices vary must, by positivity

of ﬁ, satisfy

M F&D
z 0, (8.5)

F&0O M

as this is a submatrix of the degree 4 redundant pseudomoment matrix. Thus the row space
of F&! ig contained in that of M.

What is the law of the resulting Gaussian matrix G? Conditioning on Property 1 yields
the law of PGOP = V(VTGOV)VT. By rotational invariance of the GOE, the inner
matrix VGOV = GV ¢ RZ has the same law as the upper left » x v block of GO je.,
a smaller GOE matrix with the same variance scaling of 2.

Next, we condition on Property 2, or equivalently condition GV on having v] GWy; =
(viv], GW) = 1. To work with these conditions, it is useful to define an isometry between
RZw endowed with the Frobenius inner product and R""*1/? endowed with the ordinary

Euclidean inner product.

Definition 8.2.2 (Isometric vectorization). Define isovec : R — R"("+1D/2 py

_ diag(A)
isovec(A) := ) (8.6)

V2 - offdiag(A)

This indeed satisfies (isovec(A),isovec(B)) = (A, B) = tr(AB). Then, GV has the law of
isovec_l(g) for a Gaussian vector g ~ N (0,20°1I,(41),2). Since isovec is an isometry, we
may equivalently condition g on (g, isovec(v;v;)) = 1 for each i € [n]. By basic properties

of Gaussian conditioning, the resulting law is

N (Z ((P°?)711,);isovec(viv]), 20 (I — ﬁ)) : (8.7)

i=1
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where P°? is the Gram matrix of the isovec(v;v; ) or equivalently the entrywise square of P,
and P is the orthogonal projector to the span of the isovec(v;v; ). Let G be a matrix with
the law of isovec™! applied to the law in (8.7).

Having finished the conditioning calculations, we may now obtain the statistics of G.
Recall that Gij = v] GPv; = (3(vv] + vv]),G?). Applying isovec to each matrix and

using the expression derived above, we find the mean and covariance

n
E[Gi;] = > (P°?) ' 1,)kPiaPja, (8.8)
a=1
2 ~J
Cov[Gij, Gkel = %isovec(viv} +v;v{) " (I - P) isovec(vyv; + vpvy). (8.9)

Next, we make two simplifying approximations. For the means, we approximate

P2~ 61+ flnlg, (8.10)
which gives
E[A;j] = 6 'P;j = My;. (8.11)
For the covariances, since under our assumptions we have |lisovec(v;v;)ll2 = llviv] |lF =
|vill3 = &, we approximate
~ n
P ~ 572 isovec(vv] )isovec(viv] )T, (8.12)
i=1
which gives
n
Cov[Aij, Akl = 0% [ PiPjp + PiyPjx — 2672 > PiaPjaPxaPya | - (8.13)
a=1

Finally, to recover what this prediction implies for the pseudoexpectation values, we
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compute

E(xixj,xkxﬂ) = E[G;;Gre]

= [[Gij][E[Gké] + COV[Gij, Grel

n
= M;jMy; + 0°° (Pikpjg + PyPji — 2672 > PianaPkana) : (8.14)

a=1
We can then choose o2 either such that E(x?,x?) = 1 or such that [ factors through mul-
tiplication, which turn out to be the same choice 0> = 2. Thus, writing ,IE[XiXJ'XkXy] =

E(xixj, xxXxy¢) and restricting to i = j and k # ¥, we recover the same formula as (8.2):

n
“Elxix;xexe] = MijMyg + MicMjp + MygMjx — 2 > MigMjaMyaMpg.” (8.15)

a=1

Remark 8.2.3. It is worth noting the intriguing geometric interpretation of the random matrix
G we have constructed: we have EG = M, diag(G) = 1,, deterministically, and G fluctuates
in the linear subspace perten (M) (as may be verified from the covariance formula (8.9) and is
intuitive by analogy with the ETF case of Chapter 7; recall Definition 7.2.12 and the following
results). Thus, G behaves, roughly speaking, like a random element of %, which lies on the
same face of 5 as M and fluctuates as an isotropic Gaussian centered at M along this
face (but is allowed to fluctuate “off the edges” of the face). In this regard our construction
is an enhanced version of the naive attempt E[xixjxkxy] = M;;Myy, which of course does
not satisfy the necessary symmetries. Instead of merely extending a single feasible point M
in this way, we instead extend a random ensemble fluctuating along the same face; if M is
optimal for some degree 2 SOS relaxation, then the other elements of its face should also be
optimal, so this is a case of making pseudomoment constructions “as random as possible,” to

borrow the phrase of [BHK" 19].
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8.3 GENERALIZING TO HIGHER DEGREE

Now, motivated by the second derivation of the degree 4 extension in the previous section,
we propose a generalization to higher degrees. This is performed by replacing the random
symmetric matrix G above with a random symmetric tensor of higher order. Thus before
proceeding we review some background on symmetric tensors and the canonical Gaussian
distributions they admit. We will also find it useful to take advantage of the equivalence
between symmetric tensors and homogeneous polynomials, so we review this below as well.
The material on symmetric tensors is standard and may be found in references such as
[BS84, KM89]. The Hilbert space structure for homogeneous polynomials that we discuss is
apparently a more obscure topic, to which the reader may wish to pay particular attention;

we will give some references below.

8.3.1 SYMMETRIC TENSORS AND HOMOGENEOUS POLYNOMIALS

The vector space of symmetric d-tensors Symd(IR”) C (R™)®4 js the subspace of d-tensors

whose entries are invariant under permutations of the indices. The vector space of homoge-

neous degree d polynomials R[y1,..., yn]gom is the subspace of degree d polynomials whose
monomials all have total degree d. Having the same dimension <"+g_1), these two vector

spaces are isomorphic; a natural correspondence ¢ : Symd([R{”) - R[y,... ,yn]g""‘ is
®(A) = Aly,...,yl= > Az, (8.16)

se[n]4
d -1

o1 .= - Ty® , 8.17
(p(y)) (freq(s)) [y*1(p) ( )

where freq(s) is the sequence of integers giving the number of times different indices oc-

cur in s (sometimes called the derived partition) and [y*](p) denotes the extraction of the
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coefficient of y* from a polynomial.

The map sym : (R")®4 — Symd([R{") is given by averaging the entries over permutations:

1
sym(A), i= D> Ag s (8.18)

TESY

The symmetric product is defined by composing the tensor product with symmetrization:
Ao B:=sym(A® B). (8.19)

This is easily seen to coincide with multiplication of polynomials through &,
P(AoB)=9(A)®(B) (8.20)

The general d-tensors (R")®4 may be made into a Hilbert space by equipping them with
the Frobenius inner product,

(A,B):= > AB,. (8.21)

se[n]d
The symmetric d-tensors inherit this inner product. To account for the permutation sym-

metry, it is useful to introduce the following notation for multisets.

Definition 8.3.1 (Multisets). For a set S, let M(S) be the set of multisets with elements in
S (equivalently, a function S — N), M4(S) the multisets of size exactly d, and M-4(S) the

multisets of size at most d.

Then, when A, B € Symd(IR"), the Frobenius inner product may be written

d
(A,B)= > ( )ASBS, (8.22)
seatg(tny \frea(s)

Perhaps less well-known' is the inner product induced on homogeneous degree d poly-

1[ER93] write: “...the notion of apolarity has remained sealed in the well of oblivion.”
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nomials by the Frobenius inner product pulled back through the mapping ®, which is called
the apolar inner product [ER93, Rez96, Veg00].> For the sake of clarity, we distinguish this

inner product with a special notation:

-1

d

(p.a).:= (@ (p),o @)= ( ) [y 1(p) - [¥°1(@). (8.23)
seatgiiny \fred(s)

In the sequel we also follow the standard terminology of saying that “p and g are apolar”
when (p, q). = 0; we also use this term more generally to refer to orthogonality under the
apolar inner product, speaking of apolar subspaces, apolar projections, and so forth.

The most important property of the apolar inner product that we will use is that mul-
tiplication and differentiation are adjoint to one another. We follow here the expository
note [Rez96], which presents applications of this idea to PDEs, a theme we will develop
further below. The basic underlying fact is the following. For q € R[y1,..., V], write

a(0) = q(0y,,...,0,,) for the associated differential operator.?

Proposition 8.3.2 (Theorem 2.11 of [Rez96]). Suppose p,q,v € R[y1,..., vn]"™, with de-

greesdeg(p) = a,deg(q) = b, and deg(v) = a + b. Then,

al

o b)!m,q(a)m. (8.24)

(pqir)o =

In particular, if deg(p) = deg(q) = a, then (p,q). = p(9)q/a.

In fact, it will later be useful for us to define the following rescaled version of the apolar

inner product that omits the constant factor above.

Definition 8.3.3. For p,q € R[y1,..., Yn]'"™ with deg(p) = deg(q), let (p,q)s := p(O)q.

20ther names used in the literature for this inner product include the Bombieri, Bombieri-Wey!l, Fischer,
or Sylvester inner product. The term apolar itself refers to polarity in the sense of classical projective
geometry; see [ER93] for a historical overview in the context of invariant theory.

3 3
31f, for instance, q(y) = ylzyz + y;;?, then q(9) f = a;%gyz §7§
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Using the preceding formula, we also obtain the following second important property,

that of invariance under orthogonal changes of monomial basis.

Proposition 8.3.4. Suppose p,q € R[y,... ,yn]'f’“ and QQ € O(n). Then,

(p(y),a(y)). =(p(QY),q(Qy)).. (8.25)

Associated to these two Hilbert space structures, we may then define isotropic Gaussian

“vectors” (tensors or polynomials).

Definition 8.3.5. For o0 > 0, G5™(n, o?) is the unique centered Gaussian medasure over

Sym?(R") such that, when G ~ G5 (n,0?), then for any A, B € Sym?(R"),
E[(A, G)(B,G)] = 0*(A, B). (8.26)

Equivalently, the entries of G have laws G5 ~ N (0, 02/ (ﬁej(s))) and are independent up to
equality under permutations. Equivalently again, letting G'© € (R™)®4 have i.i.d. entries

distributed as N (0, 0?), G = sym(G'?).

For example, the Gaussian orthogonal ensemble with the scaling we have used previously is
GOE(n) = G¥"™(n,2/n). The tensor ensembles have also been used by [RM14] and subse-

quent works on tensor PCA under the name “symmetric standard normal” tensors.

Definition 8.3.6. For o > 0, GZO'y(n, 0?) is the unique measure on polynomials with centered
Gaussian coefficients in [R[yl,...,yn]g"m such that, when g ~ g'f'y(n, 0?), then for any
p,a € RIY1,..., yullP™,

El{p,9)-(d,9).1 = 0°(p,q).. (8.27)

Equivalently, the coefficients of g are independent with laws [y*1(g) ~ N (0, o> (ﬁegl(s)) ).

218



See [Kos02] for references to numerous works and results on this distribution over poly-
nomials, and justification for why it is “the most natural random polynomial.” Perhaps
the main reason is that, as a corollary of Proposition 8.3.4, this polynomial is orthogonally
invariant (unlike, say, a superficially simpler-looking random polynomial with i.i.d. coeffi-

cients).

Proposition 8.3.7. If g ~ G°°Y (n,02) and Q € O(n), then g Dj00.

tens

(Likewise, though we will not use it, G ;" (n, o?) is invariant under contraction of each index

with the same orthogonal matrix, generalizing the orthogonal invariance of the GOE.)
Finally, by the isotropy properties and the isometry of apolar and Frobenius inner prod-

ucts under ¢, we deduce that these two Gaussian laws are each other’s pullbacks under

those correspondences.

Proposition 8.3.8. If G ~ G¥"(n,0?), then ®(G) has the law Gf;o'y(n,az). Conversely, if

g~ GZOIy(n, 0?), then ®~1(g) has the law G (n, 072).

8.3.2 SURROGATE RANDOM TENSOR CONSTRUCTION

We now proceed to generalize our degree 4 construction to higher degrees. As for degree 4,
the initial idea is to build pseudoexpectation values as second moments of the entries of
a Gaussian random symmetric tensor. That is, for degree 2d, we build E using a random

G@ e Sym?(R") and taking, for multisets of indices S, T € M4([n]),
‘B’ a") = E[Gy G ] (8.28)

Again, at an intuitive level, if  has the pseudodistribution encoded by E, then one should
think of identifying

« @A) — ped » (8.29)
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The key point is that, while we cannot model the values of T as being the moments of an
actual random vector x, we can model them as being the moments of the tensors G'@,
which are surrogates for the tensor powers of x.

Forcing G'?' to be a symmetric tensor, as we have indicated above, makes T above a
well-defined bilinear pseudoexpectation (Definition 8.2.1). We will again begin with G@ ~
Gs™(n, 05) for some degree of freedom o,; > 0 to be chosen later, and condition on con-
straints analogous to those given earlier for degree 4. To express these, we introduce the
“slicing notation” (or “MATLAB notation”) that, for S € M, 1([n]) and A € Symd([R”),

A[S',:]:= (As+iy)]-, € R™. Then, our construction is as follows.

PSEUDOEXPECTATION PREDICTION (TENSORS) Let wy,...,w;,_, be a basis of ker(M). De-

fine a jointly Gaussian collection of tensors G4’ € Sym?(R") as follows.
1. G e Sym®(R") is a scalar, with one entry G%)) =1.

2. For d > 1, G'¥ has the law of G¥"(n, ¢3), conditional on the following two prop-

erties:

(@) If d = 2, then for all S’ € My_»([n]) and i € [n], Gi) ;5 = G2,

(b) Forall S’ e My_1([n]) andi € [n — 7], (w;, GD[S’,:]) = 0.

Then, for S, T € M, ([n]), set
E@’ ") =[G G ]. (8.30)

The choice of Gg) ) was implicit in our discussion of degree 4 where we did not explicitly
introduce a scalar corresponding to degree 0. The first Property (a) we condition on is
the suitable generalization of G;; = 1 to higher-order surrogate tensors, and the second

Property (b) is the same generalization of (I — P)G = 0. If it is possible to choose 0'5
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such that this F factors through multiplication, then Tisa degree 2d pseudoexpectation
extending M.

However, when we try to actually carry out the computation of the law of G@ after
performing this conditioning, matters are subtler once d > 2 (corresponding to total SOS
degree 2d > 4). Recall that, before, this amounted to computing the projection to the span

(2)

of the matrices v;v] € RLX", which arose from Property (a) fixing G;;’. Once d > 2, Prop-

sym’ i

(d)
N

erty (a) will instead fix G¢~’ for any S containing a repeated index. Thus the corresponding

projection will be to the subspace

span ({v; 0V OV}, © -0V, , i, J1,...,Ja-2 € [n]}) S Sym4(R"). (8.31)

While for d = 2 there was a convenient basis v; ©v; of this subspace, here the above spanning
set is linearly dependent (since vy,...,v, have many linear dependences), and there does
not appear to be a convenient adjustment of this set to a basis retaining the symmetries
of the d = 2 case. We therefore turn to the reinterpretation in terms of homogeneous
polynomials: in that language, this unusual subspace is nothing but an ideal, and we may at
least obtain an intrinsic description of our construction using a connection between ideals

and multiharmonic polynomials under the apolar inner product, which we review next.

8.3.3 HOMOGENEOUS IDEALS AND MULTIHARMONIC POLYNOMIALS

We return to homogeneous polynomials and the apolar inner product, and describe a crucial
consequence of Proposition 8.3.2. Namely, for any homogeneous ideal, any polynomial
uniquely decomposes into one part belonging to the ideal, and another part, apolar to the
first, that is “multiharmonic” in that it satisfies a certain system of PDEs associated to the

ideal.*

4We will use “harmonic” to abbreviate but “multiharmonic” when we wish to explicitly distinguish our
case from the case of harmonic polynomials satisfying the single Laplace equation Ag = 0. Unfortunately,
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Proposition 8.3.9. Let pi1,...,pm € R(yi,...,yp]°™ and d = max", deg(pi). Define two

subspaces of R[y1, ..., ynlhom:

m
Vy = {Z pidi: di € Ry, ... ,yn]?f’_mdegpi}, the “ideal subspace,” and (8.32)
i=1
Vari={q :pi(8)q =0 for alli € [m]}, the “harmonic subspace.” (8.33)

Then, V; and V41 are orthogonal complements under the apolar inner product. Consequently,

RIYV1, .o, YnllP™ = Vi@ V.

Perhaps the most familiar example is the special case of harmonic polynomials, for which

this result applies as follows.

Example 8.3.10. Suppose m = 1, and p1(y) = llyll3 = yi + - -+ + y2. Then, p1(9) = A, so
Proposition 8.3.9 implies that any q € R[yn,... ,yn]f;fm may be written uniquely as p(y) =
aa(y) + IIyIIEqd_g(y) where qq is harmonic, deg(qq) = d, and deg(qa-2) = d — 2. Repeating
this inductively, we obtain the well-known fact from harmonic analysis that we may in fact
expand

ld/2]
p(y) = > lyl3*da-2a(y) (8.34)
a=0

where each q; is harmonic with deg(q;) = i and the q; are uniquely determined by p.

This is sometimes called the “Fischer decomposition;” see also the “Expansion Theorem” in

[Rez96] for a generalization of this type of decomposition.

8.3.4 CONDITIONING BY TRANSLATING TO HOMOGENEOUS POLYNOMIALS

Equipped with these concepts, we proceed with our conditioning computation, after translat-

ing the construction to homogeneous polynomials. Passing each G4’ through the isometry

the term multiharmonic function is also sometimes used to refer to what is usually called a pluriharmonic
function, the real or imaginary part of a holomorphic function of several variables, or to what is usually
called a polyharmonic function, one that satisfies A" g = 0 for some m € N.
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between Symd([R") and R[yq,... ,yn]gm“ described in Section 8.3.1, we find an equivalent
construction in terms of random polynomials g‘¥ € R[y1,...,¥,»]1%™. Though this may
seem unnatural at the surface level—bizarrely, we will be defining E for each degree in
terms of the correlations of various coefficients of a random polynomial—we recall that we
expect viewing the extraction of coefficients in terms of the apolar inner product to bring
forth a connection to multiharmonic polynomials per the previous section, allowing us to

use a variant of the ideas there to complete the calculation.

PSEUDOEXPECTATION PREDICTION (POLYNOMIALS) Letwy,...,w,_, be abasis of ker(M).

Define a jointly Gaussian collection of polynomials g‘¥ € R[y1,..., v,]°™ as follows.
1. g9y =1.

2. Ford = 1, g9 has the law of QZC"y(n, o7), conditional on the following two proper-
ties:
(@) Ifd = 2, thenforalli € [n]and S’ € My_»([n]), (gD, y5 ¥?). = (g4-2,y%)..

(b) Forall S’ € My_1([n]) andic [n—-7], (g P,y (w;,y)). = 0.

Then, for S, T € M;([n]), set

E@S,a") = E[(gP,y%). (gD, y"). . (8.35)

The most immediate advantage of reframing our prediction in this way is that it gives us ac-
cess to the clarifying concepts of “divisibility” and “differentiation,” whose role is obscured
by the previous symmetric tensor language. Moreover, these are nicely compatible with the
apolar inner product per Proposition 8.3.2.

Let us briefly outline the computation before giving a careful justification. Roughly

speaking, conditioning on Property (b) above projects g?' to the subspace of polynomi-
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als depending only on ‘A/y. On the other hand, by Proposition 8.3.7, g%’ is invariant under
compositions with orthogonal matrices, and by our assumptions on ‘A/', itis the upper v xn
block of some orthogonal matrix. From this, if g\’ has the law of G?*” (n,0'?) conditional
on Property (b), then the collection of coefficients ((gid), ys )o)semy(n]) has the same law as
(W@, (VT2)5)o)seany ) for KD (z) ~ Gi(r,07). (We use y = (y1,...,yn) for formal
variables of dimension n and z = (zi,...,2z,) for formal variables of dimension 7.) Thus
conditioning on Property (b) is merely a dimensionality reduction of the canonical Gaussian
polynomial, in a suitable basis.

Conditioning h'@’ as above on Property (a) brings in the ideal and harmonic subspaces

discussed in Section 8.3.3. Let us define

Vyi= {Z(vi,Z)zqi(z) 1qi € R[zl,...,zr]g"_”‘z}, (8.36)
i=1
Var = {a € Rlz1,..., 2,15 : (v;,8)2q = 0 for all i € [n]], (8.37)

instantiations of the subspaces of Proposition 8.3.9 for the specific collection of polynomials
{{wy, z)2}’f:1. Conditioning on Property (a) fixes the component of h belonging to V;, leaving
a fluctuating part equal to the apolar projection of h@ to V4. This reasoning yields the
following recursion. We give a more careful proof, and then give a closed version of these

formulae.

Lemma 8.3.11 (Pseudoexpectation recursion). Suppose the conditions of Assumption 8.1.1

hold exactly. Let P; and P4r be the apolar projections to V; and V4, respectively. For each

SeMy([nl), letrs € R[x1,... ,xn]ﬂf’m be a polynomial having
P [(VT2)%] =7rs(VT2), (8.38)
n
rs(@) = > x{Yrsi(@) ford; = 1,75 € R[x1, ..., X, 1100, , (8.39)

i=1
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and further define

n
ré(x) = > rsi(x) € R[X1,...,Xnl<a-2, (8.40)
i=1
where we emphasize that 1f§ is not necessarily homogeneous. Set hs(x) = x5 — rs(x),

whereby Py [(V72)%] = hg(V 7 2). Then, the right-hand side of (8.35) is

E(x®,xT) = E(ri(x), 74 () + 026% - (hs (VT 2),hr (VT 2)).. (8.41)

v
“ideal” term “harmonic” term

Proof. We must compute the distribution of g@ (y) ~ fo'y(n, a3), given g (y) = 1, con-
ditional on (a) having, if d > 2, for all i € [n] and S’ € M, _>([n]) that (gD, y% y?), =
(g4 y5"),, and (b) having for all S’ € My_,([n]) and i € [n—7] that (g ¥, y5 (w;,y). = 0.

Working first with Property (a), we see after extending by linearity that it is equiva-
lent to (g, q(y)y?). = (g% ?,q(y)). for alli € [n] and q € R[y1,...,V»1"3. On the

other hand, by the adjointness property from Proposition 8.3.2, we have (g'?, q(y)y?). =

1
d(d-1)

<a?ig<d>, qd(y))., and thus Property (a) is equivalent to the simpler property:
@) Ifd = 2, thenforalli € [n], 05 g9 (y) =d(d-1) - g2 (y).
Similarly, we see after extending Property (b) by linearity that it is equivalent to having

(g9, q(y)(w,y)). = 0 for all g € R[y1,...,¥u]"T and w € ker(M). Again by Proposi-

tion 8.3.2, (g9, q(y)(w,y)). = d{{w, 8)g'?,q(y))., so Property (b) is equivalent to:
(b’) For all w € ker(M), (w,8)g ¥ (y) = 0.

Polynomials p € [R[yl,...,yn]ffm with (w, d)p = 0 for all w € ker(M) form a linear sub-
space, which admits the following simple description. Changing monomial basis to one

which extends z; = (‘A/y)i for i € [r] and invoking Proposition 8.3.4, we may define

hom

Vg = {p eER[YV1, ..., vl ip(y) = q(‘A/y) for some g € R[zl,...,zT]L‘l"m}, (8.42)
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and with this definition Property (b) is equivalent to:
(b"”) g'¥ € V.

Now, let Q € @ (n) be an orthogonal matrix formed by adding rows to 1% (see Section 8.1

for why this is possible under our assumptions on M). Letting as ~ N (0,07 (freéi(S)>) for

each § € M;([n]) independently, we set g(()d)(y) 1= Ysemy(n) s - (Qy)S; then, the law of

g is GZ"'y(n, o;) by Proposition 8.3.7. Thus we may form the law of g‘¥ by conditioning

g(()d) on Properties (a’) and (b”).

Conveniently, conditioning g(()d) on Property (b’”’) amounts to merely setting those ag with

Sn{r+1,...,n} # & to equal zero. Denoting the resulting random polynomial by gid), we

see that gid)(y) = Dsemy(ir) as - (QY)S = Xsear,(r) as - (Vy)S. To extract the coefficients

of gﬁd) in the standard monomial basis, we compute

@@ y%. = > ar((Vy)lyb).

TeMy([r])
= Z ar{y’, (Q y)5). (Proposition 8.3.4)
TeMy([r])
and noting that no term involving v, ,1,..., ¥, will contribute, we may define the truncation
z = (y1,...,¥r) and continue
= > ar(z",(V'2)%).
TeMy([r])
= < > arzT, (fﬂz)s> : (8.43)
TeMy([r]) R
Letting h§" (2) 1= S reu,r)) ar2", we see that the law of hi" is G5 (r, 03).

Thus we may rewrite the result of the remaining conditioning on Property (a’) by letting

h@ have the law of h(()d) conditioned on (v;, 3)°h@(z) = 6 'd(d — 1) - h'9-2) (z) for all
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i € [n]. Then,

E(@®,2”) = E[(h'D, (VT2)%). (h'D, (VT 2)T). ]

= 64 E[(hD, (VT2)%). (R, (VT2)T). ] (8.44)

The result of this remaining conditioning is simple to write down in a more explicit
form, since now we have just a single family of linear constraints to condition on and héd)
is isotropic with respect to the apolar inner product (per Definition 8.3.6). We recall that
P; and P4 are the orthogonal projections to the ideal and harmonic subspaces V; and Vs,
respectively, with respect to the polynomials (v;, z)?>. We also define the “least-squares

raising” operator L; by
Ly[h] := argmin {|| f1| : f € V4, (v;,0)%f = hfor all i € [n]], (8.45)

for all h such that (v;, §)2h does not depend on i.

We then obtain that the law of h4) is
nD D s10(d - 1) - Li[h“4 2] + Py [n§V], (8.46)

where we view h(()d) as independent of h(4” for all d’ < d. Note that the first summand above
belongs to V; and the second to Vs, so this is also an ideal-harmonic decomposition for h(4)
precisely of the kind provided by Proposition 8.3.9.

Now, we work towards substituting this into (8.44). To do that, we must compute inner
products of the form (h'¥, (V' 72)5),. We introduce a few further observations to do this:
for each S, the projection of (V7 2)% to V; is a linear combination of multiples of the (v;, z)°.
Moreover, the (v;, z) are an overcomplete system of linear polynomials, so any polynomial

in z may be written as a polynomial in these variables instead. Combining these facts, we
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see that there exists a polynomial s € R[xy,... ,xn]f;fm such that

Pi[(VT2)°] = rs(VT2), (8.47)
n

rs(@) = > x;Yrs () for di = 1,75, € R[x1,..., X 1000, . (8.48)
i=1

The polynomial rs(x) is not unique, since the vectors v; and therefore the polynomials
(vi, z) are linearly dependent. Nor is the decomposition of ¥ into the xi2 dirg‘i unique, since
for instance if some d; > 2 then we may move a factor of xiz into 75 ;. However, any choice
of 7¢ satisfying (8.47) and 7 ; satisfying (8.48) suffices for our purposes. Note also that we
reuse the pseudodistribution variables & = (x1,...,x,) intentionally here because of the
role rs(x) will play below.

With this definition, we compute

(WD (VT2)5), =67 'd(d - 1) - (Ly[h'"21, P [(VT 2)51). + (Py[R{P]1, (VT 2)5),

=57'd(d — 1) DAL R 2], vy, 2)2irg (VT 2)). + (WY, Py [(VT2)5T),

i=1

=5! <h(d‘2),Z(vi,z)Zdi‘ng,i(VTz)> + (WP Py [(VT2)51).  (8.49)

i=1 o

(d)
0

We note that h'4-2) and h(()d) are independent, and hg" is isotropic with variance o3. There-

fore, we may finally substitute into (8.44), obtaining

F(xS,z7)

= 67 E[(R@, (VT2)5)(hD, (V7 2)T). ]

=59 2. {<h(d_2), Z(vi,z)Zdi_zrg,i(VTz)> <h(d_2), Z(vi,Z)Zdi_zTT,i(VTZ)> }
i=1 o i=1 °

+ 80 E[(he?, Parl (VT 2)5 Do (he?, PocL(V T 2) D).
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While this expression appears complicated, each term simplifies substantially: the first term
is an evaluation of [ at degree 2d — 4, per (8.44), while the second term, by the isotropy of
h(()d), is an apolar inner product:

o

= (Z x; U s (@), le-Zd"_ZTT,i(cc)> + 036 (Pyl(VT2)51,Pyl(VT2)T])

i=1 i=1

2d;-2
i

Lastly, we note that the factors x are irrelevant in the evaluation of £ (by the pseudoex-

pectation ideal property from Definition 6.1.2 at degree 2d — 4), so we obtain

(8.50)

’
o

. (er,xw), me)) + 0260 (Py[(VT2)51, Py (VT 2)T])

i=1 i=1
which is the result in the statement. O

Thus our prediction for the degree 2d pseudoexpectation values decomposes according to
the ideal-harmonic decomposition of the input; the ideal term depends only on the pseudo-
expectation values of strictly lower degree, while the harmonic term is a new contribution
that is, in a suitable spectral sense, orthogonal to the ideal term. In this way, one may think
of building up the spectral structure of the pseudomoment matrices of id by repeatedly
“raising” the pseudomoment matrix two degrees lower into a higher-dimensional domain,

and then adding a new component orthogonal to the existing one.

Remark 8.3.12 (Multiharmonic basis and block diagonalization). We also mention a different
way to view this result that will be more directly useful in our proofs later in Chapter 10.
Defining hg(x) = x5 — r¢(x), note that we have, in the setting of Lemma 8.3.11 where
Assumption 8.1.1 is exactly satisfied, E(h§(x),7v¢(x)) = E(hs(x),vs(x)) = 0 since the ideal

and harmonic subspaces are apolar. Thus, we also have

E(hi(@), hi (@) = 026% - (hs (VT 2), hp (VT 2)), . (8.51)
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The hy(x) are a basis modulo the ideal generated by the constraint polynomials xi2 —1, which
we call the multiharmonic basis. Since the inner product on the right-hand side is zero unless
|S| = |T|, this basis achieves a block diagonalization of the pseudomoment matrix. This idea

turns out to be easier to use to give a proof of positivity of t than the full recursion of (8.41).

Finally, we also give a concrete closed form of the above recursion. This is in terms of
a Fischer-like decomposition analogous to that given for harmonic polynomials in Exam-

ple 8.3.10 above.

Corollary 8.3.13 (Pseudoexpectation closed form). Suppose that the conditions of Assump-

tion 8.1.1 hold exactly. Let hs Tt € V}'f‘fzm) be such that

LIS1/2]
VTz)5= > > (VT2)1)2hsr(VT2), (8.52)

k=0 TeMy([n])

which may be obtained by repeatedly expanding the ideal-harmonic decompositions of the

¥si from Lemma 8.3.11. Define

hsy(x) = > hsr(x) € Rx1,...,x, 100" (8.53)
TeM(s|-k)2([n])

ifk <|S| and k and |S| are of equal parity, and ps x = 0 otherwise. Then, the right-hand side
of (8.35) is
N ISIAITI
ExS,z’) = > 0267 (hsa(V72),hra(VT2)).. (8.54)
d=0
We will not use this representation much, as it seems difficult to understand what transpires
in the large summations of polynomials made to form hg 4, but we present it to emphasize
that, at least in principle, our construction proposes an explicit Gram matrix description of
the pseudomoment matrix of E. In one situation in the next chapter we will also be able

to make use of this directly, since we will be studying a very structured deterministic case

where the hs 4 can be adequately understood.
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9 GRIGORIEV-LAURENT LOWER BOUND

While we proposed in the previous chapter a construction of pseudomoments with pleas-
ant spectral properties and connections to the geometry of polynomials, the major mys-
tery of why what we defined, a priori still only a bilinear pseudoexpectation, should factor
through multiplication and define a true pseudoexpectation, still remains. Before we show
a generic further derivation that will justify this, however, here we digress to consider one
very special case—the simplest non-trivial one of the Gram matrices of ETFs we studied in
Chapter 7—where this prediction in fact gives an exact description of a previously studied
pseudomoment matrix.

That pseudomoment matrix was used by Laurent [Lau0O3b] to show the result we cited
earlier in Chapter 6, that £}; 2 C€" if 2d < n. Essentially the same construction appeared
in a different guise less related to our results in a result of Grigoriev [Gri0la]. We mention
Grigoriev’s result to respect the chronology of these results, but we will focus on Laurent’s
formulation as it is much closer to our setting. In this chapter, we will give a new proof of
this lower bound—though similar ideas to ours are already implicit in another alternative
proof—and use some further reasoning suggested by our spectral extensions to establish a

conjecture of Laurent’s on the eigenvalues of the associated pseudomoment matrix.

SUMMARY AND REFERENCES This chapter is based on a forthcoming note, a joint work with

Jess Banks and Cristopher Moore. The following is a summary of our main results in this
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chapter.

1. (Section 9.3) An alternative representation-theoretic proof of the positivity of the pseu-

domoments considered by Laurent, which we state in Theorem 9.1.1.

2. (Theorem 9.4.1) A recursive structure obeyed by the eigenvalues of this pseudomo-

ment matrix, conjectured by Laurent in [Lau0O3b].

We also mention the following representation-theoretic result, perhaps of independent in-

terest.

3. (Proposition 9.2.11) An intrinsic description of the irreducible representations of S,
corresponding to Young diagrams with two rows as certain spaces of multiharmonic

polynomials associated to an equilateral simplex.

This is essentially equivalent to the well-known description as a Specht module, but our

description gives a rather more natural definition not requiring an explicit basis.

PRIOR WORK At least three other proofs (besides the original) of the result of Grigoriev
and Laurent have appeared in the literature [KLM16, BGP16, Potl7]. However, Laurent’s
conjecture on the pseudomoment eigenvalues has remained, to the best of our knowledge,
unverified since its observation in [Lau03b]. The general, if somewhat vague, question of
finding “synthetic” descriptions of the irreducible representations of the symmetric group
(in particular, basis-free descriptions) remains interesting. This is mentioned and discussed
explicitly in, e.g., [Dia88]: “What one wants is a set of objects on which S,, acts that are
comprehensible...as far as I know, a ‘concrete’ determination of the representations of S, is
an open problem” (p. 136). There is a rich literature on these matters applying much more
sophisticated algebraic machinery than we do here (see the other discussion in Chapter 7B
of the above reference as well as the more recent Okounkov-Vershik approach [OV96]), but

we are not aware of any descriptions of the same flavor as we propose.
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9.1 PSEUDOMOMENT CONSTRUCTION

The pseudomoment construction we will study is as follows.

Theorem 9.1.1 (Theorem 6 of [LauO3b]). Let n = 1 be odd. Let E: Rlx1,...,Xnl<n-1 = R

have values on multilinear monomials given by

~ ST 2041
E[]]xi|=21{Sleven} - (-1)S2 ] ——— =t s, (9.1)
ics 0 n-2i-1

and extend to a linear operator satisfying '[E[xizp(x)] = ﬁ[p(x)] whenever deg(p) < n — 3.

Then, Fisa degree (n — 1) pseudoexpectation, and satisfies E[(Z?:l x;)%] = 0.

Since n is odd, for any = € C" we have (3.1, x;)? > 1 by parity considerations. Therefore,
the result shows that SOS requires degree n + 1 to certify this simple-looking inequality, and
in particular it follows that €);_; 2 €", showing which was Laurent’s purpose in proving this

result. We also note that the degree 2 pseudomoment matrix is

_ 1 1 _
1 Tn-1 T n-1
1 1
~ - -1 1 U T n 1 T nxn
[E[SUCC ] = . . . = n— 1In - n— lln]_n S Rsym y (9.2)
1 1
| n-1 T n-1 1 ]

which is the Gram matrix of the simplex ETF of n unit vectors in R"~! pointing to the ver-
tices of an equilateral simplex. In particular, our Theorem 7.4.5 immediately gives degree 4
pseudomoments achieving Laurent’s result. Here, however, we will go much further and
give an alternate proof of the full statement.

It is not difficult to arrive at the values of the «; defining the pseudomoments: we assume

by symmetry that E[x5] depends only on |S|; by symmetrizing E'[p(x)] = (E[p(x)] +
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E[p(—x)] we may assume that E[xs] = 0 whenever |S| is odd; and we assume that not
only does E[(Z?:l x;)?] = 0, but moreover E[(Z?:l xi)p(x)] = 0 whenever deg(p) <n -2
(sometimes called E’s “strongly satisfying” the constraint >!", x; = 0). Then, we must have
0 = E[(Z1, x1)x5] = |Slexjsi-1 + (n = |SDs)41, and starting with E[1] = 1 the values in
(9.1) follow recursively. We also note that it is impossible to continue this construction
past |S| = (n — 1)/2 while retaining these properties, as solving the recursion will call for a
division by zero.

The content of the theorem is the positivity of E; clearly E satisfies the remaining con-
ditions of Definition 6.1.2 by construction. Let us spell this out in terms of a concrete
pseudomoment matrix, as we will return to the spectral properties of this matrix below. We
set

Ao = A (M) 1= [ZJ . 9.3)

n]

(This is denoted “k” in [Lau03b].) Let Y™ e R (<dms) < (<ims) have entries
Yih = ElzS2T]. (9.4)

Then, the content of the theorem is that Y™ > 0. Actually, Y™ decomposes as the direct
sum of two principal submatrices, those indexed by ([2‘]> with d even and odd respectively,
which Laurent considered separately, but it will be more natural in our calculations to avoid
this decomposition.

Adjusting for this minor change, Laurent’s proof may be seen as identifying a (S dmy;fl)-
dimensional kernel of Y™ and proving that the principal submatrix Z™ of Y ™ indexed
by <[Zm_alx]) U ( ;:;]1)’ which has total dimension ( d:ax)’ is positive definite. While identify-
ing the kernel is straightforward, for the second part Laurent uses that each block of Z™

belongs to the Johnson association scheme, and applies formulae for the eigenvalues of

the matrices spanning the Johnson scheme’s Bose-Mesner algebra. In concrete terms, this
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expresses the eigenvalues of Z as certain combinatorial sums involving binomial coeffi-
cients and having alternating signs. To establish positivity, Laurent appeals to general iden-
tities for transforming hypergeometric series [PWZ96], which yield different expressions for
the eigenvalues of Z™ as sums of positive terms.

