CPSC 664, Spring 2023 Scribe: Psi Vesely
April 18, 2023 Lecturer: Tim Kunisky

Lecture 23: Cavity Method I

RS regime of SK model (14, f small). Gibbs measure u(3) o< exp(SzTWz). Idea: “reverse
induction” on N (“cavity” left from removing x;). At size N +1 z = (zo,...,2n). Let
T = (x1,...,2n) and W be the N x N bottom-right submatrix of W. Say W;; = 0. Then

N
Wa = TWi+ 20y Wi = 2TWi + h(ay, ..., ay)
1

We say h is the “cavity field,” the effect z( feels from the other x;.

Pr [xo = sh(xy, ..., xy) = h] Z exp(BxTWrx)
(20, TN )~ N +1 wiroms
h(z1,....xN)=s
= fh Pr [h(z1,...,2N5) = h]

With the replica method, we began taking expectations over W immediately, whereas with
the cavity method we wait. The next question we may ask is what is the distribution of
h(xy,...,xy) under ug n? We will answer this by:

1. Conditioning on which cluster x ~ ug x lands in.

(f(x))y=E  a~psn,  f(2)

cond. on one cluster

2. Assume under (-)y (the conditional distribution inside a cluster) there are weak cor-
relations between x;. Then h(xq,...,zy) would satisfy CLT when

N
Z WOixi ~ N(u, 0'2)
1

A

for pp = (8, W), 0% = 0(8,W).

w = <h> = Z Wo¢<$i>N = Z Woim;




For x ~ pg n we have h(x ) (Zl Woim;, 1 —q). Thus we obtain a nice joint distribution

of (xg, h(z1,...,zN)) under pug n41. We then calculate
Py —e P
(20) N1 = Prlzg = 1] = Prlzg = —1] = ok tanh(Bp) = tanh(3 Y~ Woi(z:)n)
2
Prlxg = 2] x /eﬁhw exp(— (6202”) )dh

)dh oc exp(fpix)

_ /exp(— (h — = 50’21‘)2) exp( _:U’2 + (5021‘ + :u>2

202
We can then solve for the overlay:

N+1
1

q= EWN Z<xz>?\/+1 = Ew (z0)% = Etanh(ﬁZWOi<x0>N) = Etanh(3(h))?

=0

where the Wy;, (x;) y are independent. We then get

sz N(0,q)

So
q = Etanh(Bt)* = E;upno,1) tanh(8/q - t)?

giving us an equation for the typical overlay from the replica method. To locate clusters

(wo)n+1 = tanh(8 Y Woi(z;)y) = tanh(B(h)y)
almost works.
Pny1(h) o< cosh(5h) Py (h)
The normalizaing constant of Py ,q(h) is

G’Bh + e_ﬁh 1—-q p2
/ CLE - (demsity of N({h)n), 1 — q)dh = ¢'™% cosh(3())

Implying
s

Pl = o5
Let t := cosh(/5(h) ). Then

N({(h)n,1—q)

(hYn+1 = tEh cosh(Sh)
= tEpnr0,1) (R + (h)n) cosh(B \/1T h+
= h>Nt\/EEh cosh (V1—q-h+{
= (h)ntB(1 — q)Ep sin(Bh)
= (h)n + B(1 = g) tanh(B(h)n) = (h)n + B(1 = ¢)(zo)n+1



Then
(B)n = (h)xs1 — B = @) (zo)ni1 = D Joilwi) w1 — B(1 — q) (o) w41
It follows
(xo) = tanh(B > " woi{as) — B*(1 — q){xo))
Then for all ¢

(2:) = tanh(8 ) wijlz;) — B2(1 - q)a)

We can find the center of the these clusters with a nonlinear power method.