Both Laurent’s result and proof are similar to those of [GriO1a] that appeared earlier and
concerned the same statement over x € {0,1}" in the context of the knapsack problem. At
least three other, conceptually different, proofs of Laurent’s result (that we know of) have
since appeared. First, [KLM16] showed that, for highly symmetric problems over subsets of
the hypercube, the positivity of the “natural” pseudoexpectation constructed from symme-
try considerations reduces to a small number of univariate polynomial inequalities. In the
case of Laurent’s result, these inequalities simplify algebraically and yield a proof, while in
other cases this machinery calls for analytic arguments. Second, [BGP16] produced an ele-
gant proof of a stronger result, showing that the function (>.I; x;)> — 1 is not even a sum of
squares of rational functions of degree at most d.x. Their proof works in the dual setting,
describing the decomposition of the space of functions on the hypercube into irreducible
representations of the symmetric group and considering how a hypothetical sum of squares
expression decomposes into associated components in these subspaces. We will present
this decomposition below and apply it at the beginning of our computations. Lastly, [Pot17]
showed that the result, in Grigoriev’s form concerning knapsack, follows from another gen-
eral representation-theoretic reduction of positivity conditions to a lower-dimensional space
of polynomials.

Laurent also made several further empirical observations about Y ™ and its “quite re-
markable structural properties” in the appendix of [Lau0O3b]. Most notably, as n increases,
the spectrum of Y™ appears to “grow” in a recursive fashion, with the eigenvalues of

n+2

Y ("*2) equaling those of Y™ multiplied by -7, along with a new largest eigenvalue. Unfor-

tunately, the proof outlined above does not make use of this elegant structure and does not
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give any indication of why it should hold. Our reasoning below will prove this observation
and show how it fits into a representation-theoretic perspective on the Grigoriev-Laurent

pseudomoments.!

9.2 REPRESENTATION THEORY OF THE SYMMETRIC GROUP

We will use standard tools such as Schur’s lemma, character orthogonality, and characteri-
zations of and formulae for characters of irreducible representations (henceforth irreps) of
the symmetric group. See, e.g., the standard reference [FHO4] or [Dia88] for more a explicit
combinatorial perspective.

We briefly recall some standard aspects of this theory. A partition T = (11,..., Tm) Of
n € N, is an ordered sequence 1, > - - - = Ty, > 0 such that Zﬁl T; = n. We write Part(n)
for the set of partitions of n (note that previously we wrote Part(S) for the partitions of a
set S, while Part(n) here denotes the partitions of the number n). The associated Young
diagram is an array of left-aligned boxes, where the kth row contains 1x boxes. A Young
tableau of shape T is an assignment of the numbers from [7] to these boxes (possibly with
repetitions). A tableau is standard if the rows and columns are strictly increasing (left to
right and top to bottom, respectively), and semistandard if the rows are non-decreasing but
the columns are strictly increasing. We give a concrete and perhaps old-fashioned treatment
of the topics below, since these constructions in terms of polynomials will be directly useful

for us.

Definition 9.2.1 (Combinatorial representation). The combinatorial representation associ-

1Laurent also observed that it appears plausible to prove Y™ > 0 by repeatedly taking Schur com-
plements with respect to blocks indexed by subsets of fixed size ([;‘]), in the order d = 0,1,...,dmax-
This would give a perhaps more conceptually-satisfying proof than the original one relying on eigenvalue
interlacing—which offers no direct insight into the spectrum of Y™ itself—but appears too technical to
carry out by hand. Our reasoning showing that the Grigoriev-Laurent pseudomoments are a special case of
spectral extension will also implicitly verify that such an approach is tenable.
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ated to T € Part(n), which we denote U7, is the module of polynomials in R[x1,...,Xn]
where, for each k € [m], exactly T, of the x; appear raised to the power (k — 1) in each

monomial (thus these polynomials are homogeneous of degree > ;" (k — 1) Ty).

Definition 9.2.2 (Specht module). The Specht module associated to T € Part(n), which we de-
note W7, is the module of polynomials in R[x1,...,Xxn] Spanned by, over all standard tableaux

T of shape T,

[TTT (xi —xp), (9.5)

C i,jeC
i<j

where the product is over columns C of T. We write X for the character of W7, and identify

Xn,0) := X) for the sake of convenience.

The key and classical fact concerning the Specht modules is that, over T € Part(n), they are
all non-isomorphic and enumerate all irreps of S;,,. The main extra fact we will use is the

following, showing how to decompose a combinatorial representation in these irreps.

Proposition 9.2.3 (Young’s rule). For T,u € Part(n), the multiplicity of WH in U" is the
number of semistandard Young tableaux of shape u in which k occurs Ty times for each

k=1,...,m.

Finally, we will use the following decomposition of the representation consisting of poly-
nomials over the hypercube {+1}" given in a recent work. We correct a small typo present

in the published version in the limits of the second direct sum below.

Proposition 9.2.4 (Theorem 3.2 of [BGP16]). Let R[{+1}"] := R[x1,...,Xn]/2, Wwhere T is the

ideal generated by {x? — 1}",. Then,

d=0 k=0 \i=1

dmaxn—-2d [ n k
RI{+x1}"1=EP P (in) wn-dd), (9.6)
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(Note that this is not merely a statement of the isomorphism type of the irreps occurring in
R[{x1}"], but an actual direct sum decomposition of the space of polynomials, where the

Wn-dd) gre meant as specific subspaces of polynomials, per Definition 9.2.2.)

9.2.1 COMBINATORIAL INTERPRETATIONS OF CHARACTERS

As we will be computing extensively with xx-4.4) below, it will be useful to establish a

concrete combinatorial description of the values of these characters.

Definition 9.2.5. Foreach 0 < d < n, let
ca(77) :=#{Ae ([Z]) L 1T(A) =A}. 9.7)

Proposition 9.2.6. Forall1 <d <n, X(n-d,d) = €Ca — Ca-1, and Xm) = ¢o = 1.

We give two proof’s, one using the Frobenius formula for irrep characters and another using

combinatorial representations.

Proof 1. The Frobenius formula implies that, for  having cycles Cy,..., Ck,
i=1

k
Xn-da) (1) = [x4] {(1 -x)[Ja+ x'C’")}. (9.8)

Since a subset fixed by 71 is a disjoint union of cycles, the product term is the generating

function of the numbers of fixed subsets of all sizes:
k n
[Ta+x'h = > catm)x. (9.9)
i=1 d=0

The result follows since multiplication by (1 —x) makes the coefficients precisely the claimed

differences. O
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Proof 2. The combinatorial representation U™~ 44) js the subspace of multilinear polynomi-
als in R[x1,...,x,]"°™. By Young’s rule, U~ 44 = @4, wn-id On the other hand, clearly
the character of U™~44) is c;. Thus, 2’1-1:0 X(n-d.d) = C4, and the result follows by inverting

this relation. O

9.2.2 COMBINATORIAL CLASS FUNCTIONS

We will need to compute inner products of various functions on conjugacy classes of S,
(henceforth class functions) with X-4.4). We compute several such inner products in ad-

vance below.

Definition 9.2.7. Fort € S,,0<a,b <n,and0 < k,¥ < a A b, we define

Far(7T) = #{A e ([Z]) (A N Al = k}, (9.10)
Ga e (TT) = #{A e ([Z]>,B e ([Z]) :|[ANB| =k, |T(A) NB| = y}. 9.11)

We will ultimately be interested in inner products with the g, ¢, but the following

shows that these reduce to linear combinations of the f; .

Proposition 9.2.8. Forall0 < k,¥ <a A b,

a Jj . . . .
j\fa—-j\(fa—] n-2a+j
Ibakl = Gabkt = Jablk = go (l_Eo <1) (k N i) <€ N i) (b k-4 1)) Jaj  (9.12)

Proof. The first equality holds since |1T(A) N B| = |A n 1t~ 1(B)|, and so since inversion does
not change the conjugacy class of 1, we have g, p x ¢(T0) = gp ax.e(TTY) = gp a ke (T0).
Suppose A € <[Z]) with |AnTT(A)| = j. Then, B € ([Z]) with |[ANB| = kand |TT(A)NB| = ¥

consists of some 0 < i < j elements of AN T(A), k — i elements of A\ m(A), £ — i elements
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of TA)\A,andb-i—(k—1i)— ¥ —-1i) =b -k -+ +1ielements of [n]\ A\ m(A). Thus,

Ga,bk,e(T0)
. #{Be([Z]):|AmB|=k,|Tr(A)mB|=€}
Ae('7)
_ ¥ 'A”i“‘” IAnT(A)) (a-1AnTA)]\[(a-IAnTA)\ (n-2a+I|AnT(A)
- i k—i -1 b-—k—-4{+i

Ae([;‘]) i=0
a Jj . . . .
_ [n]) | Iy j\(a—-j\(a-j\[ n-2a+]
—g#{Ae(a>.|Am1T(A)|—J}g<i)(k_i - il\p_k_rri) (9.13)
j=0 i=0
and the remaining cardinality is by definition f, ; (7). O

The following is our key combinatorial lemma, computing the inner product of xn-4.4)

with the g, k¢ SO long as one of a and b is at most d.

Lemma 9.2.9. Forall0 <a<d <n/2,a<b<n,and0 <k, <aAb,

L s () ganpetm) =1 Ta<d 9.14)
7 n—-a, T a,b,k, ) = .
nl nesn)« d,d) (T ) Ga,bk.b (—1)"*”(‘;) (z;) (rﬁ;) ifa = d.

Proof. We first compute the inner products with the f, . To this end, we introduce the

functions

Fa,j = Z (L]]C-)fa,k- (9.15)
k=j
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Then, we have

Fq,;(1T)

y (|A N 17(A)|)

acy

> > 1{m(C) < A}

ae('3) ce(5)

> > 1{m(C)cCuB}

Ce ([;‘]) Be ([Z]),C

Z n-—2j+ |m(C)nC|
a—2j+|m(C)nC|

Ce([?])
L(n-2j+i
= ;0 (a_ 27+ l-)fj,i(ﬂ')- 9.16)

On the other hand, we may invert the relation (9.15) (this “inversion of Pascal’s triangle”
follows from the binomial coefficients giving the coefficients of the polynomial transfor-
mation p(x) — p(x + 1), whereby the inverse gives the coefficients of the transformation
p(x) — p(x —1);itis also sometimes called the Euler transform) to obtain the closed recur-
sion

S k[ . k[ n—-2j+i
Jaj = g(—l)ﬁk(k)Fa,j = §<—1>J+’< <k> Z (a Py l.)fj,i. (9.17)
j=k j=k i=0
In particular, the only non-zero term with j = a is (—1)‘”"(2‘) Ja.a- We know that

a
fa,a =Cq = Z Xn-d,d)- (918)
da=0

Thus, by induction it follows that, in the character expansion of f; k, X(n-4.4) appears only

if a = d, and when a = d it appears with coefficient (—l)d*k(‘,f). Thus we have

0 ifa<d,
1 > Xn—da) (T0) fay (7)) = (9.19)

s, (D)4 (4) ifa=d.
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The first case of our claim, with a < d, now follows immediately from Proposition 9.2.8.
For the second case, with a = d, we proceed by induction on n. First, making a general

manipulation, again by Proposition 9.2.8 we have

Z Xn-d,d) (T0)Ga,p ke (TT)

TESY
J d- 2d + j
ZZ( )( 1) (# J) (bn K — ;Jrjl) Z Xn-d,a) (T0) fa,; (17)

S 0o ) [ e

We start to treat the remaining sum using that Z?:O(—I)J' (’j) f(j) gives the dth finite differ-

nl

ence of the function f. In particular, for f a polynomial of degree smaller than d, any such
sum is zero. Furthermore, Z?:O(—l)f <‘Ji) j4 = (=1)4d!. Therefore, we may continue, always

applying the differencing A transformation to functions of the variable j,

< d
; +x§+z da <w’x’y’z)

AL A (d - LAY (d - )L A (n - 2d + )bkt
ik — DI - Db — k-4 +1)!

(9.20)

Here, in all cases the first factor, A% jt | will only be nonzero when w = i.

j=0
Let us now first specialize to the base case n = 2d. In this case, the last factor, A?(n —
2d + j)b=k=t+i | j—0» will likewise only be nonzero when b — k — £ + w = z. In that case, we

must have x + y = k+f — 2w +d — b. Since in all nonzero terms x < k—w and y < ¥ — w,

and d < b, we will only have a nonzero resultif d = b,x = k — w, and y = £ — w. In this
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case, we have

1 ) & d
> Xn-ad) (M Gaape () = (=1)F > ( )

Enesn = w,k-w,{-w,d-k-¥{+w

— (_1\k+?t d d
cre(d)(9) -

the final step following since the remaining sum counts the number of ways to choose a
subset of size k and a subset of size £ from [d], with w being the size of the intersection.
Thus the result holds when n = 2d.

Suppose now that n > 2d and the result holds for n — 1. Continuing from (9.20) above

and completing the computation of the differences,

1

povs > Xn—dd) (TO) Gap k. (T7)

TESKH

X+ d 1
- Z (=1) y(w,x,y,z) (k=—w) -w)(b-k-¥+w)!

wH+x+y+z=d

(k—1)*d-w—-x)=2{ - )2(d-w-x - y)IE¥Yb-k-¥+w)?
Mm=-2d+w+x + y)bktrw-z

B Z (L1)*+Y d d-w-x\({d-w-x-y\(n-2d+w+x+Yy
B w,x,v,z)\k-w -x {-w-y bh-k-{l+w-z

w+x+y+z=d

Reindexing in terms of x' :==k-w -x,y ' ={-w —vy,z = b -k - { +w — z, which we note
must be non-negative and satisfy x’ + y' + z' = b — d, we find
d
T2 (_1)X+y< k e okt ’ >
w0 x4y 12 —bd wk-w-x',{-w-y,d-k-l+w+x"+y

d-k+x'\(d-k-L+w+x"+y'\(n-2d+k+¥f-w-x"—y
X/ y/ Z/

/). (9.22)

We emphasize here first that b appears only in the summation bounds for the inner sum,
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and second that we have rewritten to leave only one occurrence of z’, in the final factor.

We group the terms of the sum according to whether z' =0 or z’ > 0O:

So(b,d, k, ) :=
d
> (=x d
w=0 x'+y'=b-d wk-w-x,{-w-y,d-k-L+w+x +)
(d_k,+x)<d_k_€ﬂ,u+x +y>, 9.23)
X y
Si(n,b,d, k, ) :=
d
> > (¥ d
w=0 x'+y'+z'=b-d-1 wk-w-x'{-w-y,d-k-{+w+x"+y
d-k+x'\(d-k-{+w+x"+y
x’ %
(n—2d+k+€—w—x_y)- 024
z'+1

Then, the sum we are interested in, that given in (9.22), is S(n, b,d, k,¥) := So(b,d, k,¥) +

Si(n,b,d, k, ). Now, applying the identity (’;‘) = (mfl) + ("H) to the last factor involving

a a-1

z' in §1, we find that
Siin,b,d, k, ) =S(n-1,b,d, k,¥) +S(n—-1,b -1,d,k,¥). (9.25)
Thus we have

Sn,b,d, k,¥) = So(b,d,k,¥) + S1(n,b,d, k,¥)
=So(b,d,k, ) + Si(n—1,b,d,k,¥) +S(n—-1,b-1,d,k,¥) (by(9.25))

=Sn-1,b,d,k,¥)+Sn—-1,b-1,d,k,¥)
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and by the inductive hypothesis

0552
o )

completing the induction. O

The following is a reformulation of this result, perhaps with a more intuitive combinato-

rial interpretation and which will be more directly useful in our calculations to come.

Corollary 9.2.10. LetO <a,b <d, A € (["]), B e (“;]), and 0 <k <a A b. Then,

a

1 0, ifanb<d,
— > Xtm-aa) (TT) = @ (9.27)
™ mesy (~1)k+1AnB : ifa=b=d.

[Tt (A)NB|=k d,d—\AmB\,n—ZdHAmB\)

Proof. Let us write £ := |A n B|. Then, using that x-4.4) is a class function, we may average

over conjugations,

1
> Xmeaa(m) == > > Xn-da) (07 o)

mTeESH TOES, TESK
|TT(A)nB|=k lo~lmo(A)nB|=k
1
= > Xn-d,a) (T7)
ToESy TESK

|To(A)no (B)|=k

- ( }L ) > > Xm-da (1)

ta—tb—tmn—-a-b+{ A’e([’a‘]) TESy

Be () It (A") "B |=k
|A'"nB’|=¥
1
= - > Xtn-du) (1) Ga,p k0 (1), (9.28)
(ﬁ,a—#,b—#,n—a—b+€> TESy
and the result now follows from Lemma 9.2.9 upon simplifying. O

We note also that the special case a = b = k gives the summation of the character over all
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1T with a specified mapping w(A) = B.

9.2.3 THE SIMPLEX-HARMONIC REPRESENTATION

We now discuss how our definition of the harmonic subspace Vﬁ) relates to the representa-
tion theory of the symmetric group. Let us fix vq,...,v, € R"! unit vectors pointing to the

vertices of an equilateral simplex. These vectors are related to our pseudoexpectation by
Flzx™] = Gram(vy,...,v5). (9.29)

We have that S, acts on R"~! by permuting the v; (since >, v; = 0 this is well-defined);
this is the irreducible “standard representation” of S,,. The symmetric powers of this irrep
give actions of S,, on R[z4,..., zn_l]ffm by likewise permuting the (v;, z), products of which

form an overcomplete set of monomials. This contains the invariant subspace
Vi == {p eRlz1,..., a1 1P : (01, 8)2p = O for all i € [n]]. (9.30)
We call Vg(?) the simplex-harmonic representation of S,,. The next result identifies the iso-

morphism type of this representation.

Proposition 9.2.11 (Isomorphism type). Vj(f[i) =~ Wn-dd  The map ¥ : R[x1,...,xn]°" —
R[z1,...,Zn-11"°™ given by defining ¥(z°) = (VT 2)S and extending by linearity is an iso-

morphism between W =44 qnd V¥ when restricted to W -4

Proof. Let us abbreviate W = Wn-dd) and V = Vg(?). We first compute the dimensions of V

and W and show that they are equal.
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For W, by the hook length formula,

_ n!
_nln-2d+1)
S dn-d+1)!

_(n) n-2d+1
\d) n-d+1
n n
:<d)_<d—1)' 9.31)

(The same also follows by evaluating X -4.4) on the identity using the formula from Propo-
sition 9.2.6.)

For V, we note that V is isomorphic to the subspace of Symd([R") consisting of symmetric
tensors that are zero at any position with a repeated index and have any one-dimensional
slice summing to zero. The tensors satisfying the first constraint have dimension (;‘) and

there are < dﬂ) one-dimensional slices. We verify that these slice constraints are linearly

[n]

d—l) with entries

independent: they may be identified with the vectors ags € R(Z) for § e <

(as)T = 1{S = T}. These vectors satisfy

n-d+1 ifS=5,
(as,as') =1 1 if|ISNS'|=d-2, (9.32)

0 otherwise.

Therefore, their Gram matrix is equal to (n —d + 1)1 (")t A, where A is the adjacency
matrix of the Johnson graph J(n,d — 1). Its most negative eigenvalue is equal to — min(d —
1,n—-d+1) = —(d-1) (see, e.g., Section 1.2.2 of [BVM]), whereby the Gram matrix of the ag is
positive definite. Thus the ag are linearly independent, and dim(V) = (Z) - ( dfl) = dim(W).

Therefore, to show V = W it suffices to show that one of V or W contains a copy of the

other. We show that V contains a copy of W. Recall from Definition 9.2.2 that W is the
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subspace of R[x3,... ,xn]g"m spanned by
d
[T(xi. — xj,) for ig, jp € [n] distinet; iy < -+ <in_g; j1 <+ < Jja; la < ja.  (9.33)
a=1

Note that ker(¥) is the ideal generated by x;+- - - + X, and therefore is an invariant subspace
of the S,, action. Since W is also an invariant subspace, and is irreducible, if W intersected
ker(¥) non-trivially then W would be contained in ker(¥), which is evidently not true (for
instance, any of the basis elements in (9.33) do not map to zero). Thus ¥ is an isomorphism
on W, so it suffices to show that ¥ (W) < V. Indeed, all polynomials of ¥ (W) also belong to

V:writing M = Gram(v,...,v,), for any basis element and k € [n],

d
(v, 0)? [ | (wiy, 2) — (v, 2))

a=1

= > (Mg, — Mij,) My, —Myj,) [ (i, 2) = (), 2), (9.34)

{a,pre()) celd]\{a,b}
and since the i, and j, are all distinct while all off-diagonal entries of M are equal, one
of the two initial factors in each term will be zero. Thus, W = ¥ (W) < V, and by counting
dimensions V = W. O

hom

Proposition 9.2.12 (Multiplicity). Vg(?) has multiplicity one in R[z1,...,Zn-1]}

Proof. We show the stronger statement that the multiplicity of V:Sff) in R[xy,... ,xn]g”“,
which contains a copy of R[z,..., zn,l]g"m as the quotient by the ideal generated by x; +
-+« + Xpn. We use that R[x;,... ,xn]?{’m admits a decomposition into invariant subspaces
U7 over T € Part(d), R[x1,...,xn]0°™ = DrePart(d) U7, where UT consists of polynomials

whose monomials have their set of exponents equal to the numbers appearing in T. Each Ut
with T = (T1,..., Tm) is isomorphic to the combinatorial representation U "~ ™/i--f0) where

the f; give, in descending order, the frequencies of numbers appearing among the t;. By
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(as for this to happen we must have m = d), and it contains exactly one copy of Vg(?) . O

9.3 PROOF OF POSITIVITY

Proposition 9.2.4 gives us a means of showing that Y™ > 0, for which we will not need
to reason with the simplex-harmonic representation. Viewing Y™ as operating on poly-
nomials, since the ideal generated by >, x; is in the kernel of Y™, the only possible
eigenspaces with non-zero eigenvalue are W0 wn-L1 j("-dmedma)  Thus we can
choose a non-zero element of each isotypic component, p; € @;_; 2d >r, xi)k wn=iD and
verify that E[p;(x)?] > O for each i.

To identify such polynomials, we compute the isotypic projections of monomials.

Definition 9.3.1 (Isotypic projection). For each S € (“”) define hs € R[x1,... ,xn]';f’“ by

AR Rl ) ;5”1721)

Z Xn-d.a) (T0)x™S), (9.35)

mTeSH

It then follows that hg(xz) € @24 (X", x; ) Wn=ISLISD  the isotypic component or direct

sum of all irrep components isomorphic to W®-ISLISD

Proposition 9.3.2. For any S € (["])

Elhs(x)?] =

n— 2d+ll—[ n-21 5 0. (9.36)

n-d+1 n-2i-1

Proof. First, since hg(x) is the sum of the projection of x° to one of the eigenspaces of i

and an element of the kernel of E, we have

Elhs(x)?] = E[hs(x)2®]
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and from here we may compute directly,

n\ _(n d
= M D> oaak >, Xn-aa (T0)

n!

k=0 TESH
T ($)NS|=k
ny _ (n d
= (d><n§dl> S (~1)dk (i) Xod—2k (Corollary 9.2.10)
d k=0
n-2d+1 & cfd
“—ar1 Y (k)(ka' 957

It remains to analyze the sum. We view such a sum as a dth order finite difference, in this
case a forward finite difference of the sequence f(k) = «x(2k) for k = 0,...,d. Let us write

A% f for the sequence that is the ath forward finite difference. We will show by induction

that
O n-2i
A% = . .
S (k) chkizl_gn_Zk_Zi_l (9.38)
Clearly this holds for a = 0. If the result holds for a — 1, then we have
ACf (k) = A% f(k) — A f(k+1)
a-2 ; a-2 P
n-—21 n-—21
BRaR ) Sra i Sl U § Ty
. ‘ﬁz n-2i o 2k+1 7 n-2i
T i m—2k-2i-1 "*m-2k-1; n-2k-2i-3
o ﬁ n - 2i (1+ 2k+1  n-2k-1 )
i m—2k-2i-1\ "n-2k-1 n-2k-2a+1
a-2 .
_ n-—2i n-2a-1)
_aZkgn—2k—2i—1 n-2k-2@-1)-1 939
completing the induction. Evaluating at a = d then gives
d d-1 )
d n-—2i
~1)k =Af0) =[] ——, 9.40
%( )(k)mk f(0) E)n—Zi—l (9.40)
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completing the proof. O

It is then straightforward to check that, together with some representation-theoretic

reasoning, this implies Laurent’s result.

Proof of Theorem 9.1.1. Let p(x) € R[x1,...,xn]. By Proposition 9.2.4, there exist hyx €

W®=dd) for d € {0,...,dmax} and k € {0,...,n — 2d + 1} such that

Amax Nn—2d n k
px)=> > (in) Nax(x). (9.41)

d=0 k=0 \i=1

Since [ is zero on multiples of 3" | x;, its pseudomoment matrix Y™ acts as a scalar on
each of the W"~44) by Schur’s lemma, and h, ¢ for different d have different degrees and

thus orthogonal vectors of coefficients, we have

dmax 2 dmax
Elp(x)?]1=E (Z hd,()(:c)) = > Elhao(x)?1=0 (9.42)
d=0 d=0
by Proposition 9.3.2, completing the proof. O

9.4 PSEUDOMOMENT SPECTRUM AND LAURENT’S CONJECTURE

We now would like to recover the actual eigenvalues of Y ™. Specifically, in this section we

will show the following.

Theorem 9.4.1. Y™ has d., + 2 distinct eigenvalues, 0 < Ay g, < -+ < Ap1 < Ano. The

multiplicity of the zero eigenvalue is <S dmfx_l), while the A, 4 have the following multiplicities
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and recursive description:

dmax
Amo= > (’Z) o, with multiplicity 1,
k=0
n , . n n
Ang = E?\n—z,d—l forl <d < (n—1)/2 with multiplicity (d) - (d - 1).

This includes a conjecture Laurent makes in the Appendix of [Lau0O3b], and also gives a
formula for the “base case” of the recursion in terms of the coefficients «; from the pseu-
doexpectation as well as the multiplicities of all eigenvalues.

It may seem that we are close to obtaining the eigenvalues: since the W44 are the
eigenspaces of £, it suffices to just find any concrete polynomial p € W44 that it is
convenient to compute with, whereupon we will have A, 4 = E[p (x)?1/llp|I?, where the norm
of a polynomial is the norm of the vector of coefficients (not the apolar norm). However,
our computation above does not quite achieve this: crucially, hs(x) does not belong to
W n-d.d: rather, it equals the projection of x° to all copies of this irrep in R[{+1}"], of
which there are n — 2d + 1. Since those copies that are divisible by > ", x; are in the kernel
of T, we have actually computed E[hs(x)?2] = E[hs(x)?] where hs(z) € Wn-4d ig the
relevant component of z°. However, not having an explicit description of flg (), we have no

immediate way to compute ||]/’\l5 1|2,

Remark 9.4.2. One possible approach to implement this direct strategy is to try to take p €
W n=d.4d) o be one of the basis polynomials given in Definition 9.2.2. However, computing the
pseudoexpectation of the square of such a polynomial gives an unusual combinatorial sum to

which the character-theoretic tools we have developed do not seem to apply.

Instead, we will use use the representation of E as a Gram matrix suggested by our
general computations with spectral extensions of pseudomoments in the previous chapter,

specifically Lemma 8.3.11 and Corollary 8.3.13. We first verify that f indeed admits this
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kind of description.

Lemma 9.4.3 (Block diagonalization). E[hs(z)hr(z)] = 0if IS| =TI IfS, T € ("3'), then
Elhs(z)hr(z)] = 67 - (hs(VT2),hr(VT2)), (9.43)

where
~AD — n-—21
2 _ ( ) ]:[ >0, (9.44)

Proof. The first claim follows since if |S| = |T| then hg(ax) and hr(a) belong to orthogonal
eigenspaces of . For the second claim, recall that ¥ : R[xq,.. xn]h°m - R[z1,...y2Zn- 1]h°m
as defined in Proposition 9.2.11 is an isomorphism on each eigenspace with non-zero eigen-
value of E. Moreover, by Proposition 9.2.11, each such eigenspace is isomorphic to V(d) and
thus is irreducible. So, since the apolar inner product in R[z1,...,Zx_ 1]h°m is invariant un-
der the action of S, (permuting the (v;, z)) and ¥ (hs(x)) = hg(V " z), the result must hold
with some 6‘5 > 0 (which must be non-negative by the positivity of E).

It remains to compute (Arj, which is

. E[hs(x)?]

1= Ths(VT2)|2 (945)

forany S € (”’]) We computed the numerator in Proposition 9.3.2, so we need only compute
the denominator.

Define, for 0 < k < d, Bax := (V72)5,(V72)"). forany S, T € (I})) with SN T| = k (as
this value only depends on |S n T|). With this notation, since hg(V 7 z) is the apolar projec-

tion of (V72)% to Vj(}i) (as it is by definition the isotypic projection and by Proposition 9.2.12
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V4 has multiplicity one in R[z;, o Zn 1™,

Ihs(VT2)12 = (hs(VT2),(V72)%),

(&) - (") &
d d-1
= o0 Bd,k Z X(n—d,d)(Tr)
n. k=0 TESK
[T (S)nS|=k

- (—1)d(|sfﬂ> (i) z;gdnl) kio(—l)k<i>3d,k,

(Corollary 9.2.10)
and we are left with a similar sum as in Proposition 9.3.2, but now a dth forward difference

of the sequence f (k) = Bax- We note that, choosing a concrete S and T in the definition, we
may write

d k 2d—k
Bak = <]_[<vi,2),ﬂ<vi,2> [T <vi,2>> :
i:1 l:1 o

(9.46)
i=d+1
Using this representation, it is straightforward to show, again by induction, that
d k 2d—k a
A f (k) = <1‘[<vi, ), [ [(vi,2) ] (wi,2) [ [(vass— vk+j,z>> : (9.47)
i=1 i=1 i=d+a+1 j=1 o
Therefore, we have

d d
Z(—l)k(k>ﬁd,k = A%£(0)]
k=0

d d
= <n(vi,2), [ T¢vi - Ud+i,2)>
i=1 i1

o

where the only contribution applying the product rule to the inner product is in the matching
of the two products in their given order, whereby

1

1 \d
_a<_1_n—1>

oG

(9.48)
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and substituting completes the proof. O

The following then follows immediately since the hg(x) are a spanning set of the iso-
typic components of R[{+1}"]; this is analogous to Corollary 8.3.13 for the general spectral

extension.

Corollary 9.4.4 (Gram matrix expression). Let hs t € Vg(f 1=2ITD pe such that

L1s1/2]
(V725 = > > (VT2)")2hsr(VT2), (9.49)

k=0 TeMy([n])

Define

hsx(x) = > hsr(x) € R[x1,...,Xx, 100" (9.50)
TeMs|-k)2([n])

ifk <|S| and k and |S| are of equal parity, and hsx = 0 otherwise. Then,

ISIAIT]
ElzSz"1= > 62 (hsa(V2),hra(V2)).. (9.51)
da=0

. (d) [n]
Proof of Theorem 9.4.1. Let A@ e RI™ V5% (<ima) have an isometric embedding of the hg 4

as its columns. Then, the expression in (9.51) says that

dmax
Yy — Z 6—d2A(d)TA(d)_ (9.52)
d=0
Define the matrix
GoAO
A= : ) (9.53)

G Aldmad

Then, Y™ = AT A, so the non-zero eigenvalues of Y™ are equal to those of AA™.
By Schur’s lemma, whenever d’ > d and d and d’ have the same parity, then we have that

{hsal se(n) C Vg(?) forms a tight frame in Vg(,f(l), since the hg 4 form a union of orbits under
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(d)

the action of S, and V,;’ is irreducible. Let f4 4 denote the frame constant, so that, for all

pE Vj(,_?), we have

> (hsa,p)oh = faap. (9.54)

se(l

Let firqa =0if d > d’ or d' and d have different parity. We then have

dmax

A(d)A(d)T _ ( Z fd’,d) Idim(Vy(.?))' (9.55)

a’'=d

(d)

In particular, we may exhibit dim(V,;’) many eigenvectors of AA™ with this positive eigen-

value supported on the dth block (in the same block decomposition as that of A). So,

AAT > 0 strictly, and its distinct eigenvalues are A, o, ..., An4,.. > 0 given by
dmax n n
Ana =03 > far,a with multiplicity dim(V4?) = ( d) - ( g 1). (9.56)
d'=d

Thus these are also precisely the positive eigenvalues of Y™, and the multiplicity of the

zero eigenvalue of Y™ is ( " ) - zgz;;((’;) — <dﬁ1>) = <Sd" ), as claimed.

Sdmax max*l
We now turn to the explicit computation of the eigenvalues. Let us write

N5 4= llhsall forany S € <[Z]>, (9.57)

noting that these numbers are all equal by symmetry. Then, the frame constants from (9.54)
are
n
dl
PRt

_ ()

(9.58)

It remains to compute the n,4 4, which will yield the f; 4 and thus the eigenvalues A, 4.
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We first note that, by our earlier computation in Lemma 9.4.3, for any given S € ([Z]),

n3.q = Ihsl? = (i) &;g“);, (n’f 1)d. 9.59)
Therefore, ( )
n 1 d
Saa= Mné,d = <n1f 1) . (9.60)

To compute the ng 4 with d° > d, we use that T itself can be used to compute the

following inner products, by Corollary 9.4.4:
Elz’hr(x)] = 03 (hsa(z), hr(z)).. (9.61)
Using that the {hr(x) }TE([ZL]) form a tight frame with frame constant f; 4, we have

Naa = llhsall?

1
= — h h f
Iy Zm< sa(x), hr(zx))
Te('y)

_; TS 2
Ty > (Elx*hr(x)]) (9.62)

re('d)

We next expand these pseudoexpectations directly:

S+m(T)

ElzShy(z)] = M

o > Xn-a (T

TESH
n\ _(n
= W Z Xn-d,d) (TO) Xa+d@’—2|snm(T)|
' TTESK
n\ _(n d
= M Z Kd+d —2k Z X(n—d,d) (TT)

|
n. k=0 mTES,
STt (T)|=k
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Suppose now that |S N T| = £. Then, by Corollary 9.2.10 we have

n\ ([ n B )
e d(j z,;id:l@ (Z _25) (i) 0’y (i) Do

The remaining sum is one we evaluated in the course of our proof of Proposition 9.3.2 using

finite differences. Substituting that result here then gives

_ ( (ZIL) _n<dn1> )(Z 2d>< )l;[ — df:‘r d2121— S (9.63)

L, d-t,d —tn-d-d +¢

Substituting this into the summation that occurs in our expression for ng 4/, we then find

> (E[xhr(x)])?

(3

:é(i},) (121__?) (( ) _n(d?l) ) (Zz Zd)( ) U n— d't d2121— 1 “d"d)

L,d—b,d' —tn—d-d’' +
d-1 . 2
n n n-2d n-—2i
= 3, — 1_[
d-a\\\d) \d-1))\d-d); n-d+d-2i-1
2
i n-d <§)
d-+ < n )2
=0 0, d—0,d" b n—d—d’ +{
d-1 . 2
n n n-—2d n-—2i
= 2, — n
v-a\\\d) \d-1))\d -d) in-d+d-2i-1

d!zd’!(n—d’)!(n—d—d’)!(d’—d)!i d-4\(n-d-d +4
n!? o \d' —d n-d-d

and the remaining sum evaluates by the Chu-Vandermonde identity to

() ) o)

dArd''\m-d)Nn—-d-d)d —qd)! (n —d+ 1)

e d (9.64)

258



Having reached this expression, we may substitute for ni,, 4 and find many cancellations,

obtaining

]d',d /\)_4
dfd1d

> (E[z°hr(z)])?

re(')

d-1 . 2 2
L n \4 n-2i-1 n\ ( n
_“d’d<n—1) (E)n—Zi—l—d’+d> ((d) (d—l))
Ad''n-d)Nn-24)"? (n-d+1
nln-d-dld —d)! d '

(9.65)

Then we may again substitute for A, 4 and find more cancellations, obtaining

dmax

02> faa
d—d

An,d

dmax

oG4 ! 1
, :
(P S o e O eyl ey ey 2 (966

The formula for A, o then follows immediately. To obtain the recursion, we compute

(MZD/Z O 04— d1 d 1
Aps2.d+1 = (m+2)! e, - *, ‘ :
Jo m—d-d + DA —d- D! (n-2i+2-d +d)?
(n-1)/2 x d
= | n+2,d —-d 1
e d%:d (”_d_d')!(d'—d)!il:([)(n—2i+1—d’+d)2
(n-1)/2 d-1
1 Xnt2,d' —d 1
= | s
e dgd m+1-d +d)?n-d-d)ld -d)! Q m—2i—1-d +d)?
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and noting that &, 422k = ":ﬁr"lﬂ O 2k, We find

(n + 2)! (n-1)/2 O‘EL,d’—d d-1 1
S m+ 1?2 2= (n—-d-d)i(d - d)! 1:([) (n—2i-1-d +d)?
n+2
= M (9.67)
O

completing the proof.
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10 SUM-OF-FORESTS PSEUDOMOMENTS AND

LIFTING THEOREMS

Having established with a deterministic example that our spectral pseudomoment extension
from Chapter 8 gives correct results at least sometimes, we now continue with our earlier

plan of extending generic low-rank projection matrices.

SUMMARY AND REFERENCES This chapter is based on part of the reference [Kun20b]. The

following is a summary of our main results in this chapter.

1. (Theorem 10.2.3) An extension to degree w(1) (more precisely, an extension to de-
gree Q(logn/loglogn) for cases we will be interested in) that we expect to succeed for

incoherent degree 2 pseudomoments of rank (1 —o(1))n.

2. (Theorem 10.11.2) An extension to degree 6 that we expect to succeed for incoherent

degree 2 pseudomoments of rank én for 6 € (0,1).

We also emphasize the following important technical details of our proofs that may be

interesting contribution beyond the lifting theorems themselves.

3. (Lemma 10.3.11) The derivation of the Mdbius function of a set of forests under a
“compositional” ordering, which appears as the coefficients of corresponding terms of

pseudomoments.
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4. (Remark 10.8.6) A combinatorial identity that, per our arguments, appears to be re-
sponsible for the possibility of pseudomoments satisfying both the positivity and en-
trywise constraints. The identity relates the Mobius function of a partially ordered set
of forests to a sum over matrices associated to a pair of partitions similar to those
appearing in the Robinson-Schensted-Knuth (RSK) correspondence of representation

theory and the combinatorics of Young tableaux.

PRIOR WORK The idea of a “lifting” theorem that automatically applies to many low-degree
pseudomoments is a relatively new one; our description of our results in this way (here and
in [Kun20b]) is inspired by [MRX20], who appear to be the first to have given an explicit such
statement. Our pseudomoment construction is inspired by on an old construction of har-
monic polynomials dating back to Maxwell [Max73] and Sylvester [Syl76] and rediscovered

many times since as well as a generalization due to Clerc [Cle00]; see Section 10.1.1.

10.1 CONCRETE PSEUDOMOMENT EXTENSION

Recall that our construction of spectral extensions in Chapter 8 left as an unspecified input
the description of how a polynomial of the form (V72)% = [[;c¢(vi, 2) decomposes into an
ideal part of a linear combination of multiples of (v;, z)?, belonging to the subspace V;, and
a harmonic part that is a zero of any linear combination of the differential operators (v;, 8)?,
belonging to the subspace V4. In this section, we develop a heuristic method to compute
these projections. Since (V' 7z)S is the sum of the two projections, it suffices to compute
either one. We will work with the projection to the multiharmonic subspace V4. We warn
in advance that this portion of the derivation is not mathematically rigorous; our goal is
only to obtain a plausible prediction for the projections in question, which we will then

analyze more precisely. Our construction will be based on a technique for computing these
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projections exactly for harmonic polynomials and certain multiharmonic generalizations,

which we review below.

10.1.1 GENERALIZED MAXWELL-SYLVESTER REPRESENTATIONS

We describe a line of work describing how the projection of a polynomial to V5 may some-
times be computed, rather surprisingly, by differentiating a Green’s function associated to
the defining PDE or system of PDEs. The following is the clearest instance of this idea, which

concerns the case of harmonic polynomials.

Proposition 10.1.1 (Theorem 1.7 of [AR95]; Theorem 5.18 of [ABW13]). Suppose n > 3.' Let

hom

Vsr C R[y1,..., yul”™ be the subspace of harmonic polynomials (q(y) with Aq = 0), and let

Py be the apolar projection to V4. Define

@ (y) := |lyl5™™ (the Green’s function of A), and (10.1)

Klul(y) := (p(y)u(y/llyllg) (the Kelvin transform), (10.2)

the latter defined for u : R™ \ {0} — R a smooth function. Let p € R[y,... ,yn]f}l"m. Then,

Pyrlq] = K[a(d)p]. (10.3)

M%) (2 —=n - 2i)
Roughly speaking, the Kelvin transform is a generalization to higher dimensions of inversion
across a circle, so this result says that apolar projections to harmonic polynomials may be
computed by inverting corresponding derivatives of the Green’s function of A. In other
words again, the Green’s function is a kind of generating function of the apolar projections
of the monomials.

This result has a long history. At least for n = 3, the idea and its application to

L A variant of this result also holds for n = 2; see Section 4 of [AR95].
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the expansion of Example 8.3.10 were already present in classical physical reasoning of
Maxwell [Max73]. Soon after, Sylvester [Syl76] gave a mathematical treatment, mention-
ing that an extension to other n is straightforward. See Section VIL5.5 of [CH89] on “The
Maxwell-Sylvester representation of spherical harmonics” for a modern exposition. These
ideas were rediscovered by [AR95]; there and in the later textbook treatment [ABW13] there
is greater emphasis on P4 being a projection, though the fact that the apolar inner product
makes it an orthogonal projection goes unmentioned. Further historical discussion and
a presentation with all of the ideas relevant to us are given in an unpublished note of
Gichev [Gic]. A note of Arnol’d [Arn96] and Appendix A of his lecture notes [Arnl3] also
discuss topological interpretations of these results and give historical commentary.

When we seek to apply these ideas in our setting, we will want to project to multihar-
monic polynomials, which satisfy p;(8)q = 0 for several polynomials py,...,pn. In our
case the polynomials will be quadratic, but a generalization to arbitrary polynomials is also
sensible. This question has been studied much less. The main work we are aware of in this
direction is due to Clerc [Cle00] (whose Green’s function construction was suggested earlier
in Herz’s thesis [Her55]; see Lemma 1.6 of the latter), where the p; are quadratic forms with
matrices spanning a Jordan subalgebra of ngxmr. The following is one, essentially trivial,

instance of those results.

Proposition 10.1.2. Let vy, ..., v, be an orthonormal basis of R". Define an associated Green'’s

function and Kelvin transform

-
@ (2) = [ [(v;, 2), (10.4)
i=1
K[f1(2) = @(2)f (Zm,zrlvi) . (10.5)
i=1
Then, for any p € R[x1,...,x,]\ {0}, the apolar projection of p to the harmonic subspace is
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K[p(@)pl.

In this case, it is easy to give a hands-on proof: one may write p in the monomial basis
(v;, z), and in this basis the desired projection is just the multilinear part of p. On the other
hand, we have p(9)@p = q/@, where g is the multilinear part of p, and the result follows.
Though this is a simple derivation, we will see that extending it to overcomplete families of

vectors v; in fact forms one of the key heuristic steps in our derivation.

10.1.2 CLOSING THE PREDICTION

We now use these ideas to heuristically project to our Vs, and thus find a closed-form
prediction of . The difference between our setting and the above is that n > 7, and the v;
form an overcomplete set. In particular, in the Kelvin transform, it is not guaranteed that,
given some z, there exists a 2z’ such that V' 7z’ is the coordinatewise reciprocal of V "z, so
a genuine “inversion” like in the case of an orthonormal basis may be impossible. We also

remark that it is not possible to apply the results of [Cle00] directly, since the v;v,; typically

T

do not span a Jordan subalgebra: %(viv['vjv} +vjv;

vV, ) = %('Ui,’Uj)('Ui'v}— + vjv]) is not
always a linear combination of the vyvy, since in fact the %(viv} + v;v,;) span all of R o
when the v; are overcomplete. There are plenty of non-trivial Jordan subalgebras of R’ <"

sym»

as discussed e.g. in [BES20]; they are just not generated in this way.
Nonetheless, let us continue with the first part of the calculation by analogy with Propo-

sition 10.1.2. Define

n

P (2) = [ [(vi, 2). (10.6)

i=1

Then, one may compute inductively by the product rule that

(V7O p(z) = ( > JT=DAtgAl - 1)!{2 []Ma; - <va,z>A'}) p(z). (10.7)

ocPart(S) Aeo a=1jeA
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(That various summations over partitions arise in such calculations is well-known; see, e.g.,
[Har06] for a detailed discussion.) We now take a leap of faith: despite the preceding caveats,
let us suppose we could make a fictitious mapping F : R” — R” that would invert the
values of each (v;, z), i.e., (vi,ﬁ(z)) = (vi, z)~! for each i € [n]. Then, we would define a
Kelvin transform (also fictitious) by K[ f1(z) = f(F(2)) - @(z). Using this, and noting that

@ (F(2)) = (2)!, we predict

Py [(VT2)S| =R [(VT9)Sp] (2)

= > H(—l)'A'1<|A|—1>!{Z ﬂMaj-wu,z)'A}. (10.8)

oePart(S) Aco a=1jeA

We make one adjustment to this prediction: when |A| = 1 with A = {i}, then the inner
summation is > _; Myi{va,2) = (MV72); = (VIVV72); ~ 6 Yv;,z). However, the
factor of §-! here appears to be superfluous; one way to confirm this is to compare this
prediction for |S| = 2 with the direct calculations of P for d = 2 in Chapter 7 for the case
of ETFs. Thus we omit this factor in our final prediction.

We are left with the following prediction for the harmonic projection. First, it will be

useful to set notation for the polynomials occuring inside the summation.

Definition 10.1.3. For S € M([n]) with S = &, m € N, and x € R", define

x™" if 1IS| =1 with S = {i},
dsm(x) = (10.9)
o1 ljer Majx™  otherwise,
as(x) 1= qs,s/(x). (10.10)
We then predict
P [(VT2)5 ]~ 3 TT(-DML(AI- DIga(VT2). (10.11)

oePart(S) Aeo
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By the orthogonality of the ideal and harmonic subspaces, we also immediately obtain a

prediction for the orthogonal projection to V;:

P (VT2)S| = (VT2)S—Py [(VT2)$| == 3 T](-DM1(AI-DIga(V72). (10.12)

oePart(S) Aeo
lo|<|S]

We therefore obtain the following corresponding predictions for the polynomials hg(x)
and rs(x) appearing in Lemma 8.3.11. We redefine these here for the duration of this chap-
ter, though we emphasize that these do not give the actual projections P4 or P; but rather

are only heuristic approximations.

Definition 10.1.4 (hgs and v polynomials). For S c [n] and x € R", define

hs(x):= > [[(=DH(Al - Dlga(), (10.13)
o€Part(S) Aco

rs(@):=— > [](=DA(Al - 1)ga(). (10.14)
Uleo'Fl)a<r\t5(‘f) Aeo

The “lowered” polynomials 7¢ (x) may also be defined by simply reducing the powers of
Xx; appearing in q4(x). Here again, however, we make a slight adjustment: when |A| = 2
with A = {i, j}, we would compute gao(x) = >, MaiMa; = (M?);; = 6 'M;;. This factor
of 6~! again appears to be superfluous, with the same justification as before. Removing it,

we make the following definition.
Definition 10.1.5. For S € M([n]) with S = & and |S| even, define
as,(x) if|S| is odd,

as(x) = qs(x; M) == M;; if IS| =2 with S = {i, j}, (10.15)

aso(x) Iif|S| = 4 is even.

With this adjustment, we obtain the following values of 7¢ appearing in Lemma 8.3.11 and
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h¢ appearing in Remark 8.3.12.

Definition 10.1.6 (h; and 7¢ polynomials). For S c [n] and = € R", define

hi(x) = > [[EDAHA] - 1)1gh (), (10.16)
o€Part(S) Aco

re(@):=— > [[(=D(Al - Dig) (). (10.17)
O—Ii'ljlir\ts(’f) Aeo

Substituting the approximations (10.13) and (10.17) into the pseudoexpectation expres-
sion we obtained in Lemma 8.3.11, we are now equipped with a fully explicit heuristic recur-
sion for [, up to the choice of the constants o3. Let us demonstrate how, with some further
heuristic steps, this recovers our Definition 10.1.13 ford = 1 and d = 2. For d = 1 we expect
a sanity check recovering that E[xixj] = M;;, while for d = 2 we expect to recover the for-
mula we obtained for ETFs in Chapter 7 and then rederived with the Gaussian conditioning

interpretation in Section 8.2.

Example 10.1.7 (d = 1). If |S| = 1 with § = {i}, then there is no partition o of S with
lo| < |S|, so hij () = x; and r{‘i}(ac) = 0. Thus, if S = {i} and T = {j}, we are left with
simply

E(xi,x;) = 0f6 - <('vi,z), <fuj,z>> = 028 - (vi,v;) = 05 - My (10.18)

which upon taking 012 = 57! gives E(xi,xj) = M;;j, as expected.

Example 10.1.8 (d = 2). If S = {i,j} then the only partition o of S with |o| < |S| is the

partition o = {{i, j}}. Therefore,

hij(x) =xix;— 2 -1D!-quj(x)

n
= XiXj — z Mm-Majxﬁ, (10.19)
a=1
v (@) = @2 -1 20 = M;;. (10.20)

268



If, furthermore, T = {k, ¥}, then we compute

(hs(V'2),hr(V2)).

<(vi,z><vj,z> — > MaiMaj(va, 2)°, (vk, 2)(vg, 2) — D MakMa€<'Ua;z>2>

a=1 a=1
1 1 n n n
= 5 MuMjp + 5MigMjx - 2 > MaiMajMaxMag + > " MaiMa;MpxcMpeM2,
a=1b=1

a=1
and if we make the approximation that the only important contributions from the final sum

are when a = b, then we obtain

1
2

L

n
5 MigMjic = . MaiMajMakMap- (10.21)

a=1

MMy +
Substituting the above into Lemma 8.3.11, we compute

E(xixj, XkXxp)

n n
= M;;Myp + 056 - <<vi,z)<vj,z) — > MaiMajx2, (vk, 2){vp, 2) — MakMaex2>

a=1 a=1

1 1 "
= M;;Myp + 05 5° (ZMikMﬂ + 5 MM - > MaiMajMakMay)
a=1

where we see that the only value of o that will both make E factor through multiplication

and achieve the normalization conditions E(x;xj,x;x;) = 1 is 0'22 = 2672, which gives

n
= M;jMyp + MiacMjp + MigMji — 2 > MaiMaiMakxMay, (10.22)

a=1
the formula discussed in Section 8.2.

The computation above is essentially the same as that in Section 8.2, only rewritten in the

language of degree 2 homogeneous polynomials rather than symmetric matrices.
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One may continue these (increasingly tedious) calculations for larger d to attempt to
find a pattern in the resulting polynomials of M. This is how we arrive at the values given
below, and we will sketch the basic idea of how to close the recursion. The more precise
version of that calculation is rather more complicated and will be implicit in our proofs
of the first lifting theorem in Sections 10.7 and 10.8. We mention for now that, in these
heuristic calculations, it is important to be careful with variants of the step above where we
restricted the double summation to indices a = b (indeed, that step in the above derivation
is not always valid; as we will detail in Section 10.10, this is actually the crux of the difficulty
in applying our method to low-rank rather than high-rank M). This type of operation is
valid only when the difference between the matrices containing the given summations as
their entries has negligible operator norm—a subtle condition. We gloss this point for now,
but give much attention to these considerations in the technical proof details below and in

Section 10.13.

10.1.3 SUM-OF-FORESTS PSEUDOMOMENTS

The precise definition of our construction is as follows. Generalizing the degree 4 case, the
pseudoexpectation is formed as a linear combination of a particular type of polynomial in

the degree 2 pseudomoments, which we describe below.

Definition 10.1.9 (Contractive graphical scalar). Suppose G = (V,E) is a graph with two
types of vertices, which we denote o and 0O visually and whose subsets we denote V = V* LU V",
Suppose also that V* is equipped with a labelling k : V* — [|V*|]. For s € [n]V'l and
ac[n]V, let foq:V — [n] have fso(V) = Sxw) forv € V* and fso(v) = a, forv € VE.

Then, for M € R we define

sym s

ZC(M;s)i= > [] Mp.wfoaw:- (10.23)

ac[n]V® {v,wleE

270



We call this quantity a contractive graphical scalar (CGS) whose diagram is the graph G. When
S is a set or multiset of elements of [n] with |S| = |V*|, we define Z¢(M;S) := Z¢(M; s)

where s is the tuple of the elements of S in ascending ovder.

As an intuitive summary, the vertices of the underlying diagram G correspond to indices
in [n], and edges specify multiplicative factors given by entries of M. The e vertices are
“pinned” to the indices specified by s, while the O vertices are “contracted” over all possible
index assignments. CGSs are also a special case of existing formalisms, especially popular

in the physics literature, of trace diagrams and tensor networks [BB17].

Remark 10.1.10. Later, in Section 10.4, we will also study contractive graphical matrices
(CGMs), set- or tuple-indexed matrices whose entries are CGSs with the set S varying accord-
ing to the indices. CGMs are similar to graphical matrices as used in other work on SOS
relaxations [AMP16, BHK" 19, MRX20]. Aside from major but ultimately superficial notational
differences, the main substantive difference is that graphical matrices require all indices la-
belling the vertices in the summation to be different from one another, while CGMs and CGSs
do not. This restriction is natural in the combinatorial setting—if M is an adjacency matrix
then the entries of graphical matrices count occurrences of subgraphs—but perhaps artifi-
cial more generally. While the above works give results on the spectra of graphical matrices,
and tensors formed with tensor networks have been studied at length elsewhere, the spectra
of CGM-like matrix “flattenings” of tensor networks remain poorly understood.”> We develop

some further tools for working with such objects in Section 10.13.

Next, we specify the fairly simple class of diagrams whose CGSs will actually appear in

our construction.
Definition 10.1.11 (Good forest). We call a forest good if it has the following properties:

1. no vertex is isolated, and

20ne notable exception is the calculations with the trace method in the recent work [MW19].
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2. the degree of every internal (non-leaf) vertex is even and at least 4.

We count the empty forest as a good forest. Denote by F(m) the set of good forests on m
leaves, equipped with a labelling k of the leaves by the set [m]. We consider two labelled
forests equivalent if they are isomorphic as partially labelled graphs; thus, the same underly-
ing forest may appear in ‘F (m) with some but not all of the m! ways that it could be labelled.
For F € T(m), we interpret F as a diagram by calling V* the leaves of F and calling V© the
internal vertices of F. Finally, we denote by T (m) the subset of F € F (m) that are connected

(and therefore trees).

We note that, for m odd, the constraints imply that F (m) is empty. We give some examples
of these forests and the associated CGSs in Figure 10.1.
Finally, we define the coefficients that are attached to each forest diagram’s CGS in our

construction.

Definition 10.1.12 (M6bius function of good forests). For F = (V* LU V" E) € F(m), define

p(F):= [] (- (degw)=2)) = (=D [] (deg(v) - 2)L. (10.24)

veVvo veVvo

For F the empty forest, we set u(F) = 1 by convention.

These constants have an important interpretation in terms of the combinatorics of F(m):
as we will show in Section 10.3, when ¥ (m) is endowed with a natural partial ordering,
U(F) is (up to sign) the Mdbius function of the “interval” of forests lying below F in this
ordering. In general, Mobius functions encode the combinatorics of inclusion-exclusion cal-
culations under a partial ordering [Rot64]. In our situation, u(F) ensures that, even if we
allow repeated indices in the monomial index S in the definition below, a suitable cancel-
lation occurs such that the pseudoexpectation of ° still approximately satisfies the ideal

annihilation constraint in Definition 6.1.2.
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Figure 10.1: Forests, polynomials, and coefficients. We show three examples of good forests F €
F(6) with labelled leaves, together with the corresponding CGS terms u(F) - ZF(M; (i, j, k, €, m,p))
appearing in the pseudoexpectation of Definition 10.1.13.

With these ingredients defined, we are prepared to define our pseudoexpectation.

Definition 10.1.13 (Sum-of-forests pseudoexpectation). Suppose M € R, We define Ear:

sym

R[x1,...,Xn] — R to be a linear operator with EM[xfp(a:)] = EM[p(w)] foralli € [n] and
p € R(x1,...,xn], and values on multilinear monomials given by
En [1—[ xl} = > u(F)-ZF(M;S) forallS < [n]. (10.25)
ies FeF(SD)

Remark 10.1.14 (Pseudocumulant generating function). One interesting intuition for this
construction is in terms of the formal cumulant generating function associated to Ear. If
we approximate by collapsing all forests to “star trees” on their connected components (i.e.,
by contracting all edges between O vertices), then, by the calculations we present later in

Section 10.3, we find

log Ear exp((A, @) ~ %)\TM)\ Ly (Iog cosh((MA);) — ;(MA)§>, (10.26)

i=1

viewing the left-hand side as a formal power series. Since logcosh(A) is the cumulant gen-
erating function of x ~ Unif({x1}), we see that i M encodes some compromise among three
desiderata: x lying in the row space of M, x having approximately independent +1-valued

coordinates, and x having covariance matrix M.
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Let us now discuss how one arrives at this definition from continuing in the vein of
Examples 10.1.7 and 10.1.8 from the previous section. From those examples, it is plausible
that the degree d pseudomoments might in general be given by linear combinations of CGSs
whose diagrams are forests. We may make the ansatz that this is the case, and attempt to
derive a recursion describing the coefficients of these forests.

Reasoning diagramatically, increasing the degree generates new diagrams whose CGSs
occur in the pseudomoments in two ways, corresponding to the two terms in Lemma 8.3.11,

whose recursion we recall here:

E(xs,x”) = E(rg(x),r4(x)) + 0367 - (hs(VT2), hr (VT 2)).. (10.27)

-~
“ideal” term “harmonic” term

First, it turns out that all CGSs that arise from the inner product (hs(V'2),h7(V7z)), in
the harmonic term may be fully “collapsed” to a CGS with only one summation (or a product
of summations over subsets of indices), as we have done above. These contribute diagrams
that are forests of stars: each connected component is either two e vertices connected to
one another, or a single 0O vertex connected to several leaves. Second, in computing the ideal
term E(Tg(w),r}(ac)), we join the diagrams of odd partition parts to the leaves of existing
diagrams at lower degree, a process we illustrate later in Figure 10.3. Thus our ansatz is
closed, in that the recursion—assuming the collapsing step detailed above is sound—will
only yield forest diagrams at higher degree, since any forest is either a forest of only stars,
or stars on some subsets of leaves with some subsets attached to a smaller forest.

Thus we indeed expect the pseudomoments to be a linear combination of CGSs whose
diagrams are forests. Moreover, more careful parity considerations show that we expect only
good forests (Definition 10.1.11) to appear. Taking this for granted, if the pseudomoments
are to be symmetric under permutations of the indices, then the coefficients u(F) should

depend only on the unlabelled isomorphism type of the graph F, not on the leaf labels
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k. Making this assumption, each successive u(F) may be expressed in a cumbersome but
explicit combinatorial recursion, eventually letting us predict the formula for u(F). This
computation will be implicitly carried out in Section 10.7, where we prove that the hg(x)
give a block diagonalization of our pseudomoments.

We emphasize the pleasant interplay of diagrammatic and linear-algebraic ideas here.
As we mentioned after Lemma 8.3.11, the decomposition of the pseudomoments into the
ideal and harmonic parts expresses the spectral structure of the pseudomoment matrices,
which involves a sequence of alternating “lift lower-degree pseudomoment matrix” and “add
orthogonal harmonic part” steps. These correspond precisely to the sequence of alternating
“compose partitions with old forests” and “add new star forests” steps generating good

forests recursively.

Remark 10.1.15 (Setting 05). We have glossed above the remaining detail of choosing the
constants 05 to make [ factor through multiplication. The further calculations discussed
above confirm the pattern in the examples d = 1,2 that the correct choice of this remaining
scaling factor is (75 := d! 6. With this choice, we note that the harmonic term may be written

more compactly as

0254 (hs(V72),ht (V7 2)), = (hs(V72),hr (VT 2)),, (10.28)

where (-,-)y is the rescaled apolar inner product from Definition 8.3.3, given simply by

(p,q)s = p(0)q.

10.2 LIFTING 1: HIGH RANK TO HIGH DEGREE

We now proceed to our first lifting theorem. We first introduce several quantities measur-

ing favorable behavior of M. As a high-level summary, these quantities capture various
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aspects of the “incoherence” of M with respect to the standard basis vectors ey,...,e,. To
formulate the subtlest of the incoherence quantities precisely, we will require the following
preliminary technical definition, whose relevance will only become clear in the course of
our proof in Section 10.5. There, it will describe a residual error term arising from allowing

repeated indices in S in Definition 10.1.13, after certain cancellations are taken into account.

Definition 10.2.1 (Maximal repetition-spanning forest). For each F € F(m) and s € [n]™,
let MaxSpan(F, s) be the subgraph of F formed by the following procedure. Let Cy,...,Cy be

the connected components of F.

Initialize with MaxSpan(F, s) = Q.
fori=1,...,ndo
forj=1,...,k do
if Cj has two leaves {1 # {2 with s,y = Sk,) = i then
Let T be the minimal spanning tree of all leaves ¥ of Cj with s,y = i.
if T is vertex-disjoint from MaxSpan(F, s) then
Add T to MaxSpan(F, s).
end if
end if
end for

end for

We say that a € [n]V"® is (F, s)-tight if, for all connected components C of MaxSpan(F, s)
with s,y = 1 for all leaves £ of C, for allv € V°(C), a, = i. Otherwise, we say that a is

(F, s)-loose.

With this, we define the following functions of M. Below, M°¥ denotes the kth entrywise

power of M, and set(s) for a tuple s denotes the set of indices occurring in s.
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Definition 10.2.2 (Incoherence quantities). For M € RI'*" define the following quantities:

sym 7

Eoffdiag(M) = max |Mij|, (10.29)
l<i<j<n
n 1/2
- 2 012
Ecorr(M) = (1<rp<aj>inI;1MlkMJk> , (1030)
6pow(-Z\l) = TaZX HMOk - In”; (1031)
€ree(M;2d) := max max max |ZT(M;s)—1{s;=---= Sn}‘ , (10.32)

0=d'<d TeT 2d’) se[n]24’

€err(M;24) - , (10.33)

Iset(s)]/2

max max max n E || M

0=d’'<d TET 2d’) se[n]2d’ ‘ . fsaW)fsa(w)
ac[n]V? (w)eE(T)

a (T,s)-loose

E(M; Zd) = 6oﬂ’diag(l\4-) + €corr(]\4-) + Epow(M) + 6tree(J\4-;d) + 6err(]\4-; Zd) (1034)

Our main result then states that M may be extended to a high-degree pseudoexpectation
so long as its smallest eigenvalue is not too small compared to the sum of the incoherence

quantities.

Theorem 10.2.3. Let M € RI¥" with M;; = 1 for all i € [n]. Suppose that

sym
Amin (M) > (12d)32 || M ||°e (M 2d)'/4. (10.35)

Then, i M IS a degree 2d pseudoexpectation with F mlxx™] = M.

In practice, Theorem 10.2.3 will not be directly applicable to the M we wish to extend,
which, as mentioned earlier, will be rank-deficient and therefore have A, (M) = 0 (or very
small). This obstacle is easily overcome by instead extending M’ = (1 — x) M + «d,, for
« € (0,1) a small constant, whereby Amin (M) > «. Unfortunately, it seems difficult to make
a general statement about how the more intricate quantities €yee and €., transform when
M is replaced with M’; however, we will show in our applications that directly analyzing

these quantities for M’ is essentially no more difficult than analyzing them for M. Indeed,
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we expect these to only become smaller under this replacement since M’ equals M with

the off-diagonal entries multiplied by (1 — ).

Remark 10.2.4 (Different ways of nudging). A similar “nudging” operation to the one we
propose above, moving M towards the identity matrix, has been used before in [MRX20, KB20]
for degree 4 SOS and in the earlier work [AUO3] for LP relaxations.> However, the way that
this adjustment propagates through our construction is quite different: while [MRX20, KB20]
consider, in essence, a convex combination of the form (1 — cx)ﬁ M+ of 1,, We instead consider
E(l_(x)MmIn. The mapping M — EM is highly non-linear, so this is a major difference, which
indeed turns out to be crucial for the adjustment to effectively counterbalance the error terms

in our analysis.

We expect the following general quantitative behavior from this result. Typically, we will
have e(M;2d) = O(n~Y) for some y > 0. We will also have ||[M| = O(1) and Apnin(M) =
£N2(1) after the adjustment discussed above. Therefore, Theorem 10.2.3 will ensure that M
is extensible to degree 2d so long as n /4 poly(d) = O(1), whereby the threshold scaling
at which the condition of Theorem 10.2.3 is no longer satisfied is slightly smaller than
d ~ logn; for instance, such M will be extensible to degree d ~ logn/ loglog n. See the brief
discussion after Proposition 10.12.11 for an explanation of why this scaling of the degree is

likely the best our proof techniques can achieve.

10.3 PARTIAL ORDERING AND MOBIUS FUNCTION OF F(m)

In the previous section, we found a way to compute the coefficients u(F) attached to each
forest diagram F in Definition 10.1.13. Calculating examples, one is led to conjecture the for-
mula given in Definition 10.1.12 for these quantities. We will eventually give the rather dif-

ficult justification for that equality in the course of proving Theorem 10.2.3 in Section 10.7.

31 thank Aida Khajavirad for bringing the reference [AU03] to my attention.
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For now, we prove the simpler interpretation of these constants that will guide other parts
of that proof: the u(F) give the Mobius function of a certain partial ordering on the CGS
terms of the pseudoexpectation.

Before proceeding, let us introduce some notations and clarifications concerning parti-

tions that will be useful here and in the remainder of the chapter.

Definition 10.3.1 (Partitions). For A a set or multiset, we write Part(A) for the set or multiset,
respectively, of partitions of A. Repeated elements in a multiset are viewed as distinct for

generating partitions, making Part(A) a multiset when A is a multiset. For example,

Part({i, i, j}) = {{{i},{i},{j}}, U, i3, 4, 1, 14, 73, U, 153, {{i,i,j}}}- (10.36)

repeated

We write Part(A; even) and Part(A; odd) for partitions into only even or odd parts, respectively,
and Part(A; k), Part(A;> k), and Part(A; < k) for partitions into parts of size exactly, at
most, and at least k, respectively. We also allow these constraints to be chained, so that, e.g.,
Part(A;even; > k) is the set of partitions into even parts of size at least k. Similarly, for a
specific partition Tt € Part(A), we write 1t[even], t[odd], Tr[k], T[> k], t[ < k], TT[even; > k]

and so forth for the parts of Tt with the specified properties.

10.3.1 MOBIUS FUNCTIONS OF PARTIALLY ORDERED SETS

First, we review some basic concepts of the combinatorics of partially ordered sets (hence-
forth posets). Recall that a poset is a set P equipped with a relation < that satisfies reflexivity
(x < x for all x € P), antisymmetry (if x < y and y < x then x = ), and transitivity (if
x <y and y < z, then x < z). For the purposes of this paper, we will assume all posets are
finite. The following beautiful and vast generalization of the classical Mdbius function of
number theory was introduced by Rota in [Rot64] (the reference’s introduction gives a more

nuanced discussion of the historical context at the time).
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Definition 10.3.2 (Poset Mobius function). Let P be a poset. Then, the Mobius funcion of P,

denoted u»(x,y), is defined over all pairs x < y by the relations

Up(x,x) =1, (10.37)

> up(x,») =0 forallx < z. (10.38)

X<y<z

The key consequence of this definition is the following general inclusion-exclusion princi-
ple over posets, again a vast generalization of both the Mobius inversion formula of number

theory and the ordinary inclusion-exclusion principle over the poset of subsets of a set.

Proposition 10.3.3 (Poset Mobius inversion). If P has a minimal element, f : P — R is given,
and g(x) = X, f(y), then f(x) = >, up(y,x)g(y). Similarly, if P has a maximal

element and g(x) := > ,. f(¥), then f(x) = > . up(x,¥)g(¥).

In addition to [Rot64], the reader may consult, e.g., [BG75] for some consequences of this
result in enumerative combinatorics.

We give three examples of Mobius functions of posets of partitions that will be useful
in our calculations. The first concerns subsets and corresponds to the classical inclusion-

exclusion principle, and the latter two concern partitions of a set.

Example 10.3.4 (Subsets). Give 2!"™! the poset structure of S < T whenever S < T. Write

Usubset (+, +) for the Mobius function of [m]. Then,

“Subset(SaT) = (_1)‘T‘7|S‘- (1039)

Example 10.3.5 (Partitions [Rot64]). Let Part([m]) denote the poset of partitions of [m],

where T < p whenever 1T is a refinement of p. Write up, (-, -) for the Mébius function of
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Part([m]), eliding m for the sake of brevity. Then,

part (17, p) = [ [ (-1)*BEmB<AI1 (@B € 71 : B < A} — 1)L, (10.40)
Aep
In particular, letting @ = {{1},...,{m}} be the unique minimal element of Part([m]), we
have
ppat(@,p) = [ (=D)AL (Al - D)L (10.41)
Aep

Example 10.3.6 (Partitions into even parts [Syl76]). For m > 2 even, let EvenPart([m]) denote
the poset of partitions of [m] into even parts, where Tt < p whenever 1t is a refinement of
p, along with the additional formal element @ with @ < 1t for all partitions 1t. Again write
UevenPart (-, =) for the associated Mobius function, eliding m for the sake of brevity. Let the

sequence v (k) for k = 0 be defined by the exponential generating function log cosh(x) =:

S0 UX xk, or equivalently tanh(x) =: S X5 Xk, Then,

uEvenPart(®; P) = - l_[ V(|A|) (1042)
Aep

On the other hand, if Tt > o, the [T, p] is isomorphic to a poset of ordinary partitions, so we
recover

Hevenpart (T1,p) = [ [ (=1)*BS™E<AI"L(#{B € 71 : B = A} — 1)L, (10.43)
Aep

There is no convenient closed form for v(k), but a combinatorial interpretation (up to sign)
is given by (—1)*v(2k) counting the number of alternating permutations of 2k + 1 elements.
This fact, as a generating function identity, is a classical result due to André [And81] who
used it to derive the asymptotics of v; see also [Stal0] for a survey. The connection with
Mobius functions was first observed in Sylvester’s thesis [Syl76], and Stanley’s subsequent
work [Sta78] explored further situations where the Mobius function of a poset is given by an

exponential generating function. Some of our calculations in Section 10.3 indicate that the
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poset defined there, while not one of Stanley’s “exponential structures,” is still amenable to
analysis via exponential generating functions, suggesting that the results of [Sta78] might

be generalized to posets having more general self-similarity properties.

10.3.2 THE COMPOSITIONAL ORDERING

We first introduce the poset structure that is associated with u(F). We call this a compo-
sitional structure because it is organized according to which forests are obtained by “com-

posing” one forest with another by inserting smaller forests at each O vertex.

Definition 10.3.7 (Compositional poset). Suppose F € F(m). Foreachv € V2 (F), write E(v)
for the set of edges incident with v, and fix k, : E(v) — [|E(v)|] a labelling of E(v). Suppose
that for eachv € VP (F), we are given F,, € F(deg(v)). Write F[(Fy)vevor)] € F(m) for the
forest formed as follows. Begin with the disjoint union of all F,, for v € VO (F) and all pairs in
F. Denote the leaves of F, in this disjoint union by ¥, 1, ... ,Ey,deg(v). Then, merge the edges
ending at ¥, ; and €., j whenever k;1(i) = k' (j). Whenever k' (i) terminates in a leaf x of
F, give €, ; the label that x has in F. Finally, whenever x belongs to a pair of F, give x in the
disjoint union the same label that it has in F.

Let the compositional relation < on F(m) be defined by setting F' < F if, for each v €

VE(F), there exists F,, € F(deg(v)) such that F' = F[(Fy)yevor].

It is straightforward to check that this relation does not depend on the auxiliary orderings
Ky used in the definition. While the notation used to describe the compositional relation
above is somewhat heavy, we emphasize that it is conceptually quite intuitive, and give an
illustration in Figure 10.2.

We give the following additional definition before continuing to the basic properties of

the resulting poset.

Definition 10.3.8 (Star tree). For m > 4 an even number, we denote by Sy, the star tree on m

282



AR NN - (1

Figure 10.2: Ordering in the compositional poset F(m). We give an example of the ordering
relation between two forests in F(14), highlighting the “composing forests” at each O vertex of the
greater forest that witness this relation.

leaves, consisting of a single O vertex connected to m e vertices. For m = 2, denote by S» the

tree with no O vertices and two e vertices connected to one another. Note that all labellings

of Sy are isomorphic, so there is a unique labelled star tree in F(m).

Proposition 10.3.9. F(m) endowed with the relation < forms a poset. The unique maximal

element in ‘F (m) is S,,, while any perfect matching in F (m) is a minimal element.

To work with the Mobius function, it will be more convenient to define a version of this
poset augmented with a unique minimal element, as follows (this is the same manipulation
as is convenient to use, for example, in the analysis of the poset of partitions into sets of

even size; see [Sta78]).

Definition 10.3.10. Let F(m) consist of F (m) with an additional formal element denoted @.
We extend the poset structure of F(m) to F(m) by setting @ < F for all F € F(m). When we

wish to distinguish @ from the elements of F (m), we call the latter proper forests.
The main result of this section obtains the Moébius function of this partial ordering.

Lemma 10.3.11. Let uz(-,-) be the Mobius function of F(m) (where we elide m for the sake

of brevity, as it is implied by the arguments). Then uz(@,) = 1, and for F € F(m),

pr(@,F) = (=BT (deg(v) — 2)! = —u(F), (10.44)
veVD(F)

where L(-) on the right-hand side is the quantity from Definition 10.1.12.
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We proceed in two steps: first, and what is the main part of the argument, we compute
the Mobius function of a star tree. Then, we show that the Mobius function of a general
forest factorizes into that of the star trees corresponding to each of its internal vertices.

The following ancillary definition will be useful both here and in a later proof.

Definition 10.3.12 (Rooted odd tree). For odd £ = 3, define the set of rooted odd trees on ¥
leaves, denoted T ™°({¥), to be the set of rooted trees where the number of children of each
internal vertex is odd and at least 3, and where the leaves are labelled by [{]. Define a map

e: T m—1) — T (m) that attaches the leaf labelled m to the root.

While it is formally easier to express this definition in terms of rooted trees, it may be
intuitively clearer to think of a rooted odd tree as still being a good tree, only having one

distinguished “stub” leaf, whose lone neighbor is viewed as the root.
Proposition 10.3.13. uz(@,52) = —1. For all even m > 4, uz(0,Sy) = (m - 2).

Proof. We first establish the following preliminary identity.

Claim: Z Ilj?(®, T) = _V(m) = UEvenPart(®a {[m]}) (1045)
TeT (m)

We proceed using a common idiom of Mobius inversion arguments, similar to, e.g., count-
ing labelled connected graphs (see Example 2 in Section 4 of [BG75]). For F € F(m), let
conn(F) € Part([m];even) denote the partition of leaves into those belonging to each con-

nected component of F. For 1 € Part([m]; even), define

b(m):=- > pu(e,F), (10.46)
FeF([m])

conn(F)=T1
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and b(@) = 0. Then, the quantity we are interested in is —b({[m]}). By Mobius inversion,

b({[ml}) = > ( > b(p)) Hevenpart (TT, {[m]}). (10.47)

mmePart(meven)u{o} \@<p=TT

The inner summation is zero if 7 = @, and otherwise equals

> bp)=1T] ( > —u(F)) =1if m + o. (10.48)

@<p<T Aem \FeF([IA|D

Therefore, we may continue

b{[ml}) = > Heerar(m {[mlH) = > (=DT(m-DL  (10.49)

mmePart(m;even) mrePart(m;even)

By the composition formula for exponential generating functions, this means

b({[2k]})
Z ZAuerliy

o0 x2k = log (1 + (cosh(x) — 1)) = logcosh(x), (10.50)

k>0

and the result follows by equating coefficients.

Next, we relate the trees of 7 ([m]) that we sum over in this identity to the rooted odd
trees introduced in Definition 10.3.12. We note that the map e defined there is a bijection
between 7 ™°(m — 1) and 7 (m) (the inverse map removes the leaf labelled m and sets its

single neighbor to be the root). The Mdbius function composed with this bijection is

p(@,e(T)) = (=)D T 4(@, Siew) 1),
vevo(T)

where c(v) gives the number of children of an internal vertex.
Finally, we combine the recursion associated to the rooted structure of 7 ™°t(m — 1)
(whereby a rooted tree is, recursively, the root and a collection of rooted trees attached to

the root) and the identity of the Claim to derive a generating function identity that completes
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the proof. Namely, we may manipulate, for m > 4,

vim)=- > e, T)
TeT (m)
=— > ue()
TeTroot(m—1)
= > (VDT TT p(, Sicw+1)
TeTroot(m—1) veVo(G)
= Z (—u(@,Sim1+1)) n ( Z (—1)|VD(T)| H u(®’S|C(U)|+1))
mePart([m—1];0dd) Sem \TeT oot(S) veVo(T)
[TT>1
= > (—u(@,Sim+1) | ] (— > u(@,e(T)))
mmePart([m-17J;0dd) Sem TeT root(|S])
[tr|>1
= > (—1(@,Simi+1) [ v(USI+1) (10.51)
mmePart([m—1];0dd) Serm
[r|>1

We now have a relatively simple identity connecting u(@, S,,) with v(m). To translate
this into a relation of generating functions, we remove the condition |7r| > 1 and correct to

account for the case m = 2, obtaining, for any even m > 2,

2v(m) = 1{m =2} + > (—p(@,Sim=1)) [ ] vUST+1). (10.52)

mmePart([m—1];0dd) Sem

Now, let F(x) = >y %xz". Multiplying by x2k-1/(2k — 1)! on either side of (10.52)
and summing over all k > 1, we find, by the composition formula for exponential generating
functions,

2tanh(x) = x — F'(tanh(x)). (10.53)

Equivalently, taking v = tanh(x), we have

F'(y) = tanh ' (y) — 2. (10.54)
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Recalling

N 1 2k
tanh ' (y) = 5(|og(1+y)—|og(1—y)) :%Zk“' (10.55)

we have
F(y) = —%xz + gé Zk(;Ijk—l) = —%xz + k; (252;)!2)!9(2", (10.56)
and the result follows. O

Before completing the proof of Lemma 10.3.11, we give the following preliminary result,
describing the interval lying below a forest as a product poset. This follows immediately
from the definition of the compositional relation, since the set of forests smaller than F

corresponds to a choice of a local “composing forest” at each v € VB (F).

Proposition 10.3.14. Let F = ((V*, V"), E) € F(m). Then, we have the isomorphism of posets

(@,F1= ] (@, Sueg)]. (10.57)
veVD(F)

We now complete the proof of the main Lemma.

Proof of Lemma 10.3.11. Let [i(©, -) be the putative Mobius function from the statement,

fi(e,F) = (-1)V"EOHL TT (deg(v) - 2)!. (10.58)

veVO(F)

We proceed by induction on m. For m = 2, the result holds by inspection. Suppose m > 4.
Since [i(@,2) = 1 by definition, and since by Proposition 10.3.13 we know that (@, S,,) =

u(@,Sy), it suffices to show that, for all F € F(m) with F + S,,,, we have

> fi(e,F) =0. (10.59)

F'elo,F]
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Let F € F(m) with F = S,,,. We then compute:
> He,F)y=1- > J] (~(deg(v)-2)
F'elo,F] F'e(o,FlveVo(F")

=1- [] > [] (—(deg(w)-2)!)| (Proposition 10.3.14)
VEVO(F) \ F'€(0,Sdeg(v)] WEVT(F')

veVO(F) F'€(2,54eg(v) ]
=1- [] wu(e,9) (inductive hypothesis)
veVI(F)
=0, (10.60)
completing the proof. ]

10.4 PSEUDOMOMENT AND CONTRACTIVE GRAPHICAL MATRICES

We now proceed to the proof of Theorem 10.2.3. We first outline the general approach of
our proof and introduce the main objects involved. By construction, E as given in Defini-
tion 10.1.13 satisfies Conditions 1 and 2 of the pseudoexpectation properties from Defini-
tion 6.1.2 (normalization and ideal annihilation); therefore, it suffices to prove positivity.
Moreover, positivity may be considered in any suitable basis modulo the ideal generated by
the constraint polynomials, and given any fixed basis positivity may be written in linear-
algebraic terms as the positive semidefiniteness of the associated pseudomoment matrix.
We state this explicitly below, in an application of standard reasoning in the SOS literature

(see, e.g., [Lau09]).

Proposition 10.4.1. Let T R{x1,...,Xn]l<2a — R be a linear operator satisfying the normal-
ization and ideal annihilation properties of Definition 6.1.2. Let7 C R[x1,...,Xx] be the ideal

generated by xi2 —1fori=1,...,n,andletp.,..., p(r) € R[x1,...,Xn]<a be a collection of
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coset representatives for a basis of R[x1,...,Xnl<a / 1. Define the associated pseudomoment

matrix Z € R *(Z) with entries

Zor = Elps(x)pe(x)]. (10.61)

Then, £ satisfies the positivity property of Definition 6.1.2 if and only if Z > 0.

If we were to take the standard multilinear monomial basis for the p;(x), we would wind
up with Z being a sum of CGSs of different diagrams in each entry, with the CGS indices
corresponding to the set indexing of Z. While we will ultimately work in a different basis,
this general observation will still hold, so we define the following broad formalism for the
matrices that will arise.

The following enhancement of the diagrams introduced in Definition 10.1.9 is the anal-
ogous object to what is called a shape in the literature on graphical matrices [AMP16,
BHK*19]. We prefer to reserve the term diagram for any object specifying some contractive
calculation, to use that term unadorned for the scalar version, and to add ribbon to indicate

the specification of “sidedness” that induces a matrix structure.

Definition 10.4.2 (Ribbon diagram). Suppose G = (V, E) is a graph with two types of vertices,
which we denote ¢ and O visually and whose subsets we denote V = V* L1 VE. Suppose also
that V* is further partitioned into two subsets, which we call “left” and “right” and denote
V* = LU R. Finally, suppose that each of L and R is equipped with a labelling kr : £ — [|L]]

and kg : R — [|R]|]. We call such G together with the labellings k, and kg a ribbon diagram.

Definition 10.4.3 (Good forest ribbon diagram). We write F (£, m) for the set of good forests
on £ + m vertices, equipped with a partition of the leaves V* = £ U R with |£| = £ and

|R| = m.
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Definition 10.4.4 (Contractive graphical matrix). Suppose G is a ribbon diagram with la-
bellings kr and k. Define k : V* — [|V*|1 by k(€) = k(£) for€ € L and k(v) = | L] + kg (v)
for v € R. With this labelling, we interpret G as a CGS diagram.

For M € RIL, we then define the contractive graphical matrix (CGM) of G to be the

[n] [n]
matrix Z6¢ e RUD*UR) with entries

ZE,T = ZSG,T(M) = Z6(M; ($1, .y Stz b1y -5 ER))) (10.62)

where S = {s1,...,Sir1} and T = {ty,...,tjg|} withs; < --- <Sppandt; < --- < tg|.

We note that the restriction to set-valued indices in this definition is rather artificial; the
most natural indexing would be by [n]£l x [n]/®I. However, as the set-indexed subma-
trix of this larger matrix is most relevant for our application, we use this definition in the
main text; we present several technical results with the more general tuple-indexed CGMs in

Section 10.13.

Remark 10.4.5 (Multiscale spectrum). As in calculations involving graphical matrices in the
pseudocalibration approach [AMP16, RSS18, BHK" 19], the scale of the norm of a CGM may be
read off of its ribbon diagram. We emphasize the following general principle: if || M| = O(1)
and F € F(2d), then || ZF|| = w(1) if and only if some connected components of F have
leaves in only L or only R. We call such components sided. CGMs tensorize over connected
components (Proposition 10.13.3), so the norm of a CGM is the product of the norms of CGMs
of its diagram’s components. In the case of M a rescaled random low-rank projection matrix,
where |M| = O(1) and || M || = ©(n'/?), components that are not sided give norm O (1)
(Proposition 10.13.13), while each sided component gives norm roughly @(nl/ 2), which follows
from calculating the sizes of the individual CGM entries assuming square root cancellations.
Thus the norm of a CGM is © (n#!sided components} /2

In particular, we will encounter the same difficulty as in other SOS lower bounds that the
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pseudomoment matrices we work with have a multiscale spectrum, meaning simply that the
scaling of different Z¢ with n can be very different. For the main part of our analysis we
will be able to ignore this, since by working in the multiharmonic basis from Remark 8.3.12,
we will be able to eliminate all ribbon diagrams with sided components, leaving us with only
terms of norm O(1). Unfortunately, this issue returns when handling various error terms, so

some of our choices below will still be motivated by handling the multiscale difficulty correctly.

10.5 MAIN AND ERROR TERMS

Recall that our pseudoexpectation was constructed in Section 10.1.3 as a sum of ZF(M;S)
for S a multiset, and had the property of being approximately unchanged by adding pairs of
repeated indices to S. While in Definition 10.1.13 we have forced these to be exact equalities
to produce a pseudoexpectation satisfying the ideal annihilation constraints exactly, the
approximate version of the pseudoexpectation, which is better suited for the diagrammatic
reasoning that will justify positivity, will still be very useful. Therefore, we decompose E into
a “main term,” which is the actual result of our heuristic calculation but only approximately
satisfies the hypercube constraints, and an “error term” that implements the remaining

correction, as follows.

Definition 10.5.1 (Main and error pseudoexpectations). Define Emain Ferr : Rx1,...,xn] — R

to be linear operators with values on monomials given by

Emain[mS] = z u(F) - ZF(M;S)’ (10.63)
FeF(sh
Eerr[mS] - E[xS] _ Emain[mS]’ (10.64)

for all multisets S € M([n]). Note that for S a multiset, E[z5] = E[z5'] where S’ is the

(non-multi) set of indices occurring an odd number of times in S.
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In the remainder of this section, we show how the presence of the Mobius function in our
pseudomoment values implies that Ee"[a:s ] is small. It is not difficult to see that f and Emain
are equal to leading order, since if, for instance, only one index is repeated two times in S,
then the dominant terms of Em2n will be those from diagrams where the two occurrences
of this index are paired and there is an arbitrary forest on the remaining indices; various
generalizations thereof hold for greater even and odd numbers of repetitions. This kind of
argument shows, for example, that for M a rescaled random low-rank projection matrix, we
have Em2n[£S] = (1 + O(n~1/2))E[x5] as n — . However, due to the multiscale spectrum
of the pseudomoments as discussed in Remark 10.4.5, it turns out that this does not give
sufficient control of Eer.

We must go further than this initial analysis and take advantage of cancellations among
even the sub-leading order terms of Ee”, a fortunate side effect of the Mobius function
coefficients. These cancellations generalize the following observation used in [KB20] for the

degree 4 case. If we take S = {i, 1, j, k} (the simple situation mentioned above), then we have

n
[Eerr[mS] = Mjk - (MiiMjk + MijMik + MikMij -2 Z MiiMajMak)

a=1
— v g
E[IS] /[Emain [mg]
=2 > MZMgMa, (10.65)
ac[n]\{i}

where the term 2M;;M;; in Emain[ 5] has cancelled. For M a rescaled random low-rank pro-
jection matrix, this makes a significant difference: the term that cancels is ©(n~!), while the
remaining error term after the cancellation is only ®(n~3/?) (assuming square root cancella-
tions).

Surprisingly, a similar cancellation obtains at all degrees and for any combination of
repeated indices. The general character of the remaining error terms is that, as in the above

simple example the O vertex connecting two equal leaves labelled i was not allowed to have
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its index equal i, so in general the minimal spanning subtree of a collection of leaves with

the same label cannot “collapse” by having all of its internal vertices have that same label.
The collections of spanning subtrees with respect to which we will study this cancellation

are precisely the forests MaxSpan(F, s), as defined earlier in Definition 10.2.1. Below we

record the important properties of the subgraphs that result from this construction.

Proposition 10.5.2 (Properties of MaxSpan). For any F € F(m) and s € [n]™, MaxSpan(F, s)

satisfies the following.

1. (Components) For every connected component C of MaxSpan(F, s), there is some i € [n]
and C; a connected component of F such that Ik 1(i)nV* (Cj)| = 2 and C is the minimal

spanning tree of k™1(i) N V*(C;).

2. (Maximality) MaxSpan(F, s) is the union of a maximal collection of vertex-disjoint span-

ning trees of the above kind.

3. (Independence over connected components) If C1,...,Cy are the connected components
of F, then MaxSpan(F,s) = MaxSpan(Ci, slc,) U - -+ U MaxSpan(Cg, slc,). (We write

8¢, for the restriction of s to the indices that appear as labels of the leaves of C;.)

4. (Priority of small indices) Whenever i < j, [k 1 (i) nV*(Cx)| = 2, |k71(j) nV*(Cr)| = 2,
and MaxSpan(F, s) contains the minimal spanning tree of k='(j) N V*(Cy), then it also

contains the minimal spanning tree of k=1 (i) N V*(Cx).

We are now prepared to express our generalization of the cancellation that we observed
above in (10.65), which amounts to the cancellation of all summation terms where the entire

subgraph MaxSpan(F, s) collapses in the sense discussed previously.

Definition 10.5.3 (Graphical error terms). Let F € F(m) and s € [n]™. Recall that we say

a € [n]V"F) is (F,s)-tight if, for all connected components C of MaxSpan(F, s), if Sxx) = i
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for all leaves x of C, then a, = i for all v € VB(C) as well. Otherwise, we say that a is

(F, s)-loose. With this, we define

AF(M;s) = > [T Mp.w)foatw: (10.66)

aE[Tl]VD {v,w}€eE
a is (F,s)-loose

As in Definition 10.1.9, we also extend the definition to allow sets or multisets in the second
argument of AF by replacing them with the corresponding tuple of elements in ascending

order.

The following preliminary definition, building on the rooted odd trees introduced in Defini-

tion 10.3.12, will be useful in the argument.

Definition 10.5.4 (Good forest with rooted components). For m > 2, let F™°(m) be the set
of forests on m leaves where every connected component is either a good tree (per Defini-
tion 10.1.11) or a rooted odd tree (per Definition 10.3.12), and where the leaves are labelled
by [m]. Note that some but not all components of such a forest may have distinguished
roots. For F € F°°t(m), let odd(F) denote the set of rooted odd tree components of F, and let

u(F) := u(F") for F’ formed by attaching an extra leaf to the root of every tree in odd(F).

Lemma 10.5.5 (Graphical error pseudomoments). For any S € M([n]),

B[S =~ > p(F)-AF(M;S). (10.67)
FeF(m)

Proof. Our result will follow from the following, purely combinatorial, result. For F € F(m)
and A < [m], let us say that F is A-dominated if, for every connected component C of F,

every O vertex of C is contained in the minimal spanning tree of the leaves k=1 (A) N V*(C).
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Then,
1 if m e {|A],|A| + 1},
Claim: > u(F)= (10.68)

FeF(m)

F is A-dominated 0 otherwise.

We first prove the Claim. Let £ = |A|; without loss of generality we take A = [{]. Let us
write

c(f,m) = > u(F). (10.69)

FefF(m)
F is [£]-dominated

For each fixed ¢, we will proceed by induction on m > ¥. For the base case, we have
c({,¥) = 1 by the defining property of the Mobius function, since in this case the summation
isoverall F € F({).

Let vy : F(m) — Frot(m — L) return the rooted forest formed by deleting the minimal
spanning trees of the elements of [£] in each connected component, where upon deleting
part of a tree, we set any vertex with a deleted neighbor to be the root of the new odd tree

connected component thereby formed. Then, we have

—
Il

> u(F)

FeF(m)

> > u(F)

Re Froot(m—{f) FEF (m)
rp(F)=R

and, factoring out p(R) from u(F) with v, (F) = R, we note that what is left is a sum of u(F)

over [£]-dominated forests F on [£ + |odd(R)|], whereby

= S R, L+ lodd(R))). (10.70)

Refroot(m_ﬂ)

Now, we consider two cases. First, if m = £ + 1 for £ odd, then there is only one R in the

above summation, having one leaf connected to a root, which has u(R) = 1. Therefore,
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c,+1)=1.
Otherwise, supposing m > £ + 2 and continuing the induction, if we assume the Claim

holds for all smaller m, then we find

1= > U(R) +c(£,m). (10.71)

Refroot(m_g)
lodd(R)|=1{¢ odd}

If £ is even, then the first term is a sum over R € F(m — ). If £ is odd, then the sum may
be viewed as a sum over R € F(m — £ + 1) by viewing the single root vertex as an additional
leaf. In either case, this sum equals 1 by the definition of the Mobius function, whereby
c({, m) = 0, completing the proof.

We now return to the proof of the statement. Suppose S € M([n]), and let s € [n]S
be the tuple of the elements of S in ascending order. Given F € ‘F(|S|), let us write
ind(F,S) for the multiset with one occurrence of each i € [n] for each connected com-
ponent C of MaxSpan(F,s) with s, = i for all leaves ¢ in C, and a further occurrence
of each i € [n] for each leaf £ not belonging to MaxSpan(F; s) with s, = i. And, write
coll(F,S) € F(lind(F,S)|) for the good forest obtained by deleting from F each component
of MaxSpan(F; s) and replacing each incidence between MaxSpan(F; s) and F \ MaxSpan(F; s)

with a new leaf, labelled such that

ZColl(F,S)(M; Ind(F,S)) = z l_[ MfS,a(U)fs,a(w)- (1072)
ac[n]Ve® {v,w}€E(F)
a (F,S)-tight

Intuitively, these definitions describe the forest obtained from F by collapsing all tight sub-
trees in MaxSpan(F, s), with extra occurrences of their indices added as labels on leaves in

the new “fragmented” tree.

296



Using these definitions, we may rewrite the quantity that we need to compute as follows.

Emain[mS]_ Z “(F)AF(M,S)
FeF(Ssl)

= > uE Y [T My.ofsaw

FeF(sh ac[n]VoE {v,w}€E(F)
a (F,S)-tight

>, W(F)ZeES) (M;ind(F, S))
FeF (S

> > ( > u(F))ZF'<M;S’). (10.73)

S'eM([n]) FFeF (S’ FeF(Ss))
coll(F,S)=F’
ind(F,S)=S’

=CT(F,5",S)

We claim that the inner coefficient C(F’,S’,S) is zero unless S’ is the (non-multi) set of
indices occurring an odd number of times in S, in which case it is y(F’). This will complete
the proof, since we will then have that the above equals E[ms ] (by definition of the latter).

Since ind(F, S) for any F only contains indices occurring in S, we will have C(F',S",S) =0
unless S’ only contains indices also occurring in S. In other words, we have set(S’) < set(S);
note, however, that a given index can occur more times in S’ than in §.

Let Cy,...,C,, be the connected components of F’, let k" be the function labelling the
leaves of F’, and let s’ be the tuple of elements of S’ in ascending order. Let S; := {s;,w) :
£ € V*(C))}, a priori a multiset. In fact, no index can occur twice in any S;: if j is the least
such index, then by construction the minimal spanning tree on all £ € V*(C;) with Sy =J
would have been included in MaxSpan(F, s) and would have been collapsed in forming F’.
Therefore, each S; isaset,and S = S; + - - - + S,,.

Now, we define the subsets of connected components containing a leaf labelled by each
index: for j € [n],let A; = {i € [m]:j € §;}. Also, let n; equal the number of occurrences
of jin S. Then, every F with coll(F,S) = F’ and ind(F,S) = S’ is obtained by composing

with F’ forests F; for j € [n] whose leaves are K (j), together with some n; — |A;| further
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leaves j1,...,¥jn ;» such that F; is dominated (in the sense above) by these further leaves,

which all have Skl = J, and such that F; does not connect any C; iy

C{Z for i;,i>, € Aj with
J' < J. Itis easier to understand the description in reverse: the F; are precisely the forests
added to MaxSpan(F, s) for index j, if F collapses to F’.

Using this description of the F appearing in C(F’,S’,S) and the fact that u(F) factorizes

over O vertices, we may factorize

n
CF,S,S) =uF) ] ( > u(F)). (10.74)
Jj=1 FeF(nj)
F [nj—|Aj|]-dominated

F does not connect C{l ,C{Z
for il,izeAj«,j’<j

Now, suppose for the sake of contradiction that C(F’,S’,S) # O for some F’, and |A;| #
1{n; odd} for some j (remembering that A; are defined in terms of F’). Choose the smallest
such j. Then, the connectivity property on F in the jth factor above is vacuous since |Aj | <
1 for all j < j’, so it may be removed in the summation. By the Claim, that factor is
then zero, whereby C(F',S’,S) = 0, unless |Aj| = 1{n; odd}, so we reach a contradiction.
Finally, if indeed |A;| = 1{n; odd} for all j, then the connectivity condition is vacuous for
all terms, so it may always be removed, whereupon by the Claim the product above is 1 and

C(F',S',S) = u(F’) as desired. O

Lastly, we prove the following additional result on Fer that will be useful later, showing
that it decomposes into a sum over a choice of some “main term trees” and some “error

trees” to apply to subsets of S.

Proposition 10.5.6 (Error term factorizes over connected components). For any S € M([n]),

Eer[aS] = > Emain[zs-A] Y I (— > u(T)-AT(M;R)). (10.75)

AcS mmePart(A;even) ReT TeT (IR])
A+Q
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Proof. We begin from the definition,

AF(M;s)= > [T Mpow foaw

ae[n]VD {v,w}eE
a is (F,s)-loose

Now, we observe from Proposition 10.5.2 that a is (F, s)-loose if and only if a|r is (F, s|t)-

loose for some T € conn(F). Therefore, by the inclusion-exclusion principle, we may write

Z (_1)|A|71 Z 1_[ Mfs,a(v)fs,a(v)

Acconn(F) acn vB {v,w}€eE
A+0 alT is (F,s|T)-loose for TEA
=— > [l (-aTMsip) [ 27(M;sl4). (10.76)
Acconn(F) TEA T¢A
A+

Now, we use that u(F) = Hle u(T;), so by definition of Ee”, we have

Eerlz®] = — 3 u(F)-AF(M;s)
FeF(m)
= > > Tl (-um-aT(M;slp) [] (u(T) - 25 (M;slr)).  (10.77)
FeF(m) AEjin%(F) TeA T¢A

Reversing the order of summation and then reorganizing the inner sum according to the

partition 1t of the leaves of F lying in each connected component then gives the result. O

10.6 SPECTRAL ANALYSIS IN THE HARMONIC BASIS: OUTLINE OF

THEOREM 10.2.3

Our basic strategy for proving positivity is to invoke Proposition 10.4.1 with the multihar-
monic basis discussed in Remark 8.3.12. As our heuristic calculations there suggested, this

will attenuate the multiscale spectrum of the pseudomoment matrix written in the standard
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monomial basis, making the analysis of the spectrum much simpler. It will also let us use
the heuristic Gram matrix expression (8.51) as a tool for proving positivity.

In this section, we describe the objects that arise after writing the pseudomoments in
this basis, and state the main technical results that lead to the proof of Theorem 10.2.3.

First, we recall the definition of the basis. For S < [n], we have

X if |S| = 1 with S = {i},
M;; if |S| = 2 with S = {i, j},
as(x; M) := - (10.78)
>ac1 I lies Miq - x4 if [S| = 3 is odd,
o1 [Ties Miq if |S| > 4 is even,
hg(; M) = > [ (DAl - 1)1g) (a; M). (10.79)

o€Part(S) Aeo

For the sake of brevity, we will usually omit the explicit dependence on M below, abbrevi-
ating hg(x) = hg(x; M).
Next, we write the pseudomoments in this basis, separating the contributions of the

main and error terms.

Definition 10.6.1 (Main and error pseudomoments). Define Z™an Ze" Z < RED*(ZD) o

have entries

zpain = Emain[pg(z)hi(x)], (10.80)
Zgm = E*[hi(x)hi ()], (10.81)
Zs,r = E[hg(@)hy ()] (10.82)

= 773N 4 Zgm., (10.83)

We assign a technical lemma to the analysis of each of the two terms.
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Lemma 10.6.2 (Positivity of main term). Under the assumptions of Theorem 10.2.3,

Amin(Zmain) = 2\min(-Z\l)d

- (Gd)wdHMHSd(Etree(M;d) + Epow(M) + €odeiag(-Z\4) + Ecorr(M))- (1084)
Lemma 10.6.3 (Bound on error term). Under the assumptions of Theorem 10.2.3,
122711 < (12d)%2)| M ||> €ere (M; 240). (10.85)

Given these statements, it is straightforward to prove our main theorem.

Proof of Theorem 10.2.3. Since the only multilinear monomial in h§(x) is x5, the h¢(x) for
S e (Zﬁ) form a basis for R[x1,...,x,]1<4/7 for 7 the ideal generated by {xl-2 — 13" ,. Thus
by Proposition 10.4.1 it suffices to show Z > 0. Since Z = Z™man + Ze* we have Amin(Z) =
Amin(Z™ain) — || Ze||. Substituting the results of Lemmata 10.6.2 and 10.6.3 then gives the

result. O

Before proceeding to the proof details, we note that we will use tools given later in
Section 10.12 (various miscellaneous combinatorial and linear-algebraic bounds) and Sec-

tion 10.13 (tools for working with CGMs).

10.7 APPROXIMATE BLOCK DIAGONALIZATION: TOWARDS

LEMMA 10.6.2

As a first step towards showing the positivity of Z™" we show that our choice of writing
the pseudomoments of E™n in the multiharmonic basis makes Z™m3" approximately block

diagonal. This verifies what we expect based on the informal argument leading up to Re-
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mark 8.3.12.

10.7.1 STRETCHED FOREST RIBBON DIAGRAMS

We first describe an important cancellation in Z™", Writing the pseudomoments in the
multiharmonic basis in fact leaves only the following especially well-behaved type of forest

ribbon diagram. Below we call a O vertex terminal if it is incident to any leaves.

Definition 10.7.1 (Stretched forest ribbon diagram). We say that F € F (£, m) is stretched if

it satisfies the following properties:
1. Every terminal O vertex of F has a neighbor in both L and R.

2. No connected component of F is a sided pair: a pair of connected o vertices both lying

in L or both lying in R.
3. No connected component of F is a skewed star: a star with one vertex in L and more
than one vertex in R, or one vertex in R and more than one vertex in L.

A fortunate combinatorial cancellation shows that, in the multiharmonic basis, the pseu-
domoment terms of stretched forest ribbon diagrams retain their initial coefficients, while

non-stretched forest ribbon diagrams are eliminated.
Proposition 10.7.2. For any S, T < [n],

zpan = Eranfhi(@)hr(x)] = > u(F) - ZE L (M). (10.86)

FeF(SIIT])
F stretched

Proof. We expand directly:

Emain[hi (z)hi ()]

:Emain[< D 1‘[(—1)'A1(|A|—1)!qi\(w)>< > ﬂ(—l)B'l(lBl—l)!q}g(m)ﬂ

ocPart(S) Aeo TePart(T) BeET
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= > [] <D®-L(RI-1)! I dr

ocPart(S) Reo+T Reo[even]+T[even]
TePart(T)
2. [T TTMawi- TT T1Mewy -
ac[n]Cledd=3] Ao [odd;>3] i€A BeT[odd;>3] jeB

be [n]T[Odd;23]

Ema‘”[ [T x [l xw [] x5 ] XW)} (10.87)

{iteo[1] Aeo(odd;=3] {jret[l] BeTt[odd;=3]

Let us write f, : o[odd] — [n] tomap A = {i} — i when |A| = 1 and to map A — a(A) when

|A| > 3, and likewise g : T[odd] — [n]. Then, expanding the pseudoexpectation, we have

= > T[] D®(IRI-1) [ i

oePart(S) Reo+1 Reo[even]+T[even]
TePart(T)
> [T [1Maa, - IT [IMbw, -
ac[n]oleddi=3] Aco[odd;=3] icA BeT[odd;>3] jeB

be[n]T[odd;zﬂ

F
> HCE) = Z (4 (A)) acotosa1s (95 (B)) perfoda]
Fef(lo[odd]l,|T[odd]|)

We say that F € F(|S|,|T|) is an odd merge of (o, T) through F' € F(|o[odd]|, |T[odd]]|) if F
consists of even stars on the even parts of o and T, and even stars on the odd parts of o and
T with one extra leaf added to each, composed in the sense of the compositional ordering
of Definition 10.3.7 with F’. See Figure 10.3 for an example. When F is an odd merge of
(0, T) through F’, then F’ is uniquely determined by o, T, and F. Using this notion, we may

rewrite the above as

= 2 ( 2. l_[(—1)'R'l(IRI—l)!-u(F’))Zf_T

FeF(SLITD oePart(S) Reo+T
TePart(T)
F'eF(lolodd]],IT[odd]])
F is an odd merge
of (o,T) through F’
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Figure 10.3: Odd merge of partitions. We illustrate an odd merge of two partitions o and T
through a forest ribbon diagram F, as used in the proof of Proposition 10.7.2. The gray boxes
show the components of the resulting diagram arising from the partitions (and, one step before,
arising from terms in the multiharmonic basis polynomials hg(w)), while the remainder is the forest
ribbon diagram that merges the odd parts of the partitions. The odd parts that are merged by F are
highlighted with bold brackets.

We make two further simplifying observations. First, the factors of (—1)®l multiply to
(—=1)ISI¥ITI "and |S| + |T| must be even in order for F(|S|,|T|) to be non-empty, so we may
omit the (—1)Rl factors. Second, by the factorization u(F) = [],cyor) (—(deg(v) — 2)1),
when F is an odd merge of (o, T) through F’ then we have u(F) = u(F’) [|r)=3is oaa(—(IR] —
DY I1jr|24 s even(— (IR] = 2)1), where both products are over R € o + T satisfying the given

conditions. It may again be helpful to consult Figure 10.3 to see why this formula holds.

Using this, we may extract u(F) and continue

= Z ( Z (—1)lot=2ll+Irl=2]| (R — 1))“(1:) . Zg,r- (10.88)
FeF(S|,IT]) Uegart((S)) Reo[even;>4]+T[even;>4]
t(T
FToedda;nerge
of (o,T)

—n(F)

It remains to analyze the inner coefficient n(F). To do this, it suffices to enumerate the
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pairs of partitions (o, T) of which F is an odd merge. We describe the possible partitions

below.

- If v € VE(F) is the only O vertex of a skewed star connected component with leaves
i1,...,1ix € L (for k odd) and j € R, then j must be a singleton in T while i4,...,i; can
either (1) all be singletons in o or (2) constitute one part {i;,...,ix} of 0. A symmetric

condition holds if there is more than one leaf in R and one leaf in £.

- If v € VB(F) is the only O vertex of a sided star connected component with leaves
i1,...,ix € L (for k even), then the iy,...,i; can either (1) all be singletons in o,
(2) constitute one part {ij,...,ix} of o, or (3) be divided into an odd part {iy,..., ik} \
{ix+} and a singleton {iy-} for any choice of k* € 1,...,k. A symmetric condition

holds if the leaves are all in R.

- If i1,1, € £ form a sided pair in F, then i, i, can either (1) both be singletons in o, or
(2) constitute one part {i;, i} of 0. A symmetric condition holds if the two leaves are

in R.

- If v € VB(F) is terminal, is not the only O vertex of its connected component, and
has leaf neighbors iq,...,ix € £ (for k odd), then the i,,...,i; can either (1) all be
singletons in o, or (2) constitute one part {i;,...,ix} of 0. A symmetric condition

holds if the leaves are all in R.

- If v € VE(F) is terminal, is not the only O vertex of its connected component, and has
leaf neighbors in both £ and R, then all leaves attached to v must be singletons in o

and T (according to whether they belong to £ or R, respectively).

- Ifi € £ and j € R form a non-sided pair in F, then i and j must be singletons in o

and T, respectively.
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Factorizing n(F) according to which terminal O vertex or pair connected component each

leaf of F is attached to using these criteria, we find

nF)= ] a-1 I (1-1) [] k-1D-k+1)-
Ceconn(F) v terminal in VP (F), Ceconn(F)
C sided pair all leaf neighbors of v in £ C sided even star
or all leaf neighbors of v in R on k>4 leaves
[T a-b
Ceconn(F)

C skewed star
on >4 leaves

= 1{F is stretched}, (10.89)

completing the proof. ]

10.7.2 TYING BOUND AND BOWTIE FOREST RIBBON DIAGRAMS

The above does not appear to give the block diagonalization we promised—there exist
stretched ribbon diagrams in F (¥, m) even when £ = m, so the off-diagonal blocks of Zmain
are non-zero. To find that this is an approximate block diagonalization, we must recog-
nize that the CGMs of many stretched ribbon diagrams are approximately equal (up to a
small error in operator norm) and then observe another combinatorial cancellation in these
“standardized” diagrams.

Specifically, we will show that all stretched forest ribbon diagrams’ CGMs can be reduced

to the following special type of stretched forest ribbon diagram.

Definition 10.7.3 (Bowtie forest ribbon diagram). We call F € F (£, m) a bowtie forest if
every connected component of F is a pair or star with at least one leaf in each of £ and R.
Each connected component of such F is a bowtie. We call a bowtie or bowtie forest balanced

if all components have an equal number of leaves in £ and in R.

Note that there are no balanced bowtie forests in F (£, m) unless £ = m; thus, since in our
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final expression for the pseudomoments below only balanced bowtie forests will remain, we
will indeed have an approximate block diagonalization.

Next, we show that any stretched forest ribbon diagram can be “tied” to form a bowtie
forest ribbon diagram by collapsing every non-pair connected component to have a single O

vertex, while incurring only a small error in the associated CGMs.

Lemma 10.7.4 (Stretched forest ribbon diagrams: tying bound). Suppose that €iree (M; (£ +
m)/2) < 1. Let F € F({,m) be stretched. Let tie(F) € F({,m) be formed by replacing each
connected component of F that is not a pair with the bowtie of a single O vertex attached to

all of the leaves of that connected component. Then, tie(F) is a bowtie forest, and

1ZF = Z% D || < (£ + m) RIIM[) 2™ eyee (M; (£ + m) [2).

The basic intuition behind the result is that, since every terminal O vertex of a stretched
ribbon diagram is connected to both £ and R, the corresponding CGM may be factorized
into ZF = ALD AR, where AL and A® correspond to the contributions of edges attaching
L and R respectively to the internal vertices, while D is CGM of the induced “inner” ribbon
diagram on the O vertices. Thanks to the diagram being stretched, D is actually diagonal,
and the result essentially states that its only significant entries are those corresponding to
all o vertices in each connected component having the same index. That is the origin of the

€wee iNCOherence quantity here.

Proof of Lemma 10.7.4. We recall the statement of the result. Let F € F (£, m) be a stretched
forest ribbon diagram, with all edges labelled with M. Let tie(F) be the forest ribbon dia-
gram constructed by tying every connected component of F that is not a pair into a bowtie.

By construction, tie(F) is a bowtie forest ribbon diagram. Our goal is then to show the bound

1ZF — Z5E| < (£ +m) QUM D™ €yee (M (£ +m) /2). (10.90)
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Let us first suppose that T € T (£, m) is connected. We will then show the bound
1ZT — 25D < 22me (M (£ +m)/2), (10.91)

the same as the above but without the leading factor of (£ + m). Since the norm of the
CGM of a connected component of F that has k leaves is at most IIMII%" by Proposi-
tion 10.13.13 and Corollary 10.12.10, the bound on arbitrary F will then follow by applying
Proposition 10.13.4.

Write U < VB(T) for the set of terminal vertices of T. By Corollary 10.12.10, |U| <
[VE(T)| < (£ +m)/2. Recall that, since T is stretched, every vertex of U is adjacent to some
vertex of £ and some vertex of R. Let A be the ribbon diagram on vertex triplet ((£,U), J)
induced by T, let B be the ribbon diagram on vertex triplet ((U,U), &) obtained by deleting
L and R from T, and let C be the ribbon diagram on vertex triplet ((U,R), &) induced by
T. Then, by Proposition 10.13.11, we may factorize ZT = ZClAI ZGIBl ZGICl | Moreover, let
G'[B] be the ribbon diagram obtained by relabelling every edge in G[B] with the identity
matrix. Then we have Zte(T) = ZGlAl ZG'[B] ZGICl  Therefore, by norm submultiplicativity

and Proposition 10.13.13 applied to G[A] and G[C], we may bound
127 = Z%D|| < | Z6W) - | 2619 - || 260 - 26| < | M) 26 - 26T (10.92)

Since L(G[B]) = R(G[B]) = £L(G'[B]) = R(G’'[B]) = U, the matrices Z¢Bl and Z¢'lB
are diagonal. Let us view G[B] as being partitioned into edge-disjoint (but not necessarily
vertex disjoint) subtrees By,..., B,, such that every leaf of every B; belongs to U. Since the
B; are edge-disjoint, n is at most the number of edges in T, which by Corollary 10.12.10 is at
most %(3 + m). Since L(G[B]) = R(G[B]), the labellings k, and kx must be equal, so let us

simply write k for this single labelling. Suppose that the leaves of B; are ¥;1,...,¥is, € U.
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Then, we have

n

ZEB =T z5 (M; (S(K(é’i,l)),...,S(K(t’i,ai)))). (10.93)

i=1

By the definition of €., Wwe have

1s(k(lin) = - - = s(k(Lia))} — zBi(M; (s(x(&-,l)),...,s<x(€i,ai>>)) ‘

= Etree(-Z\4; ai)

< €gee (M; (£ +m)/2). (10.94)
Since the B; form an edge partition of T into subtrees, we have
n ’
[Tls(k@in)) = - - = s(k(£ia))} = L{s(i) = s(j) foralli,j € [|U[]} = ZE B, (10.95)
i=1

Therefore, substituting and expanding, we find

G[B G'[B
Zs,£ I Zs,s[ ]

- |11 (M (st s(x(&,am))—Hl{s(x(&,l)):---=s(x<€i,ai)>}‘
i=1 i=1
Zﬂ(zBl( S WD)y 5 (i) ) = LSR(E)) = -+ = 5(K(Lia,)))
Ac[n]i€eA
A+Q

[Tls(k(li) =--- = s(x(&,ai))}‘

i¢A

< D Eree(M; (£ +m)/2)N

Ac[n]
A+D

= 2n€tree(M; (ﬂ + ’I’I’I,)/Z)

< 21lmie (M (€ +m)/2), (10.96)

309



completing the proof. O

10.7.3 SIMPLIFICATION OF COEFFICIENTS

We next define the result of tying all of the ribbon diagrams in Z™mai":

z8d:= N p(F) - 2850, (10.97)
FEF(ISI,IT])
F stretched

where since each bowtie forest can be formed by tying multiple stretched forests, we rewrite

to isolate the resulting coefficient of each bowtie forest,

= > ( > u(F’))z};T. (10.98)

FeF(S1,ITI) F'eF(SIITI)
F bowtie forest F’ stretched
tie(F')=F

—E(F)

The following result gives the combinatorial analysis of the coefficients & (F) appearing here,
which yields a surprising cancellation that verifies that Z™2" is approximately block diago-

nal.

Lemma 10.7.5 (Stretched forest ribbon diagrams: combinatorial reduction). LetF € F (£, m)

be a bowtie forest. Then,

EF):= >  u(F') = 1{F balanced} [T (=D¥'(k-1)ke (10.99)
F'eF(SI,IT)) Ceconn(F)
F’ stretched C balanced bowtie
tie(F')=F on 2k leaves

We give the proof, a rather involved calculation with exponential generating functions, be-
low. We leave open the interesting problem of finding a more conceptual combinatorial
proof of this result, especially in light of the appearance of £(F) again in Lemma 10.8.5

later.
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Proof of Lemma 10.7.5. It suffices to consider connected forests, since both the left- and
right-hand sides of the statement factorize over connected components. Thus, we want to
show

> uF) =1{f=m}(-1)""(m-1)m. (10.100)

TeT (€,m)
T stretched

It will be slightly easier to work with a less stringent definition of “stretched” which removes
the exceptions for skewed stars, and also allows sided stars if the other side has no e ver-
tices. Let us call F weakly stretched if every terminal O vertex has a neighbor both in £
and in R, or if there is only one O vertex and one of £ and R is empty. Then, our task is

equivalent to showing

-

(D)™ lm-D'm! ifd=m=>1,
—(m - 2)! if { =0,m > 4 is even,
- -2)! if m = 0,4 > 4 is even,
> p(F) = 1 (10.101)
T weay e —(m - 1)! if £ =1,m = 3 is odd,
- -1)! if m=1,¢>3is odd,
0 otherwise.

We use the convention that lowercase functions of combinatorial variables, like f(a, b),
give coefficients, and uppercase functions of analytic variables, like F(x, y), give the corre-
sponding exponential generating functions.

Define the coefficients

—(k-2)! if k > 4 is even,
c(k) = (10.102)

0 otherwise.
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Our goal is to compute the coefficients

f,m) = > [T c(degv)), (10.103)

TeT (¢,m) veVvVo(T)
T weakly stretched

Equivalently, separating the terminal and non-terminal vertices, we may rewrite with the

following intermediate quantities:

gr(m) = z ﬂ c(deg(v) + |¢p " H(v)|) foragiven T € T (m), (10.104)
¢:[m]-VO(T) veVa(T)
gt,m):= > gr(m), (10.105)
TeT (¥)
hl,m,n,p) = > [TC=USI-DHgn+Iml,p), (10.106)
mePart([£+m];odd) Sem

Sn{l,..0}=@ for all Sem
Sn{f+1,..m}=0 for all Sermr

¢ m
fE,m)=cl+m)+ Z Z (ﬁ) (?)h(a,b,O,#er—a— b). (10.107)

a=0b=0

The first term in the final expression counts the star tree on [a + b] having a single O vertex.
In any other tree, every terminal O vertex must be adjacent to an odd number of leaves,
giving the remaining recursion. We will calculate the exponential generating functions of
the sums appearing, in the same order as they are given above. We have introduced a
needlessly general version of h(-, -, -, -) in order to make it simpler to close a recursion to
come.

Before proceeding, we compute the exponential generating function of the c(k):

C(x) Zﬁc(k)
k=0

x 2k
=~ 2 ek D) 2k(2k — 1)

k=2

= %xZ — 5(1 +x) log(1 + x) — %(1 — x) log(1 — x)k. (10.108)
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Next, to compute the exponential generating function of the gr(m), note that, grouping

by the values of |¢~1(v)| for each v, we may rewrite

grm)= Y (’:) [T c(deg(v)+z,). (10.109)
2e=sVED veva(T)
|zl=m

Thus, the generating function factorizes as

&uw:ZEWMm>

m=0 '

xm
[ (Zymﬂ®MW+m0

veVve(T) \m=0 :
Jdes(v) ( ™ )
=TT e | 2 peom)
veV‘:‘(T)dXd g m=0 m!
= [ CUes®(x). (10.110)
vevo(T)

Next, for the g(£, m), we have

4
G,y =% S Gry). (10.111)

(>0 °  TefFH)
T connected

Let us define

G(y)= >  Gr(»). (10.112)

TeF )
T connected

A tree on £ > 1 leaves can either be a single edge between two leaves (if £ = 2), or will
have every leaf connected to an internal vertex. In the latter case, let us think of the tree
as being rooted as the internal vertex that the leaf labelled ¢ is attached to. Then, recur-
sively, the tree consists of several rooted trees, whose leaves form a partition of [£ — 1],

attached to the single new root. (This is similar to our formalism of “rooted odd trees” from

313



Definition 10.3.12.) Writing this recursive structure in terms of generating functions,

Goy)=1{0=21+ > ™V [] Gisie1(»). (10.113)

mePart([£-1]) Setm

Now, noting that G(x,y) is the exponential generating function of the Gx(y), we use the
composition formula. This calculation is clearer if we reindex, defining CN;,e( V) = Gy (),

which satisfy

Ge) =1 =1} + > V() [] Gisi (). (10.114)
mePart([{]) Sem
Note that
0
s %C“”(y) = C(x +7) (10.115)
>0 7

since this is just a Taylor expansion of C about y. The generating function of C**1(y) is
then the derivative in x, which is C’(x + ). However, we must subtract off the term that is
constant in x before using this in the composition formula, giving C’(x + y) — C’ (). Thus,

we find by the composition formula

~ had # ~ ~
Gix,y) =Y %Gm) = x+C(Gx,y)+y) - C (). (10.116)
=0
We have
C'(x) :x—%log(1+x)+%log(1—x) (10.117)

whereby the above functional equation is

~ ~ 1 ~ 1 ~
Gx,y)=x+G(x,¥)+y — > log(1 + G(x,y) +¥) + > log(1 -G(x,y)-y) -y

+ % log(1 + ) — % log(1 — ),
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which, after cancellations, gives
1 ~ 1 ~ 1 1
0= x—§ log(1+G(x,y) +y)+§ log(1-G(x,y) —y)+§ log(1+ ) —5 log(1—1), (10.118)

and exponentiating we have

(1-Gx,y) - )1 +y) 1-52
e 2x = EAUL 2P SAS NS 2 (10.119)
1+GHx,y)+y)(1-y) 14 X2
1+y
solving which we find
~ o l-e (1-y)HQ-e) 1-y°
Glx, ) = 1 e 14e2x49(l-—e2) 7y +coth(x)’ (10.120)

1-y 1+y

Finally, G(x, y) is the integral with respect to x, with the boundary condition G(0,y) = 0.
This gives
G(x,y) =log(cosh(x)) — xy +log(1 + ytanh(x)) (10.121)

Note that, when y = 0, we recover the result from the proof of Lemma 10.3.11 that the
sum over trees of our Mobius function gives the alternating tangent numbers from Exam-
ple 10.3.6, whose generating function is log(cosh(x)).

We next compute the exponential generating function of the h(f, m,n,p). Define the
simpler version of these coefficients, without the condition that each subset of the partition

T intersect both {1,...,¢}and {{ + 1,...,m}:
h(l,m,n,p) = > [T=0USI-1DHgn+Iml,p). (10.122)

mePart([{+m];odd) SET

Note that, by decomposing an odd partition into the parts that are contained in k, the parts
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that are contained in ¥, and all the other parts, we have

¢ m
ht,mmn,p)=> > (ﬁ) (T) > [T (=ASI-1)) h(—g,m—r,n+|m|+|pl, p).
q=07r=0

peranirioas
Now, by the composition formula this implies
H(w,x,v,z) =H(w,x,y —tanh ' (w) — tanh ' (x), 2)
and therefore we can conversely recover H from H by
H(w,x,v,z) = Hw,x,y + tanh 1 (w) + tanh 1 (x), 2).
On the other hand, again by the composition formula and the addition formula,
ﬁ(w,x,y,z) = Z yma—m[G(t,z)]t:_tanhfl(wm) =Gy — tanh H(w + x), 2)

o m! otm

and thus
Hw,x,y,z) =G(y + tanh 1 (w) + tanh™ 1 (x) — tanh H(w + x), 2).
Lastly, by the addition formula we have

Fix,y)=C(x+y)+H(x,y,0,x+vy)

=C(x+y)+ G(tanh ' (x) + tanhfl(y) —tanh t(x + V),xX+y)
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and substituting in for C and G,

= %(x+y)2—%(1+x+y)|og(1+x+y) —%(1—x—y)|og(1 —-x-)
+ Iog(cosh(tanhfl(x) + tanhfl(y) —tanh Y(x + ¥)))
—(x + y)(tanhfl(x) + tanhfl(y) —tanh '(x + y))

+log(1 + (x + ) tanh(tanh ' (x) + tanh ' () —tanh ' (x + ¥))), (10.128)
which after some algebra is equivalent to
= C(x) + C(y) — xtanh ' (y) — ytanh ' (x) + xy + log(1 + xy). (10.129)

Expanding the exponential generating function coefficients of the final line then gives the

result. O

Equipped with these results, let us summarize our analysis below, giving a combined

error bound between Z™2" and Zted as well as the final form of the latter.

Corollary 10.7.6. Suppose that €y (M ;d) < 1. We have

Zes = > E(F) - ZE 4, (10.130)

FeF(SIIT))
F balanced bowtie forest

and this matrix satisfies
| Zmain — Zed|| < (6d) 10| M |3 eqree (M; d). (10.131)

Proof. The first formula follows from Lemma 10.7.5. For the norm bound, we apply the

result of Lemma 10.7.4 to each CGM term in each block of Z™2" and use the norm bound of
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Proposition 10.12.4, which gives

d
1Zman — Zd) < S (04 m)RIMID I ey (M (£ +m)/2) > |u(F)|
£,m=0 FeF{,m)

d
< (2d) 2IIM ) €xree (M;d) Y. If(ﬂ,m)lFer;g@Xm)lu(F)l

£,m=0
and using Propositions 10.12.11 and 10.12.5 to bound | F (£, m)| and |u(F)| respectively, we
finish

< (2d) (2| M1))3%€ee (M;d) - d?(6d)34(64)5, (10.132)

and the remaining bound follows from elementary manipulations. O

10.8 APPROXIMATE GRAM FACTORIZATION: PROOF OF

LEMMA 10.6.2

To prove a lower bound on A, (Z™"), our strategy will be to justify the equality
Emo[hg(@)h(@)] = (hs(VT2), hr(VT2))a, (10.133)

that was suggested by our calculations in Chapter 8. The right-hand side is block diagonal
(since homogeneous polynomials of different degrees are apolar), so our block diagonaliza-
tion of the left-hand side is a useful start. To continue, we follow the same plan for the
right-hand side in this section as we did for the left-hand side in the previous section: we (1)
express the Gram matrix as a linear combination of CGMs, (2) show that the corresponding
ribbon diagrams may be simplified to the same bowtie forests from Definition 10.7.3, and

(3) perform a combinatorial analysis of the coefficients attached to each bowtie forest after
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the simplification.

10.8.1 PARTITION TRANSPORT PLANS AND RIBBON DIAGRAMS

We first describe the class of ribbon diagrams that will arise in expanding the inner products

above, which may be viewed as encoding the following kind of combinatorial object.

Definition 10.8.1 (Partition transport plan). For a pair of partitions o, T € Part([d]), we
write Plans(o, T) for the set of matrices D € N°*7 where the sum of each row indexed by

A € o is |A|, and the sum of each column indexed by B € T is |B|.

We borrow the terms “transport” and “plan” from the theory of optimal transport [Vil08],
since D may be seen as specifying a protocol for moving masses corresponding to the
part sizes of o and T. These same matrices also play a crucial role in the Robinson-
Schensted-Knuth correspondence of representation theory and the combinatorics of Young
tableaux (where they are sometimes called generalized permutations) [Ful97]. It is an in-
triguing question for future investigation whether this connection can shed light on our use
of Plans(o, T).

We encode a pair of partitions and a partition transport plan between them into a ribbon

diagram in the following way.

Definition 10.8.2 (Partition transport ribbon diagram). Suppose that o, T € Part([d]) and
D € Plans(o,T). Then, let G = G(o,T,D) be the associated partition transport ribbon

diagram, with graphical structure defined as follows:

- L£L(G) and R(G) are two disjoint sets, each labelled by 1, ..., d.

- VB(G) contains one vertex for each part of o[= 2] and each part of T[= 2].

- Whenever i € A € o, then the vertex labelled i in £ and the O vertex corresponding to
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A have an edge between them. Likewise, whenever j € B € T, then the vertex labelled

j in R and the O vertex corresponding to B have an edge between them.

- When A € o[> 2] and B € T[> 2], then there are D, parallel edges between the

corresponding O vertices.

- When A = {i} € o[1], B € T[> 2], and D,p = 1, then there is an edge between the

vertex labelled i in £ and the O vertex corresponding to B. Likewise, when B = {j}

T[1], A € o[= 2], and Dap = 1, then there is an edge between the vertex labelled j in

R and the O vertex corresponding to A.

- When A = {i} € o[1],B={j} € T[1], and Dap = 1, then there is an edge between the

vertex labelled i in L and the vertex labelled j in R.

See Figure 10.4 for an example featuring all of these situations that may be clearer than the

written description.

This formalism allows us to make the following compact CGM description of the Gram

matrix of the non-lowered multiharmonic polynomials.

Proposition 10.8.3 (CGM expansion of multiharmonic Gram matrix). Define Y R(Z) < (%

by
Ysr = (hs(V72),hr(V'2)),.

Then, Y is block diagonal, with diagonal blocks Y441 ¢ R("W)*('3) given by

1
vidd = > [l GDETHARI=-DWRDY - >, 55, Z2°7TPH(M),
o, TePart([d]) ReEo+T DePlans(o,1) :

where D! := [[acy [ per Dag!.
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o =1{11,2,3,4},

{5,6,7,8}, l - e D o
193, 1 ) ﬂo
{10,11,12}} 1 o T 4
h | ./ .

T =1{{1,2,3,4,5}, | - .
{6;7,8}! : O_ .slj PY ] T
{9}’ I v \/D °
{10}, i i o/ e |
{11,12}} | [ ° ° ]
220007 * . e
31000/ ! o= 1 }

D=100100] L e e
0001 2]|

Figure 10.4: Partition transport plan and ribbon diagram. We illustrate an example of two par-
titions o, T € Part([12]), a partition transport plan D € Plans(o, T), and the associated partition
transport ribbon diagram G(@-T:D)

Proof. We expand directly by linearity:

(hs(V72),hr(V2))s

=< > [TEDAIAI-Dga(VT2), > n(—l)'Bl(lBl—l)!qB(VTZ)>

ocPart(S) Aeo TePart(T) BeT 3

= > 11 (—1)'R1<IRI—1)!<1_[ qA(VTz),l_[qB(VTz)> (10.136)
0

o€Part(S) Reo+T Aeo Bet
TePart(T)

The remaining polynomials we may further expand

[TaaVTzy= ] (vyz)- ][] {Z [ Mai - (va,z>“"}

A€o A={i}eo[1] Aco[=2] la=1licA

= [] w2z > [T TIMiaw - (vay, z)™

A={ileo[1] ac[n]ol=2] Aeo[=2]icA

= > T Misa - (vgaar, 21, (10.137)

ac[n]ol=2]l Aco icA
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where we define f,(A) = a(A) if |A| = 2, and f,(A) = i if A = {i}. Likewise, for b € [n]7[=2],
as will arise in gg, we set gy(B) = b(B) if |B| = 2, and g,(B) = j if B = {j}. Thus we may

expand the remaining inner product from before as

<1_[ aa(V7z), [ ] QB(VTZ)>
2

Aeo BeT
A B
= > I TIMip - TTTIMjgm - <]_[ (Vf ), 204, T (vgm), 2)! '> :
ac[n]’z21 Aco icA BeT jeB Aeo Bet )
be[n]‘r[ZZ]

(10.138)

Finally, this remaining inner product we expand by the product rule, executing which
gives rise to the summation over partition transport plans that arises in our result (this
calculation is easy to verify by induction, or may be seen as an application of the more

general Faa di Bruno formula; see, e.g., [Har06]):

< [Twran,2 T (Uf<B>,Z>'B'>

Aeo BeT 0

= [T s, Y [T (wrm), 2)"!

Aeo Bet
|A| D
SMase S0 ( [T TT My i)
Bet DePlans(o,7) A€o DA'BI T DA’B\T\ A€o BeT
(M (a).f()) P48
= T arnr > T1T11 f“]‘;f“? , (10.139)
Reo+T DePlans(o,T7) A€o BeT A,B:

where we remark that in the final expression here we restore the symmetry between o
and T, which was briefly broken to perform the calculation. The final result then follows
from combining the preceding equations (10.136), (10.138), and (10.139), identifying the
summation occurring as precisely that defined by the partition transport ribbon diagram

corresponding to (o, T, D). O
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Figure 10.5: Tying stretched forest and partition transport ribbon diagrams. We illustrate the
key diagrammatic idea of the argument proving Lemma 10.6.2, that both the stretched forest ribbon
diagrams appearing in Z™2" and the partition transport ribbon diagrams appearing in Y may be
“tied” to form the same bowtie forest ribbon diagrams.

10.8.2 TYING BOUND

We now describe the “tied” version of a partition transport ribbon diagram and bound the

error in operator norm incurred by the tying procedure.

Lemma 10.8.4 (Partition transport ribbon diagrams: tying bound). Let o, T € Part([d])
and D € Plans(o,T). Let G = G(o,T1,D) € F(d,d) be the associated partition transport
ribbon diagram. Let tie(G) denote the diagram obtained from G by contracting all connected

components that are not pairs to a bowtie. Then, tie(G) is a balanced bowtie forest, and

HZG - Ztie(G) H = d2||M||3d(€pow(M) + Eoﬂ:diag(-Z\4—) + Ecorr(ﬂd—))- (10140)

The proof considers various cases depending on the graph structure of G, but is similar in
principle to the proof of Lemma 10.7.4, the tying bound for stretched forest diagrams—we
again factorize CGMs and argue that the “inner” ribbon diagrams may be collapsed without

incurring a substantial error in operator bound.

Proof of Lemma 10.8.4. We recall the statement: let o, T € Part([d]), let D € Plans(o, 1),

and let G = G(o, 1, D) be the associated partition transport ribbon diagram. We will show
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the slightly stronger bound,
126 — 7@ < annSd(epc,W(M) + deotising (M) + decoer)). (10.141)

As in the previous proof, let us first suppose that G is connected. We will then show the

bound
126 — 7@ < ||M||3d(epow<M> t deotiaing (M) + decoer)), (10.142)

the same as the above but without the leading factor of d. Since there are exactly 3d edges in
any connected component of a partition transport ribbon diagram such that the component
has 2d leaves, the final result will then follow by applying Propositions 10.13.13 and 10.13.4.

Let us write 0" L,0"R C VU for the sets of O vertices with a neighbor in £ and R,
respectively. We have 0L U 0"R = VU, and we observe that 6°L n "R = @ if and only if

both o and T contain no singletons.

Case 1: d = 1. Thisis only possibleif 0 = T = {{1}} and D = [1]. In this case, G = tie(G)

(both consist of two leaves connected to one another), so || Z¢ — Zte©) || = Q.
Case 2: 0°L N0 R + & and d = 2. We argue by induction on |VZ(G)| that the following
bound holds in this case:

1Z6 — Z%O || < |MIP4 - V2(G)] - ofiaiag (M) (10.143)

If |[VP(G)| = 1, then G = tie(G), so ||Z¢ — Zt©| = 0. Now, suppose we have estab-
lished the result for all partition transport ribbon diagrams satisfying the assumptions of
this case with |V®| < m, and have |VE(G)| = m +1 > 1. Let v € 0L n 0"R. We apply

the factorization of Proposition 10.13.11 with A = £, B = V©, and C = ‘R, which factor-
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izes Z¢ = ZGlAl ZCGIBl ZGICl Since v € L(G[B]) N R(G[B]), ZCB! js the direct sum of n
further CGMs where v is pinned to each possible value in [n]. Let G’'[B] denote the ribbon
diagram formed from G[B] by relabelling all edges between v and all of its neighbors with
the identity matrix. When v is pinned, the factors contributed by these edges are constant
factors in each direct summand CGM, so we have || ZCB] — ZG B < || M ||'ECIED ¢ gyi00 (M),
Now, let G’ denote the ribbon diagram formed from G by contracting all edges between v
and all of its neighbors in V2. Then, we have Z¢ = ZGlAl ZC' Bl ZGICl g0 | ZG — ZC|| <
| ME@ €otiag (M) < [| M |13%€ostgiag (M) by Proposition 10.13.13 and Corollary 10.12.10.

Since tie(G’) = tie(G), we find

||ZG _ Ztie(G) ||
< HZG i ZG’H + HZG’ B Ztie(G’)”

< [| M I*®€sfidiag (M) + | M| - [VE(G')| - Eofrctiag (M) (inductive hypothesis)

Since |VEP(G')| < |VE(G)| by construction, the proof of (10.143) is complete.
Lastly, since each O vertex of G corresponds to a part of o or T having size at least 2,

we have |VP(G)| < d, so we obtain the simpler version

1Z = Z%D || < || M|I** dé€cfrgiang (M). (10.144)

Case 3: 0°LN0"R = @,d = 2, and a row or column of D has only one non-zero entry. Let
us suppose without loss of generality that it is a row of D that has the specified property,
which corresponds to a part S € ¢. Let v € V" be the associated O vertex in G. The given
condition means that v has only one neighbor in ¢"R, which we call w, and that there are

|S| > 2 parallel edges between v and w. Let G’ denote the diagram where v and w are
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identified. Then, by Proposition 10.13.13, we have

1ZC = Z€|| < | MIIP€pon (M). (10.145)

We note that tie(G’) = tie(G), and Case 2 applies to G’ (indeed, G’ is the partition trans-
port ribbon diagram formed by replacing the part S of o with |S| singletons that are all

transported to the part of T corresponding to w). Therefore, using that result, we conclude

1Z¢ = Z%D || < ||MIIP*(€pow (M) + déofidiag (M)). (10.146)

Case 4: 0°L N 0" R = &, d = 2, and no row or column of D has only one non-zero entry.

We argue by induction on |V®(G)| that the following bound holds:

1Z¢ = Z%' || < [|MIIP? (€pow (M) + IV (G)|€corr (M)). (10.147)

We cannot have |VZ(G)| = 1, since then the single O vertex would need to belong to 0L N
0"R. Thus the base case is |VZ(G)| = 2. In this case, G consists of two O vertices, each
connected to d leaves, and with d parallel edges between them. We apply the factorization
of Proposition 10.13.11 with A = £, B = VF, and C = R. Then, G[B] consists of two vertices,
one in £(G[B]) and one in R(G[B]), connected by d parallel edges. Writing G'[B] for the
diagram where these edges are replaced by a single one labelled with the identity, we then
have || ZCB] — ZCBl|| = | M4 — I, < €pow(M). And, since Z1e(©) = ZClAl ZC (Bl ZGICl

using Proposition 10.13.13 we find

1ZC — Z9C || < || M |34 pon (M). (10.148)

(We could reduce the exponent to 2d here, but accept the insignificant additional slack to
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make the final expression cleaner.)

Now, suppose we have established the result for all partition transport ribbon diagrams
G with |VP(G)| < m, and have G with |VP(G)| = m + 1 > 2. Since G is connected, has
"L NOo°"R = @, and d > 1, all parts of o and T must have size at least 2. Moreover,
since |VE(G)| > 2, we must have either |o| > 1 or |T| > 1. Let us suppose, without loss of
generality, that |o| > 1 (otherwise we may reverse the roles of o and 7T, which amounts to
transposing the ribbon diagram G and the associated CGM).

Choose any part S € o, and let v € V7(G) be the associated O vertex. We apply the
factorization of Proposition 10.13.11 with A = LU (0L \ {v}), B=0"R U {v}, and C = R.
Consider the diagram G[B]. We have R(G[B]) = 0"R and V®(G[B]) = &. Moreover, by the
assumption of this case, every vertex of 0" R has a neighbor in £\ {v}. Therefore, £L(G[B]) =
0"R U {v}. In particular, R(G[B]) € L(G[B]), so R(G[B]) = L(G[B]) n R(G[B]) = 0°R.

Following the pinning transformation of Proposition 10.13.10, after a suitable permuta-
tion, the CGM of G[B] will then be the direct sum of column vectors vs € R", indexed by
s € [n]°"%R, where

Wo)i= [] Miseo, (10.149)

xeofv
where the product is understood to repeat vertices x when v is connected to x with multiple

edges. In particular, we have

HvsH% = Z n Ml'z‘s(x), (10.150)

i=1xecov
and since, again by the assumption of this case, v has at least two different neighbors in
0" R, we have ||vgllo < €conr (M) Whenever s is not constant on ov. Thus letting G’ be the
diagram formed from G by identifying all neighbors of v, and applying Proposition 10.13.13,
we find that

1ZC - Z¢|| < | M| €con (M), (10.151)
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so by the inductive hypothesis,
1ZC = Z%O| < |MPP€con (M) + | M |1**(€pow (M) + [VE(G") |€con (M), (10.152)

and since |VE(G')| < |VP(G)], the induction is complete. Finally, using again that |[V2(G)| <

d since all parts of o and T have size at least 2 in this case, we find the looser bound
1Z¢ — Z9©@ || < || M34(€pow (M) + d€corr (M)). (10.153)

Conclusion. In the four cases considered above, we have shown that either || Z¢ — Zte(@) ||
is zero, or is bounded as in (10.144), (10.146), and (10.153). We then observe that the “master

bound” in the statement is larger than each of these, completing the proof. O

10.8.3 SIMPLIFICATION OF COEFFICIENTS

Next, we describe the result of tying every ribbon diagram in Y. As before, this involves a
combinatorial calculation to sum over all diagrams that produce a given bowtie forest upon

tying. As we would hope, the resulting coefficients are the same as those arising in Ztied,

Lemma 10.8.5 (Partition transport ribbon diagrams: combinatorial reduction). For d € N,

define Ytiedlddl RED) () by

y tiedld,d] . D [T (~D=tgAl - DA

o, TePart([d]) Aco+T

s L'Ztiacw,r,m) (M). (10.154)

DePlans(o,T) )

Then,

y tiedld.d] _ > E(F) - ZF, (10.155)

Fe’F(d,d)
F balanced bowtie forest

328



where E(F) is the same coefficient from Lemma 10.7.5, given by

&E(F) = 1{F balanced} n (-1 (k- 1)kl (10.156)

Ceconn(F)
C balanced bowtie
on 2k leaves

In particular, the direct sum of Ytedld . d'l oyer 0 < d’ < d equals Zt9 as defined in (10.97).

Remark 10.8.6. We note that the fact that the combinatorial quantities in Lemma 10.7.5
earlier, sums of Mébius functions of stretched forests, and those in Lemma 10.8.5 above,
sums of combinatorial coefficients of partition transport plans, are equal is quite surprising.

We isolate this fact to emphasize its unusual form:

1

— [Al-1
> uE) = > [T DA gAl-wAn o > 5 (10.157)
FeF{,m) ogePart([f]) Aco+T DePlans(o,T) ’
F stretched T€Part([m])

Our proofs, unfortunately, give little insight as to why this should be the case, instead showing,
in an especially technical manner for the left-hand side, that both sides equal another quan-
tity. It would be interesting to find a combinatorial or order-theoretic argument explaining

this coincidence, which is crucial to our argument, more directly.

Proof of Lemma 10.8.5. Let us say that a partition transport plan D € Plans(o, T) is con-
nected if its diagram G“7P) is connected, and refer to the connected components of D,
denoted conn(D), as the subsets of o + T that belong to each connected component of
the diagram. As in the previous Lemma, both sides of the result factorize over connected
components, so it suffices to show that

> (=Dl TT dAr -vgapt > % = (-1)%'(d-1'd!, (10.158)

o,TePart([d]) AEo+T DePlans(o,T) ’
D connected

Let us first work with the innermost sum. For o, T arbitrary partitions, writing ||o| =
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> sco |S] and likewise for || T, by the inner product calculation from Proposition 10.8.3 we

have

1 d!
—; = Uloll =t} =7~
DePIaZns(a,-r) D! HAEO’+T(|A|)!

(10.159)

We now compute the restriction to connected D using Mobius inversion (a similar calcula-

tion to the proof of Lemma 10.3.11). For 1T € Part(o + T), let us define

b(m):= > %. (10.160)
DePlans(o,T) '

conn(D)=1T

Then, the quantity we are interested in is b({o + T}). The downward sums of b (1) are

c(m):= > b(w)

<1
1
= Z oY

DePlans(o,T) D!
conn(D)<Tr

-n( s 5

PET \ DePlans(ocnp,tNp) :
[Tper(lpll/2)!
=1{llon =|Tn forallp e . 10.161
{ll pll=1ltnpl [y } Moo (AD! ( )
Therefore, by Mobius inversion (in the poset Part(o + T)),
5 1
DePlans(o,T) !
D connected
=b({o +T1})
= > Mpar(m, {0+ T} c(m)
mmePart(o+T1)
1
> (=D =D T diell/2)! (10.162)

" Taco.r (IAD!
[Taco+r(1AD! mePart(0+T) pem
lonpll=lltnpl for all pem
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Now, we substitute this into the left-hand side in the initial statement:

|
o,tePart([d]) AEoH+T DePlans(o,T) )

D connected
_ Z (—1)lol+lTl 1_[ (]A] = 1)

S oem T gal- oA S 5

o, TePart([d]) A€o+T
> (D)™ =D dipll/2)!
mmePart(o+T1) pET

lonpll=lltnpll for all per

and exchanging the order of summation,

= > (=)™ = D! T (RI/2)!
mwePart([2d]) Rem
IRN{1,...,d}|=IRn{d+1,...,2d}|
for all Rer
> (DT TT (A= (10.163)
oePart({1,...,d}) A€o+T
TePart({d+1,...,2d})
O+T=<TT

We again think in terms of Mobius functions, but now on a different poset: on the prod-
uct poset Part({1,...,d}) x Part({d +1,...,2d}), the M6bius function is (see [Rot64] for this

fact)

partxPart (L{1},..., (€1}, {10 +1},...,{20}}), (0, 7)) = (=D7T [T (JA|-1), (10.164)

Aeo+T

and {(o,T) : 0 + T < 1} is an interval. Therefore, the inner sum above is zero unless every
part of 7t has size two, so that 7t is a matching of {1,...,d} with {d + 1,...,2d}, in which
case the inner sum is 1. There are d! such matchings 1, so we find that the above expression

equals (—=1)4-1(d — 1)!d!, giving the result. O
We again summarize our findings below.

Corollary 10.8.7. HY - Ztied” = d5d||M||3d(€pow(M) + €offdiag(J\d-) + €corr(]\4-))-
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Proof. Since Y and Z%d are both block diagonal, it suffices to consider a diagonal block
indexed by <[;‘]>. Since by Lemma 10.8.5 this block of Zted jg Ytiedldd]  this amounts to

bounding || Y [44] — ytiedlddl||  Applying triangle inequality and Lemma 10.8.4, we find

I Y[d,d] _ Ytied[d,d] I

< > T1aA-mgan T S zeene - g

o,TePart([d]) Aco+T DePlans(o,T) ’

= d2||M||3d(€pow(M) + Eoffdiag(]\4-) + ecorr(M)) ' (d - 1)'d' ' Z |P|an5(0-,T)|

o,TePart([d])

and bounding | Part([d])| and |Plans(o, T)| using Propositions 10.12.7 and 10.12.8 respec-

tively and noting that d - d! < d4 we have
= ||M||3d(€pow(M) + €offdiag(]\4) + €corr(]\4-)) ) dZd ' dded; (10165)

and the result follows. O

Finally, what will be the crucial feature of Y for us is that its spectrum is bounded
below. Since Y is formed by definition as a Gram matrix we will certainly have Y > 0;
however, as we show below, we moreover have Y > AT for some small but positive A > 0,
depending on the smallest eigenvalue of M. Intuitively, before any technical reasoning we
would already expect some quantitative statement of this kind, since whenever M is non-
singular the hg(V " z) are linearly independent and their conditioning should depend mostly

on the conditioning of (V7 z)S.
Proposition 10.8.8. Amin(Y) = Amin (M),

Proof. Since Y is block diagonal, it suffices to show the result for each Y44l Let U €
RMa((n)x (") have as its columns the monomial coefficients of the polynomials hg(z) (not-

ing that the entries of the columns are indexed by multisets in [n], compatible with this
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interpretation), and let A € RMa([nhxMa([n]) have as its entries Asr = (V2)5,(VT2)T),.
We then have Y44 = UT AU.

Write the singular value decomposition V' = Q:2Q; for Q; € O(n) and X diagonal
containing the singular values of V. Then, applying the orthogonal invariance of Proposi-
tion 8.3.4, we have Agr = ((Q222)%,(Q2Z2)")s. Now, letting U’ € RMa([n)xMa(in]) haye
as its columns the monomial coefficients of (Q.z)° and letting A’ € RMa((n)xMa(ln]) haye
entries A5 = ((Zz)%,(Zz)7)s, we have A = U'TA'U’, and A’ is a diagonal matrix with
entries equal to d! multiplied by various products of 2d of the singular values of V. In par-
ticular, letting oy, be the smallest such singular value, we have A’ > O'naﬁ]I My(n])- There-
fore, A > ¢4 . A'U""U’. But the entries of the matrix d!U’ U’ are the inner products
((Q22)%,(Q22)T); = (25,27),, again by orthogonal invariance. Thus this matrix is merely
A! I, n1), S0 we find A > 24 d' I, (1))

Therefore, Y44l > 524 1 U TU. Since the only multilinear monomial appearing in hg ()
is °, and this occurs with coefficient 1, the block of U indexed by all columns and rows
corresponding to multisets with no repeated elements is the identity. In particular then,
U'U > I([Z]), so Ylddl » g2d g I([Z])' Finally, since M = VTV, we have A,in(M) = o2, ,

and the result follows. O
Combining our results, we are now prepared to prove Lemma 10.6.2.

Proof of Lemma 10.6.2. We need only recall the main results from the last two sections:

1Zmein — Z5| < (6d) | M ||**€uree (M ), (Corollary 10.7.6)
1Y = Z8|| < &> M > (€pow (M) + €oftgiag (M) + €cor (M), (Corollary 10.8.7)

Amin (Y) = Amin (M4, (Proposition 10.8.8)

where we note that the assumption €ye.(M;d) < 1 in Corollary 10.7.6 follows from the
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condition of Theorem 10.2.3, which is assumed in the statement. The result follows then

follows by the eigenvalue inequality Amin (Z™") > Apin (Y)) — || ZMain — Ztied || _ || Ztied Y|, O

10.9 BOUND ON THE ERROR TERM: PROOF OF LEMMA 10.6.3

Our first step in analyzing the error term is, as for the main term, to evaluate it in the mul-
tiharmonic basis, giving the entries of Z¢". We recall that, in Proposition 10.5.6, we found
that Eerr decomposes as an application of Emain to some of the input indices and a combina-
tion of error trees applied to the other indices. Thus, part of the result of this calculation
will be the familiar stretched forest terms from the calculations in Proposition 10.7.2, while
the remainder will consist of the AF error components from Section 10.5, applied to some
of the partition components of the multiharmonic basis polynomials. To make it easier to

describe and eventually bound the latter, we define the following type of error matrix.

Definition 10.9.1 (Partition-error matrices). Suppose o = {A1,...,A,} € Part([£];0dd), T =
{B1,...,By} € Part([ml];odd), and T € T (n + p). We then define the partition-error matrix

[n] [n] . . . )
ACTD e RCP*Cn) associated to this triplet to have entries

AT = ST T T Miteay - TTTT Migene -

ac[n]oz31 Aco icA BeT jeB
be[n]T=3]

AT(M; (fsa(A1), ..., foa(An), Gib(B1), ..., g (Bp))). (10.166)
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Proposition 10.9.2. For any S, T < [n],

7 = B [hg(z)hi ()]

(S wmez)( S com oy

ég]& FeF(|Al,IBl) mmePart((S\A)+(T\B);even) Rem gePart([|[RNS|];0dd)
A+BES+T F stretched TePart([|[RNT|];0dd)
_ ,T,F
[T nA=tqai-nr > wE) - Aﬁf%;R%T)- (10.167)
Aco+T FeT (lol+IT)

Proof. As in Proposition 10.7.2, we begin by expanding directly:

B [hg(x)hi(z)]

= > ] D®(RI-1) 1 ar -
oePart(S) Reo+1 Reo[even]+T[even]
TePart(T)

> [T T[TMpws T1 ﬂMfuB),j'Ee”[ [T xrw [ xem

ac[n]ledd;=3] Aco[odd] icA BeT[odd] jeB A€eo[odd] BeT[odd]
be [n]'r[odd;z'j]

where f,,gp are defined as in Proposition 10.7.2. Now, expanding the pseudoexpectation

according to Proposition 10.5.6, we have

= > [] -D®-(IRI-1)! [ dg -

ocPart(S) Reo+T Reo[even]+T[even]
TEPart(T)
> [T IMMpws IT T1Mpw, > E™" {H Xf) | | ngw)}
ac[n]oledd;i=3] Aco[odd] icA BeT[odd] jeB m<co[odd] Aerr Bep
be[n]T[odd;ZSJ p<Tlodd]

ITtl+|pl<lo[odd]|+|T[odd]]

2.

BePart((o[odd]\11)+(T[odd]\p);even)

ﬂ(— > u(T)-AT(M:(fa<A>>Aemo<gb<B>>BeW>)

yeB TeT (IR])
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Here, we swap the order of summation and reorganize the sum according to the union of all
parts of 1T and o [even], which we call J, and the union of all parts of p and T[even], which we
call K. Recognizing after this manipulation the intermediate result from Proposition 10.7.2,

we continue

= > EMh@hi@] [T CDELR] - 1)
jcs oePart(§\J;odd) Reo+T1
J+II§§.%:+T TEPart(T\K;odd)

> [T TTMpai [T 1T Mpm).

ac[n]0lodd:=3] A€o icA BeT jeB
be[n]'r[odd;23]

> H(— > u(T)-AT<M;<fa<A>)Aemo(gbus))BeW))

BePart(o+T;even) yep TeT (|IR])

and again exchanging the order of summation and letting 7 be the partition formed by
taking the union of the sets in every part of 8, by a similar manipulation to that in Proposi-

tion 10.7.2 we complete the proof. O

We now develop a few tools to bound the norms of partition-error matrices. The follow-
ing is a minor variant of Proposition 10.13.11, a diagrammatic factorization of CGMs that
we use at length in the deferred technical proofs. This shows how A“™T) can be factorized
into two outer factors that are similar to CGMs with no O vertices, and an inner factor that

consists of values of AT arranged in a matrix of suitable shape.

Proposition 10.9.3. Let 0 = {Ay,..., Ay} € Part([€];0dd), T = {By,...,B,} € Part([m];odd),

and T € T(q + p). Define Z° e R("W*1 5 have entries

z0, = [ Usi=asd T[] T[] Msa (10.168)

Ag=1liteo[l] Ageo[=3]icA,
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.. [n] .
and similarly Z7 € RUn) X0 Lot F(Tap) ¢ RN pgye entries

Fi3% = AT(M;(ay,...,dq,b1,...,by)). (10.169)

a

Then, AT = ZoFTar ZT",

Proof. The result follows from expanding the definition of the matrix multiplication and

comparing with Definition 10.9.1. O

Next, we show how the norm of the inner matrix can be controlled; in fact, we give a

stronger statement bounding the Frobenius norm.
Proposition 10.9.4 (Error matrix Frobenius norm bound). For any d’ <d and T € T (2d’),
1/2
( Z (AT (M; s))z) < (2d)* € (M;24d) (10.170)
se[n]2d’

Proof. Recall that we denote by set(s) the set of distinct indices appearing in s. By definition
of €., we have

IAT(M; s)| < n~lset®1/2e (M;2d). (10.171)

Therefore, we find

1/2 1/2
( > (AT(M;S))2> <{ > n'set(s") €err (M;2d)
se[n]2d’ se[n]2d’
2d’ 172
<[ Dnk #{se[n?:|set(s)| = k}) €err (M;24)
k=1
2d’ k2d' /2
= Z 7 Eerr(M; Zd)
k=1
< (2d) % €er(M;24), (10.172)
and the result follows since d’ < d. O
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Combining these results with an ancillary result gives the following bound.
Corollary 10.9.5. AT || < (2(£ + m)) ™) | M |[¢*"eq,, (M; 2d).

Proof. By norm submultiplicativity, |A ™D || < (| Zo| - |FT™P| . ||Z7|. By Proposi-
tion 10.13.13, we have [|Z°| < [IM|! and ||Z7|| < || M||™, and by Proposition 10.9.4, we
have |FTnP)| < |[FTnP | < 2(n + p))*"*Pee(M;n + p), and the result then follows

afternotingn +p < +msincen = |o| and p = |T]|. O

Proof of Lemma 10.6.3. First, we note that under the assumptions of Theorem 10.2.3, which
we have also assumed in the statement of the Lemma, we have €.,(M;2d) < 1.

We then follow the same manipulations as in Lemma 10.6.2, using Proposition 10.12.4 to
bound the norm of Z*" by the sum of all block norms. Also, since products over subsets of
indices correspond to tensorizations of terms in this sum (see Proposition 10.13.3), we may

bound such products by corresponding products of matrix norms. We therefore find

||Ze"||si D ( N Iu(F)I-IIZFH)

{m=0 ac[{] Fe¥(a,b)
be[m] F stretched
a+b<l+m
2. [ ( > [T (Al-1)
wePart([£+m—a—b]l;even) RET o€Part(Rn[{-al;odd) A€o+T

TEPart(RN{f—-a+1,...+m—a—b};odd)

> w1 - ||A<f”’“||>. (10.173)

TeT (lollT))

In the sum over stretched forest ribbon diagrams, by Proposition 10.12.5 we have |u(F)| <
(3(a + b))! < (3(a + b))3@+th) < 3((£ + m))3+m < (6d4)%, by Proposition 10.12.11 we
have | F(a,b)| < (a + b)3@+P) < (24)%4, and by Proposition 10.13.13 and Corollary 10.12.10
we have || ZF|| < ||[M|*4. In the second term, by Corollary 10.9.5 we have AT <
(2|R))RI|| M ||Rle,, (M;2d), by Proposition 10.12.5 we have |u(T)| < (3|R|)! < (3|R])3IRI,

and by Proposition 10.12.11 we have |T (o |, |T])| < |F(ol,IT)| < (lo| + |7])30ol+ITh <
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(IR])3RI, We also have [Tscoir(|1Al = D! < (lo| + |T])! < (IR])! < |R|'R!. Finally, by Proposi-
tion 10.12.7, viewing o and T taken together as a partition of R, the number of choices of o

and T is at most |R|'Rl. Combining these observations, we continue

da
125 = (6d)" 24| M| Mee, (Ms2d) Y S > [T GIRDIEIM
¢m=0 ac[f] mePart([{+m—a—bleven) RET
be[m]
a+b<l+m

where since > e |IR| < 2d we continue

< (6d4)%%| M ||P4€., (M:2d) - d? - d? - | Part(2d) |

and by Proposition 10.12.7 again we may finish

< (12a)*** || M ||**€er (M; 2d), (10.174)

completing the proof. O

10.10 OBSTACLES TO LOW-RANK EXTENSIONS

Unfortunately, our approach above does not appear to extend directly to the low-rank set-
ting. There are two major obstacles to attempting to apply Theorem 10.2.3 to M equal
to a rescaled low-rank projection matrix. These correspond to two incoherence quantities
that are no longer o(1) as n — o once rank(M) = n — @(n): €pon and €err. As we describe
below, the former seems to represent a fundamental barrier requiring us to reconsider our
derivation of the pseudomoments, while the latter can probably be handled without much

difficulty.

339



10.10.1 ORDER-2 TENSOR ORTHONORMALITY: THE €0, OBSTACLE

The more substantial issue arises, in the course of our proof of Theorem 10.2.3, in the
collapse of partition transport diagrams. Put simply, our construction relies on the vf’k for
all k > 2 behaving like a nearly-orthonormal set. Once rank(M) = n — ©(n), this is no
longer the case: for k > 3 the v?* still behave like an orthonormal set, but the v$?, which
equivalently may be viewed as the matrices v;v;, are too “crowded” in R&r and have an
overly significant collective bias in the direction of the identity matrix.

More precisely, as illustrated in Figure 10.6, when rank(M ) = n—0(n) then we no longer
have merely M°> ~ I,,, but rather M°? ~ I,, +t1,1}, for t = ©@(n~'), whereby one particular
diagram contributes a non-negligible new term. (To see explicitly that this occurs, we may
compute n~'1] M°°1,, = IIMII%/n = 0(1) in this scaling.) This happens already at degree
2d = 4, where this diagram has coefficient +2, and therefore our approximate Gramian fac-
torization Y of Z™" has an extra positive term of the form of the right-most diagram in
the Figure, two sided pairs with edges labelled by M? instead of M. The associated CGM,
after multiplying by t, has spectral norm O(1) (see the scaling discussed in Remark 10.4.5),
so we have “Y > Z™n” jn psd ordering—in this case, our approximate Gramian factor-
ization is simply false. Moreover, when M? ~ AM (as for M a rescaled projector), this
additional diagram is the same as the diagram that is “orthogonalized away” by writing the
pseudomoments in the multiharmonic basis. Therefore, the other diagrams in Z™" cannot
compensate for this negative term, whereby Z™2" # 0 and it is not merely the Gramian
approximation that fails but rather the pseudomoment construction itself.

Some technical tricks can work around this issue at low degrees: in [KB20], we made
an adjustment to the pseudomoments before passing to the multiharmonic basis, and also

adjusted the basis so that Z™2" written in this basis has a similar extra term, whereby we can
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o ) ~ o o o— o
O'[ ./D——D\. }T ] + .Q Q.

z
3
.

Figure 10.6: Extra term from D = [2] partition transport ribbon diagram. We illustrate the
issue discussed in Section 10.10.1, that a partition transport ribbon diagram with associated plan
D = [2] produces an extra term consisting of two sided pairs when collapsed. The two parallel
edges in the diagram on the left represent the matrix M°2, and this expansion corresponds to an
approximation M°? ~ I, + t1,1].

restore the equality Z™" ~ Y.* In Section 10.11 below we will take a different approach,
simply adding extra terms to Eas itself that achieve the same thing. This is slightly more
flexible, working up to 2d = 6.

It seems, however, that to resolve this issue for arbitrarily high degrees would require
rethinking much of our derivation to include a second-order correction. Namely, our very
initial construction of the approximate Green’s function to the system of PDEs (v;, 8)°p = 0
in Section 10.1.2 already has built in the premise that the matrices v;v; are nearly or-
thonormal, when compared to the actual Green’s function derivations in similar situations
by [Cle00]. Specifically, we took @ (z) = []L,(v;, z), while Clerc’s derivation suggests that
the more principled choice would be @ (2) = det(3[_, (v, 2)?v;v] )%, Unfortunately, we
have not been able to achieve the symmetries required of the pseudomoments building har-
monic projections by starting with such a Green’s function. Nonetheless, since this same
assumption eventually leads our construction astray, it seems plausible that the correct res-

olution will come from building a more nuanced approximate Green’s function and deriving

the prediction anew.

4The change of basis is expressed there as a Schur complement, which turns out to be equivalent.
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10.10.2 SIDED ERROR TERMS: THE €¢r OBSTACLE

Another, milder difficulty that arises when rank(M) = n — ©(n) is that we have €., (M) =
©(1). This is less of a problem because we have used a very coarse approach to bounding the
error contribution Z*", bounding related matrix norms by Frobenius norms in the proof of
Lemma 10.6.3. Since, assuming randomly behaving entries, we only expect such a bound to
be tight when a matrix is actually a vector, this should not be a problem except in situations
where the diagram-like objects of error terms appearing in the proof of Lemma 10.6.3 are
sided, applying only to left or right indices in a diagram. To be more specific, we recall that,
per Proposition 10.5.6, the full pseudoexpectation may be written as a sum over diagrams
where “main term trees” are applied to some subsets of indices and “error term trees” are
applied to others. The multiharmonic basis eliminates sided main term trees, but does not
have any useful effect on sided error term trees.

Below, we give a simple result showing that, in quite general pseudoexpectations like
this, one may build a basis that eliminates sided terms of any kind. It is possible to combine
this construction with the multiharmonic basis to eliminate sided error terms, though this
complicates other parts of the analysis and has no direct benefit in our applications, so we

do not pursue it here.

Proposition 10.10.1. Let F: R[x1,...,Xn] = R be linear and given by

Elz51= > []Ea (10.175)

mmePart(S) Aetm

forall S € M([n]), where E4 are arbitrary multiset-indexed quantities. Define the polynomi-

als

ps(x) = > ( > (=™ EA) x’. (10.176)

T<S \mePart(S-T) AeT

342



forall S € M([n]). The pseudomoments written in this basis are then

Elps@)pr(x)] > [1 Ea. (10.177)

mePart(S+T) Aem
ANS+=B,ANT+D

for all Aett
Proof. We calculate directly:
Elps(x)pr(x)]
= > > ( > (—1)""+'T"> [T Ea
S'cS oePart(S’) o'co AETHTHTT
T'sT TePart(T’) T'eT
mePart((S-S)+(T-T"))
ANS+=D,ANT+J
for all Aemr
= 2. ( S (—1)"")( S (—1)”") [T Ea (10.178)
S’'cS oePart(S’) o'co T'CcT AECHTHT
T'cT TEPart(T’)
mePart((S=S")+(T-T"))
ANS=D,ANT+D
for all Aemr
and the remaining coefficients are 1 if |[S'| = |T’| = 0 and 0 otherwise, completing the
proof. ]

Here we have used implicitly the simple Mébius function of the subset poset from Exam-
ple 10.3.4 in building our basis. There would appear to be an analogy between this feature
and the appearance of the Mobius function of partitions from Example 10.3.5 in the multi-
harmonic basis. It would be interesting to develop more general techniques for “orthogo-
nalizing away” the terms of pseudoexpectations that contribute to a multiscale spectrum in

the pseudomoment matrix using bases that incorporate poset combinatorics.

10.11 LIFTING 2: LOW RANK TO LOW DEGREE

As discussed above, Theorem 10.2.3 does not apply directly to low-rank M, as we sought

for our applications to the SK Hamiltonian and related problems. However, for low degrees
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of SOS, we can still make a manual correction and obtain a lower bound.

We present our result in terms of another, modified lifting theorem for arbitrary de-
gree 2 pseudomoments. This extension only reaches degree 6, but allows the flexibility we
sought above in €,,,. We obtain it by inelegant means, using simplifications specific to the
diagrams appearing at degree 6 to make some technical improvements in the argument of

Theorem 10.2.3.

Definition 10.11.1 (Additional incoherence quantities). For M € R'*" and t > 0, define the

sym
following quantities:

pou (M, 1) 1= max | IM*2 — I — 1,151, max | M~ Ll (10.179)

8(M’ t) = Eodeiag(M) + Epow(Ms t) + n_l/zeerr(M; 6) (10180)

Theorem 10.11.2. Let M € RE:" with M;; = 1 for alli € [n], and suppose tyon > 0. Suppose
that

Amin (M) = 108 | M [IP€(M, tpow) 3. (10.181)

Define the constant
¢ 1= 250t pow (| MIIS| M2 F + Né€oftdiag (M?) + N2 Eoftding (M?)?). (10.182)

Then, there exists a degree 6 pseudoexpectation T with E[mazT] =(1-c¢c)M +cI,.

We show as part of the proof that a pseudoexpectation achieving this can be built by
adding a correction of sub-leading order to those terms of the pseudoexpectation in Def-
inition 10.1.13 where F is a perfect matching. As mentioned above, it is likely that to extend
this result to degree w(1) using our ideas would require somewhat rethinking our con-

struction and the derivation we give in Section 10.1.2 to take into account the above “€pow
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obstacle,” but this makes it plausible that the result will be some form of small correction

added to EM.

Proof of Theorem 10.11.2. The construction of E is a minor variation on that of E»; from

Theorem 10.2.3, modified to counteract the negative terms discussed in Section 10.10.1.

B | T x| = 10181 € {4,613 > ZF(M%S) forall S < [n], (10.183)
| ies | FeF(S])
F all pairs
B[ [[xi| =18 = @}, (10.184)
| ieS
Ei=(1-0) (Enr + 2tponlhy™) + c B9 (10.185)

We remark that here we use a combination of the two strategies for attenuating the spectrum
of the error terms that were discussed in Remark 10.2.4. We also emphasize the detail
that the matrix used in the CGSs in EP?'s is the square of M. (For M a rescaled random
projection we expect M? ~ AM for some A, but we do not require such a relation to hold,
nor is this taken into account in the incoherence quantities used in the statement.)

Let us moreover decompose E?\f_,irs into three terms, as follows. Note that the first two are

bilinear operators on polynomials of degree at most d, in the sense of Definition 8.2.1, while

the last has the additional symmetry making it a linear operator on polynomials of degree
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at most 2d.

D

Mpairs:main:l , ¢
Ear (x°,

=1{IS| +|T| € {4,6}} Z nyT(MZ)forallS,Te,’M([n]),

FeF (SI,IT
F all pairs
F has 2 sided pairs

E]p\irirs:main:2( S

x5, x")

= 1{IS|+IT| € (4,6} > ZE (M?) forall S € M([n]),

FEF(SLITD
F all pairs
F has <1 sided pair
’[Epairs:err(ws CCT)
M ’

. Mpairs ~pairs:main:1 ~pairs:main:2
= B (257 T] - ERy (x5, 2T) — B} (x5, xT)

~pairs:err
— [E]p\dl [.’115+T].

(10.186)

(10.187)

(10.188)

The point here is that, since we expect tpow || M 2 II% = 0O(1), only the ribbon diagrams with

two sided pairs, those in EPairsmain:l will contribute significantly. The further decomposition

between [Epairsmain:l  [pairsmaini2 apnd [Epairser jg precisely the same as that between E™ " and

Eer in Theorem 10.2.3, the former being simpler to work with in terms of CGMs and the

latter being a small correction.

Our result will then follow from the following three claims:

EM + 2tpowE?\j}irs:main:l - 0’
2(1 . C)tpowﬁ?\irim:main:z + *Eid > 0’

2(1 = C) tpow BRI 4 %E‘d > 0.

(10.189)
(10.190)

(10.191)

For (10.189) we will argue by adjusting the proof of Theorem 10.2.3, arguing for positivity

in the harmonic basis, and using that the additional term counteracts the negative terms
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discussed in Section 10.10.1. For (10.190) and (10.191), we will make simpler arguments in

the standard monomial basis.

Proof of (10.189): We will be quite explicit about the calculations in this section, essen-

tially recapitulating this special case of Theorem 10.2.3 with adjustments as needed. We

notice first that the only cases where £33 ™" (£S5, 2T) = 0 are where either |S| = |T| = 2 or
S| = |T| = 3. In the former case there is only a single diagram, with one sided pair in each

L and R, while in the latter case there are 9 such diagrams, with one additional non-sided
pair (there are 3 - 3 = 9 ways to choose the leaves belonging to this pair).

Let us enumerate explicitly the multiharmonic basis polynomials h¢(x) for |S| < 3:

hy(x) =1, (10.192)

hi;, (z) = x;, (10.193)

hii (@) = Xix; — Mij, (10.194)

R i () = XixX Xk — MijXx — MixXj — MjrXi + 2 i MaiMgaiMakXa. (10.195)
o

We see therefore that the only cases with Epairsmiml(hg(w), hi(x)) + 0 will again be those
with either |S| = |T| = 2 or |S| = |T| = 3, and in these two cases Erairsmainl (hl(z), hi(x)) =
frairsmain:l (S 2 T): thus, the more complicated terms in the harmonic basis polynomials are
in fact entirely “invisible” to the corrective term frairsmain:l  That this does not happen any-
more once 2d > 8 seems to be one of the main obstructions to applying a similar adjustment
technique there.

Following the proof of Theorem 10.2.3 but adding an extra detail, we define the pseudo-
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i .. . [n] [n] .
moment matrices Zmain:l zmain:2 Zerr 7 R(Z5)>x(5) to have entries

zmainid = Erain[pl(z)hi ()], (10.196)
ZP3n2 1= 2t 0, Ehy ™™ [h (@) i ()], (10.197)
zem = E§rhy () hi(2)], (10.198)
Z = Zmainl 4 gmain2  ger (10.199)

It then suffices to prove Z > 0.

By Proposition 10.7.2, Z™2i"1 js block diagonal (note that in this small case there are no
stretched forest ribbon diagrams with unequal numbers of leaves in £ and R, so the block
diagonalization is exact). Define Ztd as in Corollary 10.7.6. We apply Corollary 10.7.6, but
improve the constants (to avoid truly astronomical values) by adjusting the proof to d = 6,
noting that | F(2)| =1, |F(4)| =4, and | F(6)| = 51, and for all 2d" < 6 and F € F(2d’) we

have |u(F)| < 24. This gives

1Zmamt — Z%ed|| < 107 || M || €tree (M3 3),

where we can note that €yree (M;3) = €tree (M;2) = €ofrgiag (M), since the only good tree on

two leaves is a pair, allowing us to eliminate €ee,
= 107 | M |I°€oftdiag (M). (10.200)

We claim that the same approximate Gram factorization that held for Ztd in Theo-
rem 10.2.3 holds for Ztied 4 Zmain:2 jn this case. Namely, as in Theorem 10.2.3, we define
Y R(?B])X([g) to have entries Ysr = (hs(V "2),hr(V T2))s. By Proposition 10.8.8, we have
Y > Anin(M)3, and we will bound || Zted + Zmain2 _ Y| below.

By construction Y is block diagonal. We let Y144l ¢ R("W)*("Z) be the diagonal block
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indexed by sets of size d. Likewise, Zt¢d and Z™"2 are block diagonal, by Corollary 10.7.6
and our remark above, respectively. Denote Ztiedld.dl gnd Zmain2ld.dl for their respective
diagonal blocks. We have Zmain:2[0.0] gpnd Zmain2[Ll] hoth identically zero, and Ztedl0.0] —
Y00l = [1] and ZtedlL1] = YL = M so it suffices to bound || Ztiedlddl 4 Zmain2ld.d] _
Yddl| for d € {2,3}.

For d = 2, as mentioned above, there is only one diagram consisting of two sided pairs
occurring in Zmain2[2.21  There are three bowtie forest ribbon diagrams in Ztedl22l: two
consist of two pairs, while the third consists of all four leaves connected to a O vertex.
For a given choice of o, T € Part([2]), if either |o| = 1 or |T| = 1 then there is a unique
D € Plans(o, T); otherwise, there are two plans corresponding to the two matchings of
two copies of {1,2}. Enumerating all of these terms, we find that most of them cancel in
Ztiedl22] 4 Zzmain2[22] _y[2.2]: gee Figure 10.7 for a graphical depiction of the calculation.
We are left only with the final diagrams illustrated there. The sum of their CGMs’ norm we
can bound using the factorization of Proposition 10.13.11 and the norm bound of Proposi-

tion 10.13.13:

|| Ztiedl22) y Zmain2[22] _ Y1220 < 2| M| M + tpowlnl], — M| = 2|| M [|*€pon (M).
(10.201)
For d = 3, again as mentioned before, there are 9 diagrams in Zm2n2[331 each consist-
ing of two sided pairs and one non-sided pair. There are 16 bowtie forest ribbon diagrams
in Ztedl3.3]: 6 where every connected component is a pair, 9 where one connected com-
ponent is a pair and another is a star on 4 leaves, and 1 star on all 6 leaves. We first
apply Lemma 10.8.4, which controls the norm error incurred in tying any partition trans-
port ribbon diagram. We use the following minor variant of this bound, which follows upon

examining the proof of Lemma 10.8.4 for the particular case d = 3: for o, T € Part([3]) and
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Y ° ° Y S |
° ° + o><o 2 o/D\o

+ | 2tpow o U1,
- B - B - BE - BB
+ 2|
— 9 :>D<: + tPOW::D D:: - :>D:D<:

Figure 10.7: Diagrammatic manipulation of degree 4 adjustment. We show the calculation of
Ztiedl2.2] 4 Zmain2[2,2] _ y'[2.2] (listed here in the same order they appear in the figure) and the
role of the additional diagram of ZMain:2[2.2] jn adjusting the result. The reader may compare with
Figure 10.6 to see why the right-hand side is a desirable outcome whose norm we are able to bound.

D € Plans(o, 1), if D does not equal a permutation of the matrix D* := , then

17D — ZHe GO < 9| M ||° (€oftdiag (M) + Epow(M)). (10.202)

This follows simply by observing that, in this case, either o or T contains a singleton
whereby Case 2 of that proof applies (giving the first term above), or o = T = {{1,2,3}}, in
which case D = [3] and Case 3 applies and immediately yields the tied diagram after the
first step, incurring error of only || M ||®||M°3 — I,||. (We do this carefully to avoid incurring
a cost of ||M°? — I,,||, which we are no longer assuming we have good control over.)
Applying this bound to all partition transport ribbon diagrams in Y whose matrix D is

not a permutation of D* as above, we may form Yted[3:3] where all of these diagrams are
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tied which, by the same counting as in Corollary 10.8.7, will satisfy
1Y 133] — ytedB33h)| < 108 || M |19 (€oftdiag (M) + €pow (M)). (10.203)

Now, in Ztied3.3]  Zmain:2[3,3] _ y'tied(3.3] 3]] ribbon diagrams cancel (as in the d = 2 case)
except for 9 copies of the situation illustrated in Figure 10.7, each with an extra non-sided
pair. Therefore, applying the same argument, we obtain the same bound, multiplied by 9 for

the number of diagrams and by || M || for the extra non-sided pair. Thus:
| Ztied(3:3] 4 Zmain2(3,3] _ yrtied331|| < 18]| M |3& 00 (M), (10.204)
and by triangle inequality, combining this with the previous inequality we find
|| Z1ied3:3] 4 Zmain23:3] Y B3| < 109 M |1° (€ofrdiag (M) + Epow (M)). (10.205)
Combining (10.200), (10.201), and (10.204), we have:

Amin(Zmain:l + Zmain:Z)
> Amin(Y) _ AmaX(Ztied + Zmain:2 _ Y) _ AmaX(Zmain:l _ Ztied)

= Amin(M)R) - 1010||M||9(gpow(M) + Eoffdiag(M))- (10206)

It remains to bound || Z*"|. Here we again use a small improvement on the general
strategy, this time that of Corollary 10.9.5 for bounding the inner error matrices A>"1),
specific to degree 6. Recall that here o € Part([£];0dd), T € Part([m];odd),and T € T (|0 |+
|T]), for 0 < £,m < 3. A1) is indexed by ([7;]> X ([:,‘l]>, and contains terms AT (M -). We
note that if || + |T| < 4, then AT(M;s) = 0 identically, so A" = 0 for any T in this

case. But, when £, m < 3, the only way this can be avoided and |o| and |T| can have the
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same parity is in one of three cases: (1) o and T both consist of two singletons, (2) o and T
both consist of three singletons, or (3) one has a single part of size 3 and the other consists
of three singletons. In any case, the matrix F' from Proposition 10.9.3 may be viewed as
sparse, along whichever of the rows or columns is indexed by a partition consisting only
of singletons. Therefore, our norm bound which naively bounded || F'|| < || F'||[r can be
improved by applying Proposition 10.12.1. Repeating the argument of Corollary 10.9.5 in

this way, we find

JACTD| < MY (1 e (M 6) + 13260 (M;6) - )

<2||M|°n 2., (M;6), if o =T = {{1}, {2}}, (10.207)

JACTT < | MY (032 €0 (M 6) + 1420 (M5 6) - 1+ 15200 (M 6) - 12)?

<3IM|°n""*eer (M;6), if o = T = {{1}, {2}, {3}}, (10.208)

AT < \[(n-32€0 (M5 6) - 1) (3120, (M;6) - 3)
< 3 M|°n V%€ (M;6), if o = {{1,2,3}},T = {{1}, {2}, {3}}

or vice-versa. (10.209)

In effect, we are able to scale €. (M;6) down by an additional factor of n~!/2 using this
technique. Following the remainder of the proof of Lemma 10.6.3 with this improvement

and again slightly improving the constants as above for the specific case 2d = 6 then gives

1Ze7)) < 108 | M||"5 12 €er (M; 6). (10.210)
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Combining this with (10.206) then gives

Amin(Z) = Amin(Zmain:l 4 Zmain:Z) — || Ze|
= Amin(M)3 — 1018||M||15(gp0w(M) + EOdeiag(M) + nil/zeerr(M; 6))

>0 (10.211)

by our assumption in the statement. Thus, Z > 0.

Proof of (10.190): We consider the pseudomoment matrix of the left-hand side, written
in the standard monomial basis. The term arising from E is then simply the identity matrix.
Let us write Zparsmain2 ¢ R()x(%) for the matrix arising from Eparsmain2 (the hat serving
as a reminder that this is a pseudomoment in the standard basis rather than the harmonic
basis). Then, Zpairsmain:2 jg hlockwise a sum of CGM terms corresponding to diagrams F, each
of which consists only of pairs and has at most one sided pair. By and Propositions 10.13.12
and 10.13.13, the norm of such a CGM is at most || M?||3||M?|r < || M|®||M?|r, the oper-
ator norm terms accounting for the non-sided pairs and the Frobenius norm term for the
sided pair. The total number of such CGM terms across all blocks is 14: 2! = 2 from the
block with |S| = |T| = 2, 3 from the block with |S| = 1,|T| = 3, 3 from the block with

S| =3,|T| =1, 3! = 6 from the block with |S| = |T| = 3. Therefore, we have

12(1 = €) tpow ZPHrma2|| < 2810, | M ||| M| < (10.212)

¢
2

by our choice of ¢, concluding the proof of the claim.

Proof of (10.191): We again consider the pseudomoment matrix of the left-hand side,
written in the standard monomial basis, and the arising from fid is again the identity matrix.

. > naire: [n] [n] . .. N . .
Let us write Zrairser ¢ R(25)x(55) for the matrix arising from [EP2'"™s*" The entries of this

353



Z\pairs:err

matrix are as follows. First, Zg7 = 0 whenever |S| + |T| < 4, |S| and |T| have different

parity, or |S n T| = 0. Also, Zpairserr jg symmetric. The remaining entries are given, writing

H = M? here to lighten the notation, by

25 = 20 = —Hjx — 2HiiHa, (10.213)
2 oy = —2HijHicHpm — 2HHigHm — 2HijHim Hie

— 2HjHipH jyy — 2HixHymHjp — 2H;pH iy H jx

for j, k, ¢, m distinct, (10.214)
2{’;;5,;‘?{;, iy = —Hye — 2H3Hyg — 2HyHyp — 2H i Hyy
— 4H,jHiHjp — 4H;jHpH . (10.215)

Accordingly, we find the entrywise bounds

|2f5}'53r;{}| < 3é€offdiag (M?) (10.216)
| ZE2ert | < 3eoftdiag (M?) if j, k distinct, (10.217)
20| <3 (10.218)
|2 o] < 12€oftdiag (M) if j, k, £, m distinct, (10.219)
|20 o] < 15€ofiding (M) if k, £ distinct, (10.220)

|2 | =< 15. (10.221)

Let us write Zpairserrléml for the submatrix of ZP2"se" indexed by |S| = £ and |T| = m. By

the Gershgorin circle theorem, we then find the bounds

| ZPatsem 22| < 3 + 6neofidiog (M?) (10.222)

||2pairs:err[3,3]|| <15+ 451’L€offdiag(M2) + 367’L2€offdiag(M2)3; (10.223)
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and by the “rectangular Gershgorin” bound of Proposition 10.12.1

||2pairs:err[1,3]|| = \/Snzeoffdiag(Mz) ' 3€offdiag(M2) = 3neoffdiag(M2)- (10224)

Finally, by Proposition 10.12.4, we combine these bounds to find

”Zpa|rs:err” < ||Zpa|rs:err[2,2] || + ”Zpa|rs:err[3,3] || + 2 ||Zpa|rs:err[2,2] ”

< 18 + 57N€ofdiag (M?) + 36M°Eofrdiag (M ?)3. (10.225)
Therefore,

||2(1 - C)tpowzpairS:e"” = 114tpow(l + neoffdiag(MZ) + nzeoﬂ’diag(MZ)B) = (10.226)

N O

by the definition of ¢, concluding the proof of the claim. O

10.12 MISCELLANEOUS BOUNDS

We collect here some simple technical results we have used in the proofs above.

10.12.1 MATRIX INEQUALITIES

We first give the following matrix norm inequality that is effective for sparse matrices. Recall

that the co-norm of a matrix is defined as | Allo = maxg+o | Azl /Tl = max; 3 ; [Ajl.

Proposition 10.12.1. Let A € R"™*", Then,

n m
Al < VIIAllIIAT || = (mnélx Z |Aij|) (r}wyéfz |Aij|). (10.227)
== ==t
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Proof. We have [|A|l = Omax(A) = VAmax(AAT). By the Gershgorin circle theorem, we may
bound A,.x(AAT) < [|[AAT||.. Since the co-norm on matrices is induced as an operator

norm by the £ vector norm, it is submultiplicative, whereby |AA || < |AllollAT[|o. O

Remark 10.12.2. This inequality is tight for any A € {0,1}"™*" where every row has exactly
one 1, but every column can have arbitrary numbers of 1’s. The extremes in this class of
matrices are the identity on the one hand, and 1e; on the other (for a standard basis vector

€k )
The following result on block matrix norms will also be useful.

Proposition 10.12.3. Suppose A € R™*" js partitioned into a x b blocks Ak € Rmme for
k € [a] and £ € [b], where >;_, m; = m and nglng - n. Let A € R*P have entries

Are = |AL| Then, | A| < || A].

Proof. If x € R™ and y € R" are partitioned into vectors xy and y, with compatible sizes

to the blocks of A, then we have

2T Ayl = | > 2 ARy, | < Szl lyell 1A% (10.228)

kb k.0
If |lx]l = |lyll = 1, then the right-hand side is a bilinear form of unit vectors with Z and the
result follows. O

The following other relative of the Gershgorin circle theorem gives a straightforward

bound on block matrix norms.

Proposition 10.12.4. Suppose A € R™" is partitioned into blocks Ax!1 ¢ R™><"¢ where

> my =m and Y ng = n. Then, |A| < 3 [| AR

Proof. If x € R™ and y € R™ are partitioned into vectors x; and y, with compatible sizes
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to the blocks of A, then we have

T Ayl = < > llxxll2llyell2 | A (10.229)

k¢

Z sz[k,t’]ye
k¢

Thus, letting A’ be the matrix of norms of the blocks of A, we have || A|| < ||A’||. The result
then follows since if ||v|] = |lw] = 1, then vTA'w < (maxg |Uk|)(maX,g|Wg|)(zk’g|A;d;|) <

E:&BLALgL ]

10.12.2 COMBINATORIAL BOUNDS

We next prove several coarse bounds on combinatorial quantities arising in our arguments.
We begin with bounds on the coefficients of forests that arise in our calculations. The only

tool required for these is that (a + b)! > a! b!, which follows from observing that (“;b ) > 1.

Proposition 10.12.5. For any F € F(d), |u(F)| < (3d)!.

Proof. We have

H(F)[ = [] (deg(v) - 2)!
veVvy
< (Z deg(v))!
veV
3
< (2 : Ed)!, (10.230)
the last step following by Corollary 10.12.10. O

Proposition 10.12.6. For any F € ‘F(d,d) a balanced bowtie forest ribbon diagram, |E(F)| <
(d-1)d! <d?4.
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Proof. We have

|E(F)| = [T (k — 1)!k!
Ceconn(F)
C balanced bowtie
on 2k leaves
< ( > (k — 1))! ( > k)!
Ceconn(F) Ceconn(F)
C balanced bowtie C balanced bowtie
on 2k leaves on 2k leaves
= (d — |conn(F)|)!d!
<d-1'd, (10.231)
completing the proof. O

We next give some bounds on the cardinalities of various sets of combinatorial objects

arising in our analysis.
Proposition 10.12.7. | Part([d])| < d“.

Proof. For d < 5, the inequality may be verified directly. Assuming d > 6, we begin with
a “stars and bars” argument: all partitions of [d] may be obtained by writing the num-
bers 1,...,d in some order, and then choosing some subset of the d — 1 possible positions
between two numbers where a boundary between parts of the partition may be placed.

Therefore, | Part([d])| < 24d!. For d > 6, we have d! < (d/2)%, and the result follows. O

We note that the numbers | Part([d])| are known as the Bell numbers, for which many more
precise asymptotics are known [BT10]. We prefer to give a simple hands-on proof here,

which matches the correct coarse scaling log | Part([d])| = ©(dlogd).
Proposition 10.12.8. For any o, T € Part([d]), |Plans(o,T)| < d!.

Proof. For every D € Plans(o, T), there exists a bijection f : [d] — [d] for which Dap =
#{i € A: f(i) € B}. Therefore, the total number of such D is at most the total number of

bijections of [d] with itself, which is d!. O
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The following simple and general result gives a bound on the number of vertices in a tree if

the degrees of internal vertices are bounded below.

Proposition 10.12.9. Suppose T = (V,E) is a tree with £ leaves. Assume that, for any internal

vertex v of T, deg(v) > k > 3. Then,

V| < ’;:;e. (10.232)

Proof. We count the number of edges |E| in two ways, and then apply the degree bound:

|[El = V] -1
1
== z deg(v)
2 veV
z%(€+k(|V| _0)
k k-1
= SIVI- ==t (10.233)
Solving for |V|, we have
k-1 2
V] < k—2€_k—2’ (10.234)
and the result follows. O

Corollary 10.12.10. For any F € ‘F(d), the number of vertices and edges in F are both at

most %d, and the number of O vertices is at most %d.
This allows us to bound the number of good forests, as follows.
Proposition 10.12.11. Ford even, (d/2)! < |F(d)| < 2(%d)%d.

Proof. For the lower bound, we simply note that any matching of 1,...,d/2 with d/2 +

1,...,d corresponds to a distinct element of F(d) consisting of the corresponding forest
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all of whose connected components are pairs. Since there are (d/2)! such matchings, the
bound follows.

For the upper bound, Theorem 4.1 of [Moo70], attributed there to Rényi, gives the fol-
lowing explicit formula for the number of labelled forests on n nodes with k connected
components, which we denote f), i (this is a generalization of Cayley’s well-known formula

counting labelled trees, which is the case k = 1):

( ) ; ( )i (k+0) l'(f) (n : k) e (10.235)

from which by coarse bounds we find

k ; i
Tl n k—i-1
< 7 ; o (k - 1)' R (10.236)
k
k+i
; ik — )1l (10.237)
<2n"!, (10.238)

where the final inequality may be checked by verifying by hand for k < 4, and for k >

bounding the inner term by 2k/(1k/2])!([k/21)! < 2. Thus the number of labelled forests
on 7 nodes with any number of connected components, which equals >}'_; fux, is at most
2n™". By Corollary 10.12.10, the total number of vertices in F € F(d) is at most %d. Since
there are no isolated vertices in such F, we may always view F as embedded uniquely into a
fully labelled forest on exactly %d vertices by adding isolated vertices and labelling internal
vertices with any deterministic procedure. Thus, | F(d)| is at most the number of labelled

forests on %d vertices, and the result follows. O

We include the lower bound above to emphasize that the upper bound correctly identifies

the coarse behavior log | F(d)| = ©(dlogd). This suggests that, without much more careful
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proof techniques, the d4 behavior of the leading factor in the condition of Theorem 10.2.3

cannot be improved.

10.13 CALCULUS OF CONTRACTIVE GRAPHICAL MATRICES

Finally, we present some general tools for working with contractive graphical matrices
(henceforth CGMs, as in the main text). In fact, to make some technicalities easier to work
around, we use a more general definition, which allows different edges of a ribbon diagram
to be labelled with different matrices and also allows for the left and right index subsets to

overlap.

Definition 10.13.1 (Generalized ribbon diagram). Let G = ((L U R) U VB, E) be a graph
with two types of vertices, « and O, whose subsets are V* = L U R and V®. Suppose that
G is equipped with labellings k,; : L — [|L|] and kg : R — [|R|]. Suppose that for every
e = {x,y} € E, we have a matrix M *Y) € R"*)>xn)  for some n : V — N, which satisfies
MX) = M) Note that n is determined by the collection of matrices M%), provided
that their dimensions satisfy the appropriate equalities. We call such a collection of matrices
a compatible matrix labelling of the edges of G, noting that a matrix is associated to each
oriented edge in such a labelling. For the course of this appendix, we call such labelled G a

ribbon diagram, instead of the weaker definition from the main text.

Definition 10.13.2 (Generalized CGM). Let G be a ribbon diagram. Given a € [[,cyo[n(v)],
s € [licren[n(kz ()], and t € [1jez [n(kx'(j))] such that, for alli € L N R, s(kr(i)) =

t(kr(j)), define fos¢:V — N by

s(ke(x)) ifx € L,
fa,s,t(x) = t(KfR(X)) ifX e R, (10.239)

a(x) if x e VB,
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Note that we always have f,s+(x) € [n(x)]. Then, the contractive graphical matrix associ-

ated to the ribbon diagram G labelled by the matrices M %) has entries

28 = T] Uske(@) =tk (@)} > [T ME s (10.240)

ieLnR a€[lyeyoln(v)] {x,y}€E

We note that, for the purposes of this appendix, we always will think of CGMs as being
labelled by tuples rather than sets. Since set-indexed CGMs are submatrices of tuple-indexed
ones, all norm bounds will immediately be inherited by the set-indexed CGMs encountered
in the main text.

The general goal we pursue in the following sections is to develop some general tools for

connecting the graphical structure of a ribbon diagram and the matrix structure of its CGM.

10.13.1 CONNECTED COMPONENTS AND TENSORIZATION

We first consider the effect of a diagram being disconnected on the CGM. In this case, it is
simple to see that the expression (10.240) factorizes, and therefore the CGM decomposes
as a tensor product. We give a precise statement below, taking into account the ordering of

indices.

Proposition 10.13.3. Let G = ((L UR) LU V", E) be a ribbon diagram with connected compo-
nents Gi,...,Gm, where V(Gy) N L =: L, and V(Gy) N R =: Ry. Define kr, : Ly — [|Ly]] and

Kr, : Ry — [IR¢l] to be the labellings inherited from K, and kg, i.e.,

Ke, (1) :=#{i" € Ly kp(i') < ke (D)}, (10.241)

Kr,(J) ==#{j € Rp:kr(j') < kr(j)}. (10.242)

Equipped with these labellings, view Gi,...,Gy, as ribbon diagrams. Let 1t € Sym(|L]) and

362



1tz € Sym(|R|) be the permutations with

(ro(1), - (1L1)
= (e () ke (KE LD ke (KL (D), K (L) )
(g (1), -+, R (IR])

= (KR(KR}(l)),...,KR(KR}(IRll)),...,KR(KR;(l)),...,K:R(KR}”(IRmI))>

Let oy € Sym([n]¥)) map (a.,...,a\) ~ (A 11y ooy Qi) And or € Sym([n]®) map
(@1,.sar) = (Agziays-es Argirp)- Finally, let T, € RMIEXIIE gnd Tz € RO IXnI®

be the permutation matrices of o, and ox, respectively. Then,
m
Z¢ = H£< X ZGf)HQQ.
0=1

This fact will be most useful when bounding the difference in operator norm incurred by
replacing each connected component G; by some other diagram in terms of the differences

of the smaller CGMs corresponding to each connected component taken in isolation.

Proposition 10.13.4. Let G be a ribbon diagram with connected components Gu,...,Gpy,
where V(Gy) N L = Ly and V(Gy) N R = Ry. Suppose Hy, ..., H,, are other ribbon diagrams

on (Ly,Re, VE(Gyp)), and write H for the union diagram of the H;. Then,

m £-1 m
1Z6 - ZH)| < > 11Z6 = ZHey TT 128 T 1zl (10.243)
£=1 =1 0'=0+1

Proof. Following the notation of Proposition 10.13.3, we can write a telescoping sum,

m -1 m
zZ¢-zZ" =11, (Z QR zr o (2 - ZM) & (X) ZGw) Ix (10.244)
£=114'=1 £ =0+1

The bound then follows by the triangle inequality and the tensorization of the operator
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norm. O

10.13.2 SPLITTING

We describe two operations on a ribbon diagram, which we call “splittings,” that add edges
to the diagram without changing the associated CGM. Later this will allow us to perform
some regularizing operations on a ribbon diagram’s graph structure when making argu-
ments about its CGM.

The first type of splitting lets us expand a diagram and thereby eliminate the intersection

of £ and R by adding redundant vertices and suitable adjacencies.

Proposition 10.13.5 (Intersection splitting). Let G = ((L U R) u VY, E) be a ribbon diagram
with (M %)) a compatible labelling of its edges. Write L N R = {v1,...,Vn}. Let G' be
another labelled ribbon diagram, formed by adding new vertices {vi,...,v,} to G, setting
VE(G') = VB(G), L(G') = L(G), and R(G") = R(G) \ L(G) U {vy,...,v;,}, and adding edges

{vi, v} labelled by the matrix I, for eachi € [n]. Then, Z® = Z¢ .

The second type of splitting lets us represent a factorization of a matrix labelling an

edge by subdividing that edge with intermediate vertices.

Proposition 10.13.6 (Edge splitting). Let G = ((£L U R) U VP E) be a ribbon diagram with
(M XYY a compatible labelling of its edges. Suppose x ~ z in G, and there exist matrices A €
R B e RN gych that M*%? = AB. Let G' be another labelled ribbon diagram,
with L(G") = L(G), R(G") = R(G), VE(G') = VE(G) U {y} for a new vertex vy, and E(G') =
E(G) U {{x,y},{v,z}}. Let {x, v} in G’ be labelled with the matrix M%) = A, and {y, z}
be labelled with the matrix MV? = B. Then, Z¢ = ZC'.

Note that, as an especially useful special case, we may always take n = n(x), A = I,(x), and
B = M%), This particular technique allows us to adjust the graph of the ribbon diagram

without needing to find any special factorization of M *:2),
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10.13.3 PINNING, CUTTING, AND DIRECT SUM DECOMPOSITION

We next explore special operations that may be performed on the following special type of

O vertex in a ribbon diagram.

Definition 10.13.7 (Pinned vertex). In a ribbon diagram G = ((LUR) UV, E) with dimension

labels n : V — N, we call a vertex v € VP pinned if n(v) = 1.

Any edge one of whose endpoints is a pinned vertex must be labelled with a vector, and in
the formula (10.240) there is effectively no summation corresponding to a pinned vertex,
since [n(v)] = {1} whereby the vertex’s assigned index is always the same—this is the
reason for the term “pinned.”

In terms of manipulations of the ribbon diagram G, the important special property of a
pinned vertex is that it allows the diagram to be “cut” at that vertex without changing the

resulting CGM.

Proposition 10.13.8 (Cutting). Let G = ((LUR)UVE, E) be a ribbon diagram, and letv € V°

be pinned. Suppose deg(v) = m, enumerate the neighbors of v as wi, ..., Wy, and suppose
these edges are labelled with vectors m; € R™%) fori =1,...,m. Let G’ be another ribbon
diagram, formed by removing v from G and adding new vertices vy,...,v,, to V", with

n(v)) = 1, v/ adjacent to only w;, and this edge labelled by m;. Then, Z¢ = Z¢'.

Note that, after splitting, every pinned vertex has degree 1. In our case, when we work with
tree ribbon diagrams, this means that every pinned vertex is a leaf of the resulting forest, a
property that will be important in our analysis.

Finally, we show two ways that pinned vertices arise naturally from matrix-labelled rib-
bon diagrams where no vertex has dimension label 1 to begin with. The first, simpler situa-

tion is where an edge is labelled with a rank 1 matrix.
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Proposition 10.13.9. Let G = ((LUR)UVE E) be a ribbon diagram, and suppose {v,w} € E
is labelled with M VW) = xy™. Let G’ be formed by adding a vertex x along this edge between

v and w, setting n(x) = 1, and setting M V¥ = & and M%) = y. Then, Z¢ = Z¢'.

Proof. The result follows from applying Proposition 10.13.6 to the edge {v,w} using the

given rank one factorization. O

The second, perhaps more natural, situation is that the CGM of any ribbon diagram with
L N R *+ & may be written as a direct sum of CGMs with those vertices pinned (that is, as a

block diagonal matrix with these CGMs as the diagonal blocks).

Proposition 10.13.10 (Direct sum decomposition). Let G = ((L U R) 1 V" E) be a ribbon
diagram, and enumerate L N R = {vy,...,Vn}. Given a € Hﬁl[n(vi)], let G[a] be the
diagram formed by moving each v; to V5, letting n(v;) = 1, and labelling each edge incident

with v;, say {vi,x}, with the vector Vi) equal to the a;th row of M Vi), If there is an edge

between v; and vj, then in G[a] it is labelled with the constant Mg(l?éﬂ:jj). Then, there exist
permutation matrices I1; andIlg such that
Z¢ =11, b z°@w | ;. (10.245)

acllit [n(vy)]

While formally a pinned vertex is a O vertex, in this setting we see that it behaves more like

a e vertex whose index is fixed instead of varying with the matrix indices.

10.13.4 FACTORIZATION

We now arrive at perhaps the most useful and important manipulation of CGMs via rib-
bon diagrams. Namely, certain graphical decompositions of ribbon diagrams correspond to

factorizations of CGMs into products of simpler CGMs.
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Proposition 10.13.11. Let G = (V,E) be a ribbon diagram withV = (L U R) u V", Suppose

that V admits a partition V = A U B U C, such that the following properties hold:

3. OoutA, 0ou:C < B.

(Here 0ot denotes the “outer boundary” of a set, those vertices not in the set but with a
neighbor in the set.) Suppose also that the edges within B admit a partition E(B,B) = EA LI
EB L EC, where EA € E(0outA, OoutA) and E€ < E(0outC, 0outC). Define the following ancillary

ribbon diagrams:

1. G[A] with vertex triple (L, 0outA, A\ L) and edges E(A, A U 0otA) U E4;

2. G[B] with vertex triple (0outA, 0outC, B \ 0outA \ 00, C) and edges EB; and

3. G[C] with vertex triple (05,:C,R,C \ R) and edges E(C,C U 0,,:C) U E€.
In these diagrams, 0.,:A and 0,,:C are given arbitrary labellings, but the same labelling each
time that they appear in different diagrams. Then,

ZC = ZClAl ZGLB]l ZGIC] (10.246)

Proof. The proof is a direct verification by expanding the matrix multiplications and defini-
tions of the CGMs involved. Note that, by assumption, since A and C are disjoint and £ < A

and R < C, we must have £ "R = J. We have

(ZCM ZCBI ZGIC) = T ZGIMIZCBIZElC, (10.247)

ac [n]aoutA
ce[n]%utC
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Given a € [n]%4 o’ € [n]A\L,b € [n]8\%uA\0ouC ¢ e [n]%uC ¢ e [n]C\R such that for

X € OoutA N 0ot C We have a(x) = c(x), let us define g = gaa' pec st : VP — [n] by

sS(kr(x)) ifxe L,

t(kg(x)) if x e R,

a(x) if x € OuutA,

g(x) =7 a'(x) ifxeA\ L, (10.248)
b(x) if x € B\ OgutA \ 0outC,
c(x) if x € 0ou:C,

c’(x) if x € C\R.

We then compute

G[A] r7G[B] r7G[C] _ (x,y) (x,5)
(Z Z Z )sit = Z 1_[ Mg(x),g(y> ﬂ Mg(x),g<y)
ac[n]%utA {x,y}EE(A,AUlotA) UEA {x,¥}€E(C,CUpu: C) UEC
a’ e[n]A\f
ce[n]aoutc
¢ e[n]€\R

ﬂ l{a(x) = c(x)} l_[ Mﬁ»’cy);m

X €0out ANBout C {x,y}eE"B

> IT M anein

ac[n]V® {x,¥}€E

- 76, (10.249)

completing the proof. ]

10.13.5 GENERAL-PURPOSE NORM BOUNDS

Our first application is to prove general-purpose bounds on the norms of CGMs based on
ribbon diagram structure and the norms of constituent labelling matrices.

First, we show that norms multiply over connected components, as we have alluded to
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in Remark 10.4.5 in the main text. This is a direct application of Proposition 10.13.3.

Proposition 10.13.12. Let G be a ribbon diagram with connected components G1,...,Gy, as

in Proposition 10.13.3. Then, Z¢ = [[;%, | Z%¢]|.
The following bound is less trivial and is used repeatedly in our arguments.

Proposition 10.13.13. Let G = (V,E) be a ribbon diagram with V = (L U R) u V", Suppose
that V admits a partitionV =V, U - - - UV, withm = 2, such thatV, = L, V,, = R, and the

following properties hold:
1. For every v € V1 = L, there exists some k > 1 such that v has a neighbor in V.
2. Everyv € V,,, = R, there exists some k < m such that v has a neighbor in Vy.

3. Foreveryl < j <m and every v € V;, there existi < j < k such that v has a neighbor

in V; and a neighbor in V.

Then,
1Z% < [] 1M>»). (10.250)

{x,y}eE
Proof. Note that, by repeatedly applying Proposition 10.13.6 with edges labelled by an iden-
tity matrix, we may furthermore assume without loss of generality that every edge of G is
either between two vertices of V;, or between one vertex of V; and one vertex of V;,; for
some i. Under this assumption, the three conditions in the statement may be rewritten as

follows:
1. For every v € V; = £, v has a neighbor in V.
2. Every v € V,;, = R, v has a neighbor in V,,,_;.

3. Forevery 1 < j < m and every v € Vj, v has aneighbor in V;_; and a neighbor in V;,;.
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Next, we proceed by induction on m. Suppose first that m = 2. Then, the assumptions
imply that V" = @ and £ n R = . Let us enumerate the edges within £, within R, and

between £ and R as follows:

E(L, L) = {{if",i?},..., (i, i@ }} for i € L, (10.251)
E(R,R) = {{ji" 1"} Uy gy 1) for ji € R, (10.252)
E(L,R) = {{i1,j1},.--,1ic, jc}} forip € £ and jy € R. (10.253)
Then, we have
a (1) £(2) b (1) (2) c .
G _ (ip i) Up sdg) (ig.je)
Zs,t - [1_[ Ms(xﬁ(i}”)),s(Kﬁ(i}”)) p Mt(KR(j,})”)),t(KR(j}Z))) ;_[ MS(KL(ig)),t(KR(jE))' (10.254)
-1 [ =1 ' =1

Let us define an ancillary matrix
i)
7G ._ ig.Je
Zg = [ I Mol e o (10.255)
0=1

Then, we may write Z¢ = DXZS¢D?, for suitable diagonal matrices DX and D® having
entries equal to the first two products above, respectively. Since every entry of a matrix is

bounded by the matrix norm, we then have

1ZC| < | D)l - I1Z€)|| - IID®) < 1| Z€|| I M. (10.256)
{x,y}€E(L,LYUE(R,R)

For the remaining factor, by taking a singular value decomposition, we can factorize
each labelling matrix as M%) = UV *2) guch that [|[M®Y) || = [US)|| - [V &)
(by including the factor of the singular values in either of the singular vector matrices).

Writing w29 for the columns of U*?>) and v*>? for the columns of V*2) we then
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have Ml-(f’y) = (ux>) p*y.0)) Therefore,

C

c c
Z\gt — n <u(i¢l,j€,S(K£(i'{/)))’,v(i(j,jtf,t(KR(je)))> — <® u(ig,je,s(m(i(z)))’ ® ,U(ip,,jg,t(KR(jg)))> )

€:l 3:1 €:1
(10.257)
This writes Z¢ = U¢ V¢, so we have || Z¢|| < [|[U¢|| - VS| We then compute
C . . . .
U U s = [ [0 UIO) 051005 s i)
(=1
= H H(U(i’j)TU(i’j))s(;<£<i)),s'(;<£(i))- (10.258)
iel j~i

Thus, US'U¥¢ is the tensor product over i € £ of the Hadamard products over j ~ i of
U@)"UG), Since the operator norm is multiplicative over tensor products and submulti-

plicative over Hadamard products, and every i € £ has a neighbor j € R, we find

e ve <[] Uiy, (10.259)
iel j~i
whereby
wel <111 = T 1oy. (10.260)
i€l j~i {i,j}€E

Repeating the same argument for V¢ and multiplying the results together, we have

1ZCN < NWUCl-1vel < [T 1@ - qively= 1T 1M@y, (10.261)

{i,j}eE {i,j}eE

completing the argument for m = 2.

For the inductive step, if we have the result for m and are given a decomposition of G
into m + 1 sets, the result follows by applying the factorization of Proposition 10.13.11 with
A=V,B=V,,and C = V53U - - - UV,y,, and using that || Z¢'4!|| and || Z¢'3]|| may be bounded

using the m = 2 case. O
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To see that the connectivity requirements are important for this argument, one may consider
the simple case where G has isolated vertices in £ or R: if so, then the associated CGM is
the tensor product of an all-ones matrix with the CGM associated to G with the isolated
vertices removed. The norm of this all-ones matrix is polynomial in n, whereby the best
bound of the type (10.250) that we could hope for would depend on », spoiling many of
our applications. Other cases where the connectivity requirements fail reduce to a similar

situation after sufficiently many applications of the factorization of Proposition 10.13.11.
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11 APPLICATIONS OF LIFTING THEOREMS

Finally, we give applications of our lifting theorems. As we expect from the previous chapter,
these results do not achieve the “gold standard” of proving SOS lower bounds of arbitrary
constant degree for the SK Hamiltonian, where we wish to lift low-rank matrices. How-
ever, we provide some ancillary results suggesting that our construction is correct in other
high-rank settings, and take this as additional evidence that it gives a correct first-order
approximation to a pseudomoment construction, which must likely be corrected with more

detailed considerations to work for the low-rank case.

SUMMARY AND REFERENCES This chapter is based on the parts not discussed earlier of the

reference [Kun20b]. The following is a summary of our main results in this chapter.

1. (Theorem 11.2.1) The sum-of-forests pseudomoments built from the Gram matrix of
the simplex ETF approximately recover the Grigoriev-Laurent pseudomoments, and

give an enumerative combinatorial interpretation of their leading-order behavior.

2. (Theorem 11.3.1) The sum-of-forests pseudomoments give an extension of random

high-rank projection matrices to pseudomoments of arbitrary constant degree.
3. (Theorem 11.4.1) A tight degree 6 SOS lower bound for the SK Hamiltonian.

PRIOR WORK The work [MRX20], concurrent with [KB20], also proved a degree 4 lower

bound, while the work [G]J"20], concurrent with [Kun20b], also proved a stronger de-
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gree Q(n¢) lower bound. Both other results used the pseudocalibration construction of
[BHK"19]. The master’s thesis [dB19] explored techniques for degree 4 lower bounds simi-

lar to our own, avoiding pseudocalibration.

11.1 PATTERN DIAGRAMS

We first introduce the following device for counting arguments involving the patterns of

equal and unequal entries labelling a CGS diagram in the summations we will encounter.

Definition 11.1.1 (Pattern diagram). Suppose F = (V* L VY E) is a diagram, s € [n]'V'!, and
a € [n]V". Let the associated pattern diagram, denoted pat(F,s,a), be the graph G with
two types of vertices, e and 0O (as for diagrams), formed by starting with G and identifying
all v whose value of fsq(v) is equal, where if we identify a e vertex with either a » or a O
vertex then the result is a e vertex, but if we identify two O vertices then the result is again
a O vertex. We then remove all self-loops from pat(F,s,a) (but allow parallel edges). The
graph G is also equipped with a natural labelling inherited from s and a, which we denote f,
sometimes writing (G, f) = pat(F, s,a).

Finally, if Fi,...,Fn are diagrams, and s; € [n]V' %! and a; € [n]V" ), then we let
pat((Fy, s1,a1),..., (Fm, Sm,an)) be the graph formed by applying the above identification

procedure to the disjoint union of the F;, each labelled by s; and a;.

Definition 11.1.2. Let PatSZd(m) be the set of unlabelled pat((T, s,ay),...,(Ty, s, ay)) that
occur for T; € T (2d'), s € [n1*?, and a; € [n]V" D) for some choice of 1 < d < d. We

emphasize that we force s to be the same in all inputs here.

The way we will use this is by considering the pattern diagram G of any term in any CGS
quantity, whose magnitude scales, depending on the behavior of the entries of M, as

n~YE@I!  On the other hand, the number of terms sharing a given pattern diagram is es-

374



sentially n'V”(@!. Grouping terms by pattern diagram allows us to take advantage of the
tradeoff between these two quantities.
In particular, we will want to use this to analyze the quantities €;... and €., SO we define

the following subsets of pattern diagrams.

Definition 11.1.3. Let Patf,if(m) c PatSZd(m) be the set of unlabelled pattern diagrams
pat((T1,s,a1),..., (Tm, S,am)) that occur for T; € T (2d'), s € [n]*4, and a; € [n]V" D,
such that either the entries of s are not all equal, or s1 = - -- = Sy = j but not all of the

entries of a; equal j for all i, for some1 < d’ < d.

Definition 11.1.4. Let Patffd(m) c PatSZd(m) be the set of unlabelled pattern diagrams

pat((T1,s,a1),..., (T, S,am)) that occur for T; € T (2d'), s € [n]*?, and a; € [n]V" D,

such that a; is (T;, s)-loose for all i, for some choice of 1 < d’ < d.

The following two simple facts will be useful throughout; we will introduce other combi-

natorial properties as needed in our arguments.

<2d

Proposition 11.1.5. All diagrams in Pat™““(m) are connected for anyd > 1 and m = 1.

Proposition 11.1.6. |Pat=*%(m)| < (3md)o™.

Proof. Every G € Pat=*?

(m) is connected, and has at most 3md vertices and 3md edges
by Corollary 10.12.10 since this holds for each T; € 7 (2d’) for any d’ < d and G can have
only fewer vertices and edges than the disjoint union of the T;. Generally, the number of
connected graphs on at most m > 2 vertices, with at most n edges for n > m, and equipped
with a partition of the vertices into two parts is at most 2™ - (m?)" < m3", where we ignore

that there may be fewer vertices or edges by allowing “excess” vertices and edges to be

added to different connected components that we may ignore. O
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11.2 WARMUP 1: GRIGORIEV-LAURENT PSEUDOMOMENTS

As a first application of Theorem 10.2.3, we show that we can recover a “soft version” of the

pseudomoments studied in Chapter 9.

Theorem 11.2.1. Let x = x(n) = (loglogn)=>°. Then, for all n sufficiently large, exists there

E a degree ﬁ log n/ log log n pseudoexpectation satisfying

E (=1)ISI2(s| =1 1

E LQXI} = 1{|S| even} - ( (n/(1 = x))!sl/2 + Oy (W)) : (11.1)
E ] = 1-« _1_70( T
Elxx™] = (1 o 1) I, - 11nln. (11.2)

This is weaker than the original statement; most importantly, it only gives a pseudoexpec-
tation E with E[(I,TL:B)Z] ~ on, and thus does not show that the parity inequality above
fails for E. However, it has two important qualitative features: (1) it implies that we need
only add to E[zz™] an adjustment with operator norm o(1) to obtain an automatically-
extensible degree 2 pseudomoment matrix, and (2) it gives the correct leading-order behav-
ior of the pseudomoments. Elaborating on the latter point, our derivation in fact shows how
the combinatorial interpretation of (|S| — 1)!! as the number of perfect matchings of a set of
|S| objects is related to the appearance of this quantity in the Grigoriev-Laurent construc-
tion. While in the original derivation this arises from a somewhat technical induction, in
our derivation, this coefficient simply comes from counting the diagrams of F(|S|) making
leading-order contributions, which are the diagrams of perfect matchings.

In the proof we will use the following more detailed bounds on pattern diagrams.

Proposition 11.2.2. If G = (V* U V5 E) € Pat=24(1), then |E| = |V*| + |[VO| - 1{|V*| > 1}.

tree

Proof. We consider two cases. If |V*| > 1, then the result follows since G is connected by

Proposition 11.1.5. If [V*| = 1, then since the initial diagram G is formed from by identifying
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vertices is a tree, all leaves of that tree are identified in forming G, and G has more than
one vertex, G must have a cycle. Therefore, in this case, |E| = |V*| + |VP]|, completing the

proof. O]
Proposition 11.2.3. If G = (V°* U VDY E) € Patfﬁd(l), then |E| = |V*| + |VP].

Proof. Suppose for the sake of contradiction that this is not the case. Since T is connected,
by Proposition 11.1.5 G is connected as well, and if |E| < |V*| + |VP]| — 1 then in fact equality
holds and G is a tree, in particular having no parallel edges. On the other hand, if a is
(T, s)-loose, then there exists some index i € [n] and a O vertex v in the minimal spanning
subtree of {w € V* : scu) = i} such that a, # i. Thus there must exist some O vertex v’
in this minimal spanning subtree with at least two neighbors w;,w, such that fs,(w;) =
fsa(w2) = ibut a,r # i. The O vertex of G to which v’ is identified will then be incident

with a pair of parallel edges, giving a contradiction. O

Proof of Theorem 11.2.1. We will set

. 1-« 1 -« T
M= (14 =) 1 - =11, 11.3)

and take £ = E,;. We first use Theorem 10.2.3 to show that [ is a degree 2d pseudoexpec-
tation.

For the simpler incoherence quantities, we directly bound

1

eodeiag(‘Z\4) < n-1’ (114)
2 a\ 1/2
Ccorr (M) < (2 (1) + -2 (1) ) <2 (11.5)
2
Cpou(M) < (n-1) (1) = L. 11.6)

For €iee, we group terms according to their pattern diagram. A given G = ((V*,V"),E)
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can occur in at most n'V"! terms, and each term contributes at most (n — 1)~El. We then

have
€Eree(M;2d) = max max max |ZT(M;s)—1{s;=---=s,}
0=d'<d TeT (2d’) sc[n]24d’
< > nV'l(n - 1)
G=((v*,V9),E)ePat324(1)
< > nVol(m — 1)-VE-IVIHLHIVEEL (proposition 11.2.2)
G=((V*,V9),E)ePats24(1)
2301
Z 1 (Corollary 10.12.10)
G=((V*,VO),E)ePat324(1)
3d)124 .
< (n ) T (Proposition 11.1.6)

For €., we follow the same strategy. The main additional observation is that |set(s)] is

always simply the number of e vertices in pat(T, s, a), regardless of T or a. Thus we find

€er(M;2d) = max max  max nlsts)l/2 > [T Mporfeaw
0=d'=d TET 2d") sen)2d ac[n]V® (W.w)EE(T)
a (T,s)-loose
G=(V*UVD,E)ePat324(1)
< > nVI2+IVE (g — 1)~ IVEI=IVE (Proposition 11.2.3)
G=(V*UVD,E)ePats24(1)
26d
< \/—ﬁ Z 1 (Corollary 10.12.10)
G=(V*UuVD,E)ePat324(1)
3d)1>4 .
< (34) . (Proposition 11.1.6)
Jyn

(This may be sharpened to O(n~!) by considering the case k = 1 separately, but that would
not change the final result significantly.)
Combining these results, we find e(M;2d) < 2(3d)'>¥n~1/2, Thus, since Amin (M) > &

and | M| < 2, the result follows so long as « > 64(12d)*'n~124 1f d = logn/100 loglogn,
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then we have

12logn \*" 3 >0
4(12d)¥n1ed — g4 | —= 2 | 10072 g4 [ ——= 11.7
64(124)"n 0 100 log logn (logn) =6 20loglogn ) '’ (11.7)

so with « = (loglog )Y it follows that EM is a degree 2d pseudoexpectation.

It remains to verify (11.1), which gives the leading order behavior of the pseudomoments:

~ (—1)S12 (|| — 1)! 1
E |:1_[xi:| = 1{|S| even} - ( (n/(1 — x))Isi/2 + Os) <nS/Z+1>> . (11.8)

ieS

We claim that the leading order part is exactly the sum of the terms u(F) - ZF(M;S) for F a
forest where every connected component is two e vertices connected by an edge (a “pair”),
since there are (|S|—1)!! such perfect matchings. Thus it suffices to bound the contributions
of all other terms.

We use pattern graphs once again, now noting that, since we are assuming S is a set, no e
vertices will be identified with one another. Suppose F is a good forest and G = pat(F, s,a)
where all indices of s are distinct. We then have |[E(G)| = 2|VE(G)| + %IV‘(G)I, because
|E(G)| = %Zv deg(v), and every O vertex in G after the identification procedure will still
have degree at least 4 and every e vertex will still have degree at least 1 since no e vertices
are identified. Moreover, if |V2(G)| = 0, then the above inequality is tight if and only if F
is a perfect matching to begin with. Therefore, if F is not a perfect matching, then, writing

for the moment Patéd for the pattern graphs arising as any pat(F, s,a) for F € F(2d) (with
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forests rather than trees), we find

|ZF(M;S)| < > nVlm -1)"F
G=(V*LVY,E)ePat}y|
[Vel=IS]
< s nV7l (n = 1)-2IVEI=IV*1/2-101v2|=0}
G=(V*LVY,E)ePat}}|
[Vel=IS]
<n IVt > 1. (11.9)
G=(V*LVY,E)ePat}}|
[Vel=IS]

Finally, since the remaining counting coefficient, maxre r(s) |t (F)|, and [ F(|S])| all depend
only on |S], the result follows. (Bounding the remaining combinatorial coefficient and using
Propositions 10.12.5 and 10.12.11 here can give a weak quantitative dependence on |S| as

well.) O

11.3 WARMUP 2: LIFTING RANDOM HIGH-RANK PROJECTORS

We also consider a random variant of the setting of Laurent’s theorem, where the special
subspace spanned by 1,, is replaced with a random low-dimensional subspace. This is also
essentially identical to the setting we would like to treat to give SOS lower bounds for the

SK Hamiltonian, except for the dimensionality of the subspace.

Theorem 11.3.1. Suppose m : N — N is an increasing function with log(n) < m(n) <
n/logn asn — oo, LetV be a uniformly random (n — m)-dimensional subspace of R". Then,

with high probability as n — oo, there exists Ea degree ﬁ log(n/m)/ loglog n pseudoexpec-
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tation satisfying

e 2

El@,0)"] 1)1 4™ forallv € V \ {0}, (11.10)
lv]? n

E[(x,v)?] 1 m )

W [ ’(Ioglogn)32+4n] forallv e V*\ {0}. (11.11)

As in the case of our version of Laurent’s theorem, this result does not imply an SOS integral-
ity gap that is in itself particularly interesting. Indeed, results in discrepancy theory have
shown that hypercube vectors can avoid random subspaces of sub-linear dimension (V+, in
our case) unusually effectively; see, e.g., [TMR20] for the recent state-of-the-art. Rather, we
present this example as another qualitative demonstration of our result, showing that it is
possible to treat the random case in the same way as the deterministic case above, and that
we can again obtain an automatic higher-degree extension after an adjustment with operator
norm o(1) of ﬁ[:cmT] from a random projection matrix.

To handle this random case, we will need some more involved tools that we introduce
now. Our main probabilistic tool for controlling the more complicated incoherence quanti-
ties will be the following family of hypercontractive concentration inequalities, which state
(in the case we will use) that low-degree polynomials of independent gaussian random vari-

ables concentrate well.

Proposition 11.3.2 (Theorem 5.10 of [Jan97]). Let p € R[x1,...,Xxn] be a polynomial with

deg(p) < D. Then, for all q = 2,

(Elp(@ DY < (g - 1DP? - (Elp(g)1H)? (11.12)
The consequence we will be interested in is the following convenient tail bound, which
reduces analyzing the concentration of a polynomial to computing its second moment.

Corollary 11.3.3. Let p € R[xy1,...,Xxn] be a polynomial with deg(p) < D. Then, for all
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t > (2e2)P2

P[Ip(g)l3 = t - Elp(g) 3] < exp (~ 57 (11.13)

Proof. By Proposition 11.3.2, for any q > 2,

Plip(g)| = t(Elp(g)1H)Y?] = Pllp(g)|? = t1(E|p(g)|*)1/?]
<t (Elp(g)|1*) " Y°Elp(g) |
<t (g -1)9P/?

< (@""* /)4,
and setting g := t?/P/e? > 2 we have
D »p
= exp (—e—zt ), (11.14)

completing the proof. ]

We will also use the following standard tail bounds on x? random variables and rectan-

gular Gaussian random matrices.

Proposition 11.3.4 (Lemma 1 of [LMOO]). Letg ~ N (0, I,)). Then,

2

P[llgllz = vn| =t] <2exp (—’;) (11.15)

Proposition 11.3.5 (Corollary 7.3.3 and Exercise 7.3.4 of [Verl8]). Let G € R"™" withm = n
have i.i.d. entries distributed as N (0,1). Let 07 (G) = - - - = 0,(G) = 0 denote the ordered

singular values of G. Then,

PlVvm-n—-t<o0,(G)<01(G) < vm+ n+t]=1-4exp(-Ct?) (11.16)
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for a universal constant C > 0.

We will also need some more specific combinatorial preliminaries, which describe how to
compute expectations of gaussian polynomials like those that will wind up associated with

pattern graphs in our calculations.

Definition 11.3.6. A cycle cover of a graph G is a partition of the edges into edge-disjoint

cycles. We denote the number of cycles in the largest cycle cover of G by Cmax(G).

Proposition 11.3.7. Let G = (V,E) be a graph, and for each v € V draw g, ~ N (0, Iy)

independently. Then,

[E{ 1 (gv,gw>:| = > k'€l < |E|Elgcmax(©) (11.17)

(v,w)eE C cycle cover of G

Proof. The first equality is proved in Section 4 of [MR11]. The inequality follows from the
fact that the number of cycle covers of G is at most the number of partitions of the edges

of G, which is at most |E|'! by Proposition 10.12.7. O

As a historical remark, we note that essentially the same results, though in somewhat dif-

ferent language, are given in the earlier paper [LRO1].

Proposition 11.3.8. Suppose G = (V,E) is a connected graph with no self-loops, but possibly
with parallel edges. Then, |V| + cmax(G) — 1 < |E|, with equality if and only if G is an inflated

tree—a tree where every edge has been replaced with a cycle.

Proof. Let C be a maximum cycle cover of G. Let G’ be the graph formed by removing an
arbitrary edge from every cycle in C. Then, |E(G')| = |E| — cmax(G) and [V(G')| = |V].
Moreover, G’ is connected, since there is a path in G’ between the endpoints of each edge
that was removed (along the remaining edges of the corresponding cycle). Thus, |E(G")| =

[V(G")| — 1, and substituting gives |E| — cmax(G) = |V| — 1.
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Equality holds if and only if G’ is a tree. If G is an inflated tree, this will clearly be the
case. Suppose now that G’ is a tree; we want to show that G is an inflated tree. If two
edge-disjoint cycles intersect in more than one vertex, then after one edge is removed from
each cycle, there still exists a cycle among their edges. Therefore, if G’ is a tree, then any
two cycles of C can intersect in at most one vertex. Moreover, again because G’ is a tree,
there can exist no further cycle of G including edges from more than one of the cycles of
C. Therefore, the graph formed by collapsing each cycle of C to an edge must be a tree,

whereby G is an inflated tree. O

Proof of Theorem 11.3.1. Let g1,...,gm ~ N (0, I,) be a collection of independent gaussian

vectors coupled to V* such that V*+ = span(gy,...,gm). Let us define
o := (loglogn) 32, (11.18)

which will play a similar role here to that of « in the proof of Theorem 11.2.1. Define
M© = (1-a/2)+ 3" gig], let D be the diagonal matrix with diag(D) = diag(M ), and
define M := T + D — M©. We will then take £ = £, for this choice of M (which we note
satisfies diag(M) = 1,, by construction).

We first establish a preliminary asymptotic on the eigenvalues of M@, Let A (M ®) >
A(MO) > ..o > A, (M©) > 0 be the ordered eigenvalues of M. Then, A1 (M) =
s = A (M©) = 0 almost surely. We note that vm/n < 1/,/logn < «, whereby the

concentration inequality of Proposition 11.3.5 implies that, with high probability as n — oo,

l—asAm(M(O))s---sAl(M(O))sl—%a. (11.19)
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We next control the entries of D. These are
1 m
Dy (1 - ) " z (11.20)

where the law of the inner sum is x?(m). By the concentration inequality of Proposi-
tion 11.3.4, we have that P[D;; = 4%] < exp(—n), and since m > logn by assumption,
upon taking a union bound we have that, with high probability, 0 < D < 4%[,1.

We next establish the projection-like behavior of M. Suppose first that v € V. Since the

row space of M ¥ js V1 we have, on the event that the bound for D above holds,
2 T 2 T m 2
o]l < v" Mv = vl + v" Do < <1+47> o] (11.21)

Now, suppose v € V*. Then, on the event that the bound for M above holds, we have

that since v is in the subspace spanned by the top m eigenvectors of M),

v Mv=|v]?+v " Dv-v MOy < |v|®>+4— ||'v||2 (1-)|v|?*= <47: + (X) lvl|2.
(11.22)
We now take up the main task of showing that Earisa pseudoexpectation of the required
degree. Note that the above results imply that Amin(M) = 1 — Anax(M @) > «/3, giving
the necessary control of the smallest eigenvalue. It remains to control the incoherence
quantities.
Writing hi,...,h, € R™ for the vectors h; = ((gj)i);lzl, we note that, for i + j, we have
M;; = -(1 - a)%(hi, h;), and the h; are independent and identically distributed with law

N (0, I,). Since for any fixed i # j the law of (h;, k) is the same as that of [|h|[>(k;); (by
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orthogonal invariance of gaussian vectors), using Proposition 11.3.4 again we may bound

P |yl ih)| = t] = Pl = 20 + P 10h)1] = 5 |

24,2
< exp (—%) + exp (— t81:l¢ ) (11.23)

Recall that we have assumed m > log n. Therefore, taking a union bound over these events
for {i,j} € ([’g]) we find that, with high probability as n — oo, the simpler incoherence

quantities will satisfy

mlogn
Eoffdiag (M) < S‘ITE’ (11.24)
mlogn m?log® n e mlogn
Ccore (M) =25 (228 4 ()08 1) 50 [TROBTL (11.25)
n n n

For €,0w, We observe that by the above reasoning with high probability M > 0, and thus

IM;;| <1 forall i # j. On this event, we have

€pow (M) < maxZMU < ﬁ max h; (Zh hT) i <

1e[n] ie[n] =i

max |[h;l3.  (11.26)
ie[n]

By the calculations above, with high probability we have both ||h; ||§ <4mforalli € [n] and

I Y hih] =122 gig] || = 5 IIM @ || < 2n. Thus we find that, with high probability,
Epow (M) < 8%. (11.27)

Finally, for €ye. and €., we will use pattern diagrams together with hypercontractivity.

We begin with €. Examining one term in the maximization, for a given T € 7 (2d’) and
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s € [n]*4, we have

ZT(M; s)

1{sy =--- =su}

> [T Mu.wfiew

ac[n]V"with s,a not all equal (VsW)€E(T)

> [T Mrwrw

ac[n]V" with s,a not all equal (V,W)€EE(G)
(G,f)=pat(T,s,a)

and since the pattern diagram is constructed to have all edges between vertices with differ-

ent indices, we may expand this in terms of the h;,

1 — )\ E©@]I
) 2 <_ n ) [T (hrw)hrw). (11.28)
ac[n]V"with s,a not all equal (v,w)EE(G)

(G,f)=pat(T,s,a)

Towards applying the hypercontractive inequality, we compute the second moment:

E[(Z"(M;s) —1{s1 = - - - = 5n})°]

1 — )\ E@)
= >. (— ) E [T (hrwyhrw)
O n
a1,a2€[n]V " with s,a; not all equal (v,w)€E(G)
and s,a? not all equal

(G,f)=pat((T,s,a1),(T,s,a2))

and simplifying the remaining expectation using Proposition 11.3.7 and bounding the first

term,

< (6d)54 > 1{G has a cycle cover}n~E(G) I max(C)
a1,a2€[n]V " with s,a1 not all equal

and s,a> not all equal
G=pat((T,s,a1),(T,s,a2))
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where we note that the expression does not depend on the labelling f of the vertices of G
anymore. Now, as before, we group terms according to the graph G, using that each occurs
at most n!V"(@! times in the sum, and that each G arising is connected, contains at most 6d

vertices and 6d edges, and at least one e vertex:

< (6d4)% > 1{G has a cycle cover}n!""I=Elycmax(©)
G=(V*uVD,E)ePat:24(2)

< (6d)64 D 0!V H+Cmax (G)—|E|
B n
G=(V*UVD,E)ePat524(2)

Now, by Proposition 11.3.8 we have |V*| + |[VP| + cmax(G) — |E| =1 < 0. If |V*| = 2, then this
vields |VP + cmax(G) — |E| < —=1. If |V*| = 1, we argue slightly more carefully and note that
in this case, since all e vertices in both underlying trees collapsed to a single vertex, in fact
all vertices in G have degree at least 4, so G cannot be an inflated tree as in the only case
of equality for Proposition 11.3.8. Therefore, in this case we have |VP| + cnax(G) — |E| < =1

again, whereby

m
< (6d)6dﬁ > 1
G=(V*UVD,E)ePats24(2)

and concluding with Proposition 11.1.6, we find

< (6d)24d%.

24d
< (64) . (11.29)
n

(Here we have been slightly more precise than strictly necessary, in anticipation of referring
to our results when discussing the SK Hamiltonian below.)
Now, we observe that ZT(M;s) — 1{s; = - - - = s»4'} is a polynomial of degree at most

2|E(T)| < 6d (by Corollary 10.12.10) in the entries of the h;, which are i.i.d. standard gaus-
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sians. Thus we can apply the hypercontractive tail bound of Corollary 11.3.3 to find, taking

t = nl/* > (2e2)34 for n sufficiently large,
P1ZT(M;8) = 1{s1 = - - - = S2a'}| = (6d)24n"14| < exp(—6dn?/124), (11.30)

Taking a union bound, since the number of choices of d’, T, and s is at most d - 2(3d)34 -

n%d < n% for n sufficiently large, we have

P [ euee(M;2d) = (6d)'24n 14| < n exp(~6dn'/124)

< exp (6d(|ogn—n”12d)>, (11.31)

and recalling that d < ﬁ log(nn/m)/ loglogn from our assumption we find that the event

above holds with high probability. Also, from this same assumption we find (6d4)%4 < n!/8

for n sufficiently large, whereby with high probability
€rree (M;2d) < m~ 18, (11.32)

We now perform the same analysis for €.,(M;2d). Again examining one term with

agiven T € T(2d’) and s € [n]?%, manipulating as before, and computing the second
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moment, we find

E[( 2. [ Mfs,aw)fs,a(w))j

ae[n]VD (v,w)eE(T)
a (T,s)-loose

1 -« [E(G)]
- 2. (‘ n ) E [T (hrenhrw)
a1,a€[n]V"” (v,w)€E(G)
ai,a? (T,s)-loose

(G,f)=pat((T,s,a1),(T,s,a2))

< (64)% > 1{G has a cycle cover}nE(@) Iy cmx(G)
ay,aze[n]¥"
ai,a2 (T,s)-loose
G=pat((T,s,a1),(T,s,a2))

< (6d)% > 1{G has a cycle cover}n!V" - Elypcma(©)

G=(V*UVD,E)ePats4(2)

We recall that |V*| = |set(s)| and |V*| + |[VP| = |V|, so we may rewrite this by “forgetting”

the vertex types as

= n~ st (6q)54 > 1{G has a cycle cover}n!VI~Elycmax(C)
G=(V,E)ePat524(2)

< n—|set<s>|(6d)6d% S V14 Cmax (G)— E| (11.33)
G=(V,E)ePats24(2)
Now, by Proposition 11.3.8, the inner term is at most 1 unless G is an inflated tree. We
claim that, when G = pat((T, s,a;), (T, s,a,)) where a; and a, are both (T, s)-loose, then G
cannot be an inflated tree. To prove this, we consider two cases.
Case 1: |set(s)| = 1. In this case, as we have argued above, since the total number of
e vertices in the two initial trees taken together is at least 4 and neither of these trees is a
pair, every vertex in G will have degree at least 4, whereby G cannot be an inflated tree.
Case 2: |set(s)| > 1. Suppose, more specifically, that G = pat((Ty, s,a ), (T2, s,a2)).
Since a, is (11, s)-loose, there exists some i € [n] and some v € VU (T;) such that v belongs

to the minimal spanning tree of leaves £ with Skr, (0) = i, but (a1), # i. In particular, there
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must exist two such leaves £1, > such that v is along the path from ¢; to £». In G, the vertex
that v is identified to—call it x—is different from the vertex that £; and ¥» are identified
to—call it v. Since [set(s)| > 1, there is some j # i and a leaf £’ with Skr, () = J. Suppose
{’ is identified to a vertex z in G. Then, there is a path from x to z in G, so there are two
different paths from y to z consisting only of edges coming from T;.

On the other hand, since T> is a tree and a» is (713, s)-loose, there is another path in G
from 7y to z and consisting of edges different from the first two paths, coming from T>.
Therefore, in G there exist three different paths between 7y and z; put differently, a triple
edge can be obtained as a minor of G (after discarding self-loops). On the other hand, any
minor of an inflated tree is still an inflated tree (again after discarding self-loops), and a
triple edge is not an inflated tree. Thus, G cannot be an inflated tree. This concludes the
proof of our intermediate claim.

We then conclude the main argument using Proposition 11.1.6:

2
m
(S T M) |sreas® 5

t(zTe[r)L]IV” (v,w)eE(T) G=(V,E)ePat324(2)
a (T,s)-loose

< plset(s)] (6d)24d%. (11.34)
Similarly to before, we apply Corollary 11.3.3 with t = (n/m)'/4, finding

p[nset(S)/2

Z 1_[ Mfs,a(v)fs,a(w) > (6d)12d(m/n)1/4}

ae[n]VD (v,w)eE(T)
a (T,s)-loose

< exp(—6d(n/m)/1?4), (11.35)

and performing the same union bound calculation over all choices of d’, T, and s shows
that, with high probability,
€err(M:2d) < (m/n)V/8. (11.36)
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Thus, combining the results on the incoherence quantities, with high probability we have

1/8 1/8 1/8
€(M;2d) = 55, THOEM g (L) (M) s (M) (11.37)
n n n n

On this event, we work with the condition of Theorem 10.2.3, for n sufficiently large:

32
(12d)32 | M |5 (M; 2d) V% < 64 (éz‘i) < %(Ioglogn)‘SZ = %a < Amin(M),  (11.38)

concluding the proof. O

11.4 DEGREE 6 LOWER BOUND FOR SHERRINGTON-KIRKPATRICK
HAMILTONIAN

We now prove our SOS lower bound for the SK Hamiltonian.
Theorem 11.4.1. For any € > 0, for W ~ GOE(n), lim;,_o P[SOSg(W) > (2 —€)n] = 1.

The new technical lemma we need here compared to previously controls the €y, incoher-
ence quantity from Definition 10.2.2 in the previous chapter. Recall that, in this setting, this

amounts to controlling the spectrum of M°? for M a rescaled low-rank projection matrix.

Lemma 11.4.2. Leté € (0,1) andv = én. Then, for any K > 0 there exist constants C1,C> > 0
depending only on K and 6 such that, letting hq,...,h, ~ N (0,1,) be independent, a; :=

isovec(hih] — I,,), and A € R""+D/2Xn hagye the a; as its columns,

dl

In essence, this says that the %ai are approximately orthonormal. We give the proof in Sec-

%ATA - L <G >1-—¢. (11.39)

nk

Iogn} G
Jn

tion 11.5 below using powerful general results of [ALPTJ11], as well as a related result used
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in [KB20] that gives a more direct proof for the case of M a rescaling of a genuine random
projection matrix—not just the Gaussian approximation thereof—showing how such results

can be proved even without independence assumptions.!

Proof of Theorem 11.4.1. We start out following similar steps to Theorem 11.3.1. Fix some
small 6 > 0, and let V be the eigenspace spanned by the dn leading eigenvectors of W. Let
us define r := on, following the notation from earlier. Let gi,...,9, € N (0, I,) be a col-
lection of independent gaussian vectors coupled to V such that V = span(g,...,g,). Define
MO =1 - o</2)5771 >i_.19ig; . Let D be the diagonal matrix with diag(D) = diag(M ),
and define M :=1 - D + M,

We first control the entries of D. These are

Dy; = < - > 6n§ (g)); = ( > },i (g));- (11.40)

Applying the concentration inequality of Proposition 11.3.4 and a union bound, we find that
with high probability (1 — «)I,, < D < (1 — «/3)1I,. Since M© > 0, on this event we have
M = («/3)I,, and also |[M — M| = || I, - D| < «.

We now show that M satisfies the conditions of Theorem 10.11.2. We note that, again
writing hi,...,h, € R" for the vectors h; = ((gj)i)?zl, for i # j we have M;; = (1 -
/ 2)%(hi, h;). Following the same calculations as in Theorem 11.3.1 (noting that we may
follow them truly verbatim, since the setting is identical except for the constant in front of

each M;; with i = j), we find that we have, with high probability

Eoffdiag (M) < K| loin, (11.41)

€err(M;6) < K. (11.42)

11 thank Ramon van Handel for suggesting that the line of work in [ALPTJ11] would be applicable here.
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Here and in the rest of this proof, we adopt the convention that K = K(6) > 0 is a constant
that may change from line to line.
We now control €,0,(M). For k > 3, by the Gershgorin circle theorem and substituting

In €qfdiag (M), we note that we have

3
logn log® n
IM* I, sn(KJi) sKBg—ﬁ. (11.43)

We will take tpon = (1 — 0(/2)2%. Let us define vectors a; := isovec(h;h; — I,), where the

mapping isovec : R% — R""+1)/2 jg such that (S, T) = (isovec(S),isovec(T)). We note that

sym
(ai,a;) = (hi,hj)* — |hill* = [|h;]]? + 7. (11.44)

Thus, writing A for the matrix with the a; as its columns and b for the vector with entries

llh;l|%, we have

_ 2
M2 _T, - (1:;/2)<ATA CB1T 4 1nbT — 7 1nl] — diag(b)2> (11.45)
(1-0a/2)?

- T(ATA + (-1l +1,(b—7r1,)T +7r1,1] — diag(b)2>, (11.46)

whereby with our choice of t,,, we may bound

HMOZ _In_ tpowln]—;rL”
2
A -af2) (
72

IATA = v Il + 2n'2(lb — v 1pll2 + 1720, - diag(b)2||>
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By Proposition 11.3.4, with high probability for all i € [n] we have |||h||? — 7| < ¥3/4, on
which event we have [|b—r1,|> < v3/4n'/2 and ||r*I, —diag(b)?|| < 3r’/4, which leaves only

the more interesting term,

2

< HTIZATA — L) + B+6 Hr /4 (11.47)

Finally, by Lemma 11.4.2 the remaining term is at most K \/Iog2 n/m with high probability,

whereby we find with high probability
< Kn~'4, (11.48)

Combining these results, we see that €(M, tpow) < K n~Y4, Since by our earlier calculations
Amin (M) = o/ 3, the condition of Theorem 10.11.2 will hold with high probability.

Now, we consider the constant ¢ appearing in the theorem. Recall that we chose t,on <

A

Kn~'. We have |M| < 1+ ||M©| < K with high probability by Proposition 11.3.5, and
M2 < JrIIM?|?2 < vV2||M|? < Kn'/2. The only quantity it remains to control is

Eoffdiag (M ?). We have
M?=(I-D)+I-D)M® + MO - D)+ M, (11.49)
and thus, for i # j,

[(M?)ij] <12 = Dig — Djj| IM{)| + [(M©) ]

<K, /'Oi" + (MO, (11.50)

with high probability for all i + j by our previous reasoning. For the remaining term, let

G € R™ have the g; as its columns and the h; as its rows, so that M = (1- a/Z)%IGGT.
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Then, we may write

(M(0)2)ij

2
- (1- /2?2 el GGTGG e
n

n
=(1- o</2)25*2%h,iT (Z hkh;) h;
k=1

1
=(1- 0(/2)25_2ﬁ ((Ilhillﬁ + lIhjlI3)(hi, hj) + h] ( > hkhZ) hj) : (11.51)
keln]\{i.j}

In the last factor, by our previous reasoning with high probability the first summand is, in
magnitude, at most Kn3/?logn for all i # j. In the second summand, note that for each
fixed i # j, the vectors h;, hj, and the matrix > ycin i) hihy =1 B~} are independent.
By Proposition 11.3.5, for all i # j, |B~'}|| < Kn, and therefore also ||[B~4/}||%2 < n3,
with high probability. Conditioning on the value of this matrix and applying the Hanson-
Wright inequality [RV13] for a fixed i = j then shows, after a union bound, that with high
probability, |h] B~ h;| < Kn'3/8 for all i + j (indeed, this will hold with any exponent
larger than 3/2). Thus we find €qfraiag (M?) < Kn3/8 with high probability (this, in turn,
will hold with any exponent smaller than 1/2, which coincides with our expectation that we
should have €qftqiag (M ) <K €ofrdiag (M) for M close to a rescaled projection matrix).

Therefore, the constant ¢ from the statement of Theorem 10.11.2 will satisfy

C =<

S =

<ﬁ+n-n’3/8+n2 -n’9/8) <Kn V8, (11.52)

The theorem produces fa degree 6 pseudoexpectation with ElzzT]=(1-c)M + cI,. Sup-

pose we have chosen 6 small enough that, with high probability, the largest 6n eigenvalues
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of W are at least 2 — €/2. Then we have, with high probability,

n1S0Se(W) > n Y (W,(1 -c)M +cl) (11.53)

> (1-c)n YW, M) — «|| W] - cltr(W)] (11.54)

and since we have, with high probability, |[W| < 2 + &, [tr(W)| < logn, and (W, M) >

Ay (M NA5, (W) = (1 — x)(2 — €/2), we find on this event that

>(1-Kn'®)1-x)(2-€/2) —ax(2+a) —Kn8logn (11.55)

and choosing « sufficiently small, depending on our choice of 6 above, we will have for

sufficiently large n

>2-¢, (11.56)

completing the proof. ]

11.5 TENSORIAL SAMPLE COVARIANCE MATRICES

In this section we give the proof of Lemma 11.4.2 controlling a covariance-like matrix con-
sisting of Gaussian tensors, as well as a variant for tensors built from a matrix distributed
uniformly on the Stiefel manifold, used in [KB20] and involving a different and indepen-
dently interesting proof technique. Related questions have been studied recently in, e.g.,

[Ver20]; see also our references below.
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11.5.1 GAUSSIAN TENSORS: PROOF OF LEMMA 11.4.2

The proof will use powerful concentration inequalities developed for low-rank sample co-

variance matrices of this kind for random vectors having a certain concentration property.

Definition 11.5.1 (Orlicz norm). Let x € R4 be a random vector. For p > 1, we define its

p
lzlly, = sup inf{C>O:[E[exp(<|<w’Cy>|> )] SZ}. (11.57)

yeR4
llyll2=1

norm as

(The specific constant 2 is not essential, but is a common convention. Note also that y, is
the standard notation, but we switch the index variable to p to avoid confusion with our

dimension variable 7.)

Proposition 11.5.2 (Theorem 3.3 of [ALPTJ11]). Let p € [1,2]. Let @1, ...,Tn € R? be inde-
pendent centered random vectors, each having finite @, norm, and let ¢ = maxie[n] [|Zilly,-
Let A € RY" have the x, ..., T, as its columns. There exist universal constants C;,C> > 0

such that, for any 6 € (0, 1),

1/p
[I1AyI3 - 1| < Ci(wVd +V1 + 9)2\/Z {1 + log (\/zﬂ +0 forally € S%'  (11.58)

with probability at least

1 - Ciexp (—Cg\/ﬁ {1 + log (\/z)}) - 2P [m[a>§ ) |5 — 1‘ > 0} ) (11.59)

To apply Proposition 11.5.2, we must show that the distribution of the vectors %ai has

bounded , norm for some p € [1,2]. The following achieves this for p = 1.

Proposition 11.5.3. Let h ~ N (0,1,) and a = isovec(hh™ — I,.). Then, llally, < C for a

universal constant C > 0 (concretely, C = 30 suffices).
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Let us give the intuition behind this claim. Bounded ¢/; norm is a certain characterization
of subexponential distribution of the linear forms of a random vector. After centering, a
vector of squared gaussians exhibits tail decay of this order by well-known concentration
inequalities [LMOO]. Thus, assuming that the highest variance components of a correspond

to the diagonal entries of hh™ — I, our result is not surprising.

Proof of Proposition 11.5.3. Given y € R""+D/2 with |ly|» = 1, let us view y = isovec(Y") for
Y ~ R with ||Y || = 1. By the spectral theorem, there exist U € O(r) and A € R” such

sym

that Y = U diag\NU™, [[All2 = Y |lr =1, and [|All« = Y|l < 1. We have

.
(@,y) =h"Yh—tr(Y) = D A ((hyu)? - 1). (11.60)

i=1
Let A*, A~ € R” have A = max(0,A;) and A; = —min(0,A;), so that A7 > 0 and X =

AT — A7, Note that [[A*l2 < Al =1 and [[A* [l < [[Allo < 1.

We bound

i/\; ((h,ui)?-1)|. (11.61)

i=1

[{a,y)| < i/\j((h,ui)z—1> +
i=1

K+Y(y) K*Y(y)

Note that (h,u;) for i € [v] are » i.i.d. random variables distributed as /N (0, 1), since the

u; form an orthonormal basis. Suppose t > 1. Then, using Lemma 1 of [LMO00],

P[|{a,y)| = 8t]
<P[[¢a,y)| =4 (IXlI2VE + IAt) ]
<P[K*(@) = 2 (IAlVE + IAllwt) | + P [K™(@) = 2 (IX2VE + IA]lst) ]

< 4e ™t (11.62)
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Fix C > 0, then changing variables in (11.62) we find that for any b > exp(%),
P[ap<“mg”|)zb]s4bcw. (11.63)

Integrating (11.63), we find that for any by > exp(%) and C > 8,

E[em3<|“hln|>];sbo+- 4b=C/84p

C bo
32pLC/8
=by+ =20
0t T8

Optimizing over by, we find the optimal value bj = b%/¢, whereby

[E[exp(“s’ca)')] < 48/¢ (1+ C§8>'

We see that the above expression tends to 1 as C — o, and in particular is smaller than 2

for sufficiently large C. One may verify numerically that C = 30 suffices. O

To control the other term appearing in (11.59), we will also need to control the norms of

the a;.

Proposition 11.5.4. For any K > 0, there exist C;,C> > 0 such that, for any v > 1, letting

h ~ N (0,1,) and a = isovec(hh™ — I,),

u»[{lznan%—l' 26‘1\/"’“} <2 (11.64)
v Y 4

Proof. We compute

1, 1 > (lhl2)* IRll2\? 1
rﬂmM=72Wm7—Lmz(\ﬁ> —2(7 )+;. (11.65)
The result then follows by applying Proposition 11.3.4 to the first and second terms. O
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Proof of Lemma 11.4.2. We apply Proposition 11.5.2 to the vectors %ai. Note that in our

case d = " while ¢ = O(1/7) by Proposition 11.5.3, whereby @+/d = O(1). Taking

0=C, '°§L" for C sufficiently large and applying Proposition 11.5.4 then gives the result. [J

A very similar situation to ours is also treated as an application of [ALPT]J11] by [FJ19].
Analogous results are mentioned without proof in [AHH12] for the distribution a’ = h ®
h’ where h and h’ are i.i.d. standard gaussian vectors. Thus we show that the y; norm
does not “see” the additional weak dependences present in our distribution. This is not
a new idea; for instance, it was shown in [Cun14] that in a suitable parameter regime the
sample covariance matrices of either of these distributions of vectors have empirical spectral
distribution converging to the same Marcenko-Pastur limit. Unfortunately, these results
are obtained with free probability techniques and thus, unlike a moment calculation, do
not directly assist in controlling the largest eigenvalue. In [AHH12] a moment calculation
is carried out for the h ® h’ distribution; extending this to the h ® h distribution is an

interesting challenge.

11.5.2 HAAR TENSORS

We also consider the analogous situation where the law of the vectors in question is asso-
ciated to the uniform or Haar measure on the Stiefel manifold. The Stiefel manifolds are
defined as follows:

Stief(n,r) = {VeR™™:VV'T =1,}. (11.66)

In words, Stief (1, ) consists of the » xn matrices with orthonormal rows. The Haar measure
Haar(Stief (n, 7)) is the unique measure on Stief(n,7) that is invariant under the action of
O(n) on Stief(n,r) by multiplication on the right. Equivalently, Haar(Stief(n,v)) is the
measure obtained by restricting Haar(O(n)) (defined in the usual way) to the upper » x n

matrix block.
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These measures enjoy the following concentration inequality when v < n, obtained by
standard arguments from logarithmic Sobolev or isoperimetric inequalities for the special
orthogonal group SO (n), of which Stief (n,7) is a quotient when » < n (see, e.g., the discus-

sion following Theorem 2.4 of [Led01]).

Proposition 11.5.5. Suppose 1 < v < n, and F : Stief(n,r) — R has Lipschitz constant at
most L when Stief (n,r) is endowed with the metric of the Frobenius matrix norm. Then, for

an absolute constant C > 0,

(11.67)

Cnt?
L2 ’

Py ~Haar(Stief(n,r)) [IF(V) = EF (V)| = t] < 2 exp (—
We also register the following preliminary result on the moments of Haar-distributed
orthogonal matrices. The following gives the low-degree moments of Haar-distributed or-

thogonal matrices.

Proposition 11.5.6 (Lemma 9 of [CM07]). Let @ ~ Haar(O(n)). The moment E]{_, Qi IS
zero if any index occurs an odd number of times among either the iy or j,. The non-zero

degree 2 and 4 moments are given by

1

EQ3, = o (11.68)
EQ}, = n(n3+2) (11.69)
EQ}Qh = (11.70)
EQT1Q% = (= 11);(11 o) (11.71)
EQ11Q12Q21Q22 = — = 1)?11(” o) (11.72)
Our result is then as follows.
Lemma 11.5.7. Let v = 6n, V ~ Haar(Stief(n,r)), and vi,...,v, € R" be the columns
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of V. Let A°th have isovec(61vv] — %Ir) as its columns (recall isovec(-) is the isometric
vectorization of Definition 8.2.2). Let Pyr = I, — %1,11;1, the orthogonal projector to the

subspace orthogonal to 1,,. Then,

< 0; ('Z%Z)] =1 —exp (-Qs(n'?). (11.73)

P [HAorthTAorth _ PIIL

Proof. Note that A1, = isovec(zV VT — I,) = 0; thus it is impossible for A°*" to act
on R™ as an approximate isometric embedding, as we might naively expect from its weakly

dependent columns. Our argument is more natural to carry out if we remove this caveat;

therefore, let us define Agrth to have columns isovec(%viviT - 1_/EI,,). One may check that

| AZ™ 1,12 = 11,2 = 7, and that

. : 1

A8rth A8rth — Aorth Aorth + Eln]-:q- (1 1-74)

In particular, Agrt“TAgfth — I, = Aorth" gorth _ P, ., so it suffices to show the operator norm
bound of (11.67) for AZ™ At — I,,.

For & € R", let us denote D, := diag(x) for the course of this proof. Then,

Atz = isovec (5‘1 i Xivv] — 1 _T\/g(ln,ac)Iy)
i=1
= 6 lisovec <VD96VT 1 _nﬁ(ln,a:)Ir> ) (11.75)
For x,y € R", define
Fpy(V) 1= (A3, AZy). (11.76)
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Then, recalling that P := VTV is the orthogonal projector to the row space of V,

Fyy(V)
=52 <VD$VT 1 _n\/g(ln,a:)Ir,VDyVT 1 _nﬁ<1n,y>1,,>
= 572 [tr (D,PD,P)
1 _nﬁ(ﬂn,w)tr(PDy) + (1, y)tr(PDy))
+ W(ln,mun,y)]. (11.77)

Let us denote balls in Euclidean space by
B(x,v)={yeR":|lx—yl.<7}. (11.78)

Our first goal will be to obtain concentration bounds on F, , (V') when V' ~ Haar(Stief(n,7))

for each fixed pair (x,y) € B(0,1)?, by applying the Lipschitz concentration inequality.

Claim 1. Let x,y € B(0,1). Then,

. . 1
Lip(Fs) < 462 [mm [l llylle) + ﬁ] . (11.79)

Proof. For V1, V, € Stief(n,r), letting P, = V;"V;, we have using (11.77) and the triangle

inequality

52 |Fm,y(‘/1) - Fm,y(‘/Z) |

= [tr (D PiDyPy) — tr (D, P,D,P,)||
L (1=V8)|(1y, )]
n

|tr(P D,) —tr(P,D,) |

N (1- ﬁ;ﬂ(ln,yﬂ ltr(P,D,) — tr(P,D,)|,
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then using that [(1,,x)| < ||lz||; < v/n and likewise for y,

< |tr (Da;.PlDy (P1 — P2))| + |tr (Dw (Pl — Pz)DyP2)|

1
T (Itr((Py = P2) Dy)| + [tr((P1 — P2)Dy)|)
< (IDzPrilir + 1Dz Pallp) 1Dy (Py — Po) llF
2
+ \/—ﬁllPl — PlF. (11.80)

Since P, is an orthogonal projector for i € {1, 2},

/2
ID,Pillr = (D%, P)" < @[ D22 < 1. (11.81)
We bound the other term by
2 2\1/2
1Dy (P - Pl = (D2, (P, - Pp?)" < llyllwll P, - Pylir. (11.82)

Combining these observations and a symmetric argument with x and y in opposite roles

gives

. 1
Fuy (Vi) — Fuy (V)] < 2672 [mm el llyllel + ﬁ] 1P, - Pl (11.83)

Lastly, we bound

1P = Pollr = IV}"Vi = Vo Vallg

=IVi =Vo)"Vi + V,T (Vi = Vo) e
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where by triangle inequality

< (Vi = V) Villg + IVyT (Vi = Vo) I
= (tr[(Vi = Vo) TViV (V; = Vp)])*°
+ (tr [(Vi = Vo) TV (V; — Vo)) V/?

=2[[Vi = VallF, (11.84)

where we have used that V; V" = VL,V," = I, and the result follows. O

Therefore, and what is crucial to our argument, while for the worst-case & € B(0,1),
namely = = e; a standard basis vector, F,, will have Lipschitz constant O (1), for typical
@ € B(0,1), F,, will rather have Lipschitz constant O(n~'/2). Moreover, the Lipschitz

constant of F,, is comparable to the smaller of the Lipschitz constants of F,, and Fy,.
Claim 2. For x,y € B(0,1), Ev-Haar(stief(n,r) Foy (V) = (T, y) + Os(n1).

Proof. We have

8%EF,, (V) =Etr (VD,V'VD,VT)
1-+/6
n

(1n,x)Etr(V'V D,,)

1 _n\/g(ln,y)[Etr(VTVDx)

5(1 - V5)*
4 — -7
n

(1n,w><1n,y>1 (11.85)

and by either the moment formulae of Proposition 11.5.6 or an argument from orthogonal

invariance of Haar measure, we have EV TV = §1I,,, whereby

= Ftr (VD,V'VD,VT) - 5(111_5)<1n,a;><1n,y>. (11.86)
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View V'~ Haar(Stief(n, 7)) as the top r X n block of Q ~ Haar(®(n)). Then, expanding the

first term with the moment formulae of Proposition 11.5.6,

Etr (VD,V'VD,VT)

> Xiyj( > [E[QainiQanbj])

ij=1 a,b=1

leyl( 3r +1f(1f—1))

nm+2) nmn+?2)

v r(r-1)
2 Xiyf(n(nm) - (n—l)n(n+2)>

l<i<j=n

=ni2<r+1+;:i>i2xiyi
() (3 (2)
o(1-9)

(6% + 0s(n™)) @, ) + (1 +05(n7")) == (Ln, &) {1n,y), (11.87)

and since |[{x,y)| < llzll2llyll> < 1 and |[{(1,,x)| - |{1,,y)| < n, the result follows. O

Combining Claim 1, Claim 2, and the concentration result Proposition 11.5.5, we find the

following corollary on pointwise concentration of F, (V).

Claim 3. There exist constants C,,C> > 0 depending only on 6 such that, for any x,y €

B(0,1),

C
PV ~Haar(Stief (n,r)) [‘ (A, AJ™My) — (x,y) ‘ > ;1 + t]

antz )

(min{[[@lle, lylle} +n-172)2 (11.88)

< 2exp (—

This concludes the first part of the argument.
The remaining part of the argument is to apply a union bound of the probabilities con-

trolled in Claim 3 over suitable nets of B(0,1). We divide our task into a bound over
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sparse vectors and vectors with bounded largest entry, very similar to the technique in
[Rud08, RV08] and especially [Verl1]. Introduce a parameter p € (0,1) to be chosen later.

Define

Bs:={y € B(0,1) : llyllo < pn}, (11.89)
1
By = {263(0,1)1”2“00—\/[)711}- (11.90)

For any « € B(0,1), we define y = y(x) and z = z(x) by thresholding the entries of x,
setting ;i := x;1{|x;| > ﬁ} and z; := x;1{|x;| < ﬁ}. Then, ¢ = y+ 2z, y € B, and z € By,.

Introduce another parameter y € (0,1) to be chosen later. Let Ny C B; and N, C By
be y-nets. By a standard bound (see, e.g., Lemma 9.5 of [LT13]), we may choose |N}y| <
exp(2n/y), and by the same bound applied to each choice of pn support coordinates for an

element of By, we may choose

NG| < (Lpnnj> exp <2§/n) < exp (2{;11 + pn + log (;) pn) . (11.91)

To lighten the notation, let us set S := AgrthTAgrth — I,,. The following is an adaptation to

our setting of a standard technique for estimating a matrix norm over a net: we first bound

ISl = max |zTSx|

z€B(0,1)

<max|(y +2)"S(y + 2)|
YEBs
z€E€By

<max|y'Sy|+max|z'Sz|+2max |y’ Sz|
YyEBs ZEBy YEBs

z€E€By

<max |y 'Syl + max |z7Sz|+ 2 max |[y"Sz| + 12y|S]. (11.92)

YyeN; z€NY YyEN;

zeNy
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Rearranging this, we obtain

1S1 <

max |y Syl + max |[z7Sz| + 2 max |ly' Sz||. (11.93)
YEN; z€Ny YENs

1
1-12y yens

Using Claim 3 and a union bound, we have that

4 (a )
P[”S”Z1—12y<n+t]

P 242
< 2(INp| + ING| - |INp|)exp | —C n-t
(INp| + ING| - INp]) P( 2(1+\/ﬁ)2 )

+ 2| Ns| exp (—C;ntz)

2 L IS
S3exp<n[y(l+p)+p+|og(p)p C2(1+\/ﬁ)2nt ])

2p 1 Co Z])
+2exp|(n|—+p+log|— - —t . (11.94)
g [y prtog (1) -

Taking p = n~ V2, t = C3n~'/*logn for a large constant (3, and y < 1—12 a small constant, we

obtain the result. 0
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A OPEN PROBLEMS

We briefly present several open problems motivated by the various topics discussed in the

main text.

A.1 LOW-DEGREE METHOD BEYOND INTEGRABLE MODELS

Our analysis of the low-degree likelihood ratio in Chapter 4 depended on elegant “integrabil-
ity” properties of models where we make observations drawn from convenient distributions.
In particular, we used at length the algebraic and combinatorial properties of orthogonal
polynomials of these distributions, drawing on the “umbral calculus” of Hermite polyno-
mials and various related systems of identities for other polynomial families. There are
two directions in which these distributional assumptions may be weakened. First, we may
consider well-behaved entrywise distributions with complicated correlations across entries,
such as in the random regular graph ensemble Reg(n,d). Second, we may consider i.i.d. dis-
tributions whose entrywise distributions do not belong to convenient exponential families.
Is it possible to develop techniques for the computations called for by the low-degree heuris-
tic for such situations, techniques that do not rely on detailed knowledge of the associated

orthogonal polynomials?
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A.2 OVERLAPS, LOW-DEGREE POLYNOMIALS, AND STATISTICAL
PHYSICS

We showed in Chapter 4 that the efficacy of low-degree polynomials for problems like spiked
matrix models and many generalizations thereof are governed by the overlap distribution of
the spike or signal prior, the law of (x!,x?) for x',z? ~ P, independently in the case
of a rank-one spiked matrix model. Similar distributions with overlaps of two independent
draws from a posterior distribution also arise naturally in Bayesian analyses of problems like
these, especially in their treatment with the methods of statistical physics. Can this formal
resemblance be used to show that the predictions made by statistical physics methods and
predictions based on limitations of low-degree polynomials may, for some broad class of

problems, be equivalent?

A.3 CHANNEL MONOTONICITY

The result of Theorem 4.3.14 suggests two intriguing open problems further probing the

low degree method.

1. Are the channel monotonicity predictions accurate, i.e., can they be corroborated with
any other form of evidence of computational hardness? (One intriguing possibility is

average-case reductions in the style of [BR13, BB20] between different NEF-QVFs.)

2. If these predictions are accurate, then does strict inequality hold in computational cost
between any of these versions of a given problem, or does channel universality hold
(we borrow the term from [LKZ15a] but use it in a slightly different sense), where in
fact computational complexity of testing does not depend on the NEF-QVF through

which the data are observed?
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A.4 FISHER INFORMATION-ORTHOGONAL POLYNOMIAL
IDENTITIES

As we have mentioned, the original argument of [PWBM18] derives the critical value A* for
the non-Gaussian spiked matrix model we treated in Section 5.4.2 in terms of the Fisher
information in the family of translates of the distribution pse", while our calculation, if
we consider D = D(n) growing slowly, obtains the same predicted value using orthogonal
polynomials. It appears that the connection between these derivations lies in the summation
identity > 4.0 ﬁ = %2 We suspect that there are similar identities associated to these
two approaches to calculating the critical signal-to-noise ratio in spiked matrix models for
other algebraically-convenient noise measures p. It would be interesting to understand what
class of summation identities arises in this way, and whether equating these two derivations

can give novel proofs of such identities.

A.5 CAN LOW-DEGREE POLYNOMIALS EXPLORE?

The discussion in Section 5.4.2 on a non-Gaussian spiked matrix model suggests that, for
algorithms computing low-degree polynomials, there is a tension between robustness to
heavy-tailed noise distributions and optimality for specific rapidly-decaying (and, in that
case, non-Gaussian) noise distributions. In particular, we might expect low-degree polyno-
mials to have difficulty performing optimally on problems with an unknown noise distribu-
tion. For example, it was shown in [MRY18] that there is a distribution-agnostic algorithm
achieving optimal performance in a wide range of Wigner spiked matrix models, that first
identifies the noise distribution using kernel density estimation and then applies a recovery

algorithm tailored to that distribution. Since the initial phase of such an algorithm is often
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said to fall under the rubric of “exploratory data analysis,” we call this algorithmic strategy
exploration before inference. Can low-degree polynomials explore in this way?

It is easy to show that, for instance, if we draw observations from a model where the
noise is drawn with probability % from psech for all entries and with probability % from some
heavy-tailed phe¥ with only finitely many moments for all entries, then low-degree polyno-
mials will be suboptimal in the sense we have been considering, simply because L?(Q,,) will
only contain polynomials of bounded entrywise degree. Is this an artificial example that can

be repaired, or does it indicate a more fundamental weakness of low-degree algorithms?

A.6 SUM-OF-SQUARES AND ENTANGLEMENT

We have seen that the family of matrices B™" which is, through the results of Chapter 7,
essentially equivalent to the feasible set of degree 4 SOS over the hypercube, is also closely
related to the partial transpose operation. We explained in that chapter how this operation
is used as a test to detect entanglement of bipartite quantum states, and showed in Theo-
rem 7.3.3 that, roughly speaking, separability of matrices in B™" is equivalent to integrality
of pseudomoments over the hypercube. In [DPS04], the authors show that the partial trans-
pose test may be viewed as only the first of a family of entanglement criteria, and that these
criteria eventually detect any entangled state. Is there an equivalence between this “DPS
hierarchy” of entanglement criteria (or a real-valued analog thereof) and higher degrees of
SOS over the hypercube, analogous to the equivalence we have shown between “passing” the

first level of DPS and being feasible for degree 4 of SOS?!

INot to be confused with the different and previously-known equivalence between the DPS hierarchy and
SOS over the sphere [FF20].
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A.7 GENERALIZED MAXWELL-SYLVESTER REPRESENTATIONS

We have seen that even a heuristic choice of a Green’s function for an approximate Maxwell-
Sylvester representation of multiharmonic polynomials (Section 10.1.1) is a powerful tool for
deriving predictions of SOS pseudomoments. Alas, even the original Maxwell-Sylvester rep-
resentation of spherical harmonics is a somewhat obscure topic, and Clerc’s generalizations
to certain multiharmonic settings is also little-known. Thus we ask: in what generality do
Maxwell-Sylvester representations of multiharmonic polynomials exist? What is the struc-
ture of the associated Green’s functions and Kelvin transforms? As a concrete example from
the results obtained here, can the isotypic projection expressing hs(V T z) for V € R-1xn
the simplex frame studied in Chapter 9 (see Definition 9.3.1) be expressed through differen-

tiation of some Green’s function?

A.8 PSEUDOCALIBRATION RECONCILIATION

Both our results using the spectral pseudomoment extensions of Chapter 8 and those of
[MRX20, GJJ*20] using pseudocalibration prove SOS lower bounds for the SK Hamiltonian.
Moreover, both constructions may be reasonably viewed as the “simplest possible” exten-
sions of degree 2 pseudomoments given by a rescaled low-rank projection matrix—spectral
extensions give the simplest extension from the point of view of a Gram factorization, while
pseudocalibration gives the simplest extension “calibrated” to the individual moments of
a planted distribution (see Section 3.2.2). It is therefore natural to conjecture that the
constructions are closely related, perhaps with spectral extensions, which appear at least
superficially simpler, giving some form of first-order approximation of pseudocalibration.
However, it remains unclear how to draw such a connection, as quite different combinato-

rial objects appear in either construction: the forest poset F(m) and its Mobius function
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drive the spectral extension construction, while evaluations of Hermite polynomials (whose
coefficients may be related to combinatorics of matchings) appear in pseudocalibration. Can

these seemingly different constructions be reconciled and given a unified interpretation?

A.9 REPLICATED SUM-OF-SQUARES

A great deal of the theory surrounding the SK model and spin glass models more generally
takes advantage of studying replicas, independent copies from a Gibbs measure, and quanti-
ties such as their overlap or inner product, whose distribution and in particular its support
describes aspects of the geometry of the optimization landscape (see [MPV87, Tal10, Pan13]).
In [RSO0O0], the authors proposed a variant of Hilbert’s seventeenth problem (on expressing
non-negative rational functions as sums-of-squares of rational functions) related to “umbral
polynomials.” In simple terms, this amounts to a variant of SOS reasoning with independent
copies of the pseudo-random variable x allowed. The authors refer to a conjecture of Rota’s
that any polynomial of moments that is non-negative for all real-valued random variables
can be written as the expectation of a sum-of-squares involving independent copies. (For
example, Var[X] = EX? — (EX)? = O for all real-valued X, and Var[X] = %[E(X1 — X?)? for
independent copies X*.) Do there exist low-degree proofs in this extended proof system that

give non-trivial bounds on the SK Hamiltonian?
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